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Preface 


This text is intended to provide an in-depth, self-contained, treatment of 
optical waveguide theory. We have attempted to emphasize the underlying 
physical processes, stressing conceptual aspects, and have developed the 
mathematical analysis to parallel the physical intuition. We also provide 
comprehensive supplementary sections both to augment any deficiencies in 
mathematical background and to provide a self-consistent and rigorous 
mathematical approach. To assist in understanding, each chapter con- 
centrates principally on a single idea and is therefore comparatively short. 
Furthermore, over 150 problems with complete solutions are given to 
demonstrate applications of the theory. Accordingly, through simplicity of 
approach and numerous examples, this book is accessible to undergraduates. 
Many fundamental topics are presented here for the first time, but, more 
importantly, the material is brought together to give a unified treatment of 
basic ideas using the simplest approach possible. To achieve such a goal 
required a maturation of the subject, and thus the text was intentionally 
developed over a protracted period of the last 10 years. 


Layout of material 

The book is divided into three parts. Part I presents those geometrical and 
elementary ray methods necessary for the analysis of propagation on 
multimode optical waveguides. Part II provides the electromagnetic theory 
approach, with emphasis on waveguides that propagate only one or a few 
modes. For these waveguides, the methods of Part I are inaccurate. Part III 
offers supplementary sections on mathematical methods, mainly to augment 
the more physical discussion of Parts I and II. It is possible to read Part II 
without Part I, although this is not recommended. Furthermore, while all 
chapters need not be read sequentially, we recommend familiarity at least with 
the topics of each chapter. Assistance on this and other matters is given in the 
introductions to Parts I and II. 


References 

The references we cite are those with which we are most familiar and which 
have helped us understand the subject as presented here. While there has been 
no attempt to give credit to each contributor, we have tried to cite the original 

vii 
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papers which brought new and important methods to the theory of optical 
waveguides covered in this text. 


Suggestions for instruction 

Because our primary goal is to produce a comprehensive treatment, we have, 
for completeness, intentionally developed all sections in their most logical 
order. Consequently, with restricted interests in mind, it is not necessary to 
read every chapter. In this regard, we offer advice to the reader throughout the 
text. In particular, for a first reading of the subject, only selected chapters need 
be read to grasp the essential concepts. Thus, for a short course consisting of, 
say, 30 1-hour lectures extending over a 10 week period, we recommend 
reading most of Chapters 1, 3, 5, 6 and 10 in Part I and Chapters 1 1, 12, 13, 14, 
15, 19 and 20 in Part II. With this plan, the primary omission concerns 
radiation losses. 
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PART I 


Ray Analysis 
of Multimode 
Optical Waveguides 




Introduction to Part I 


An optical waveguide is a dielectric structure that transports energy at wave- 
lengths in the infrared or visible portions of the electromagnetic spectrum. In 
practice, waveguides used for optical communications are highly flexible fibers 
composed of nearly transparent dielectric materials. The cross-section of these 
fibers is small -comparable to a human hair -and generally is divisible into 
three layers as shown in Fig. 1-1. The central region is the core, which is 
surrounded by the cladding, which in turn is surrounded by a protective jacket. 
Within the core, the refractive-index profile n can be uniform or graded, while the 
cladding index is typically uniform. The two situations correspond to the step- 
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Fig. 1-1 Nomenclature, profiles and ranges of dimensions for typical 
optical fibers, where p is the core radius, X is the free-space wavelength of 
light and A = (1 -n^/n^/l [1], 
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4 Optical Waveguide Theory 

index and graded-index profiles shown in the insets in Fig. 1-1. It is necessary 
that the core index be greater than the cladding index, at least in some region of 
the cross-section, if guidance is to take place. For the majority of applications, 
most of the light energy propagates in the core and only a small fraction travels 
in the cladding. The jacket is almost optically isolated from the core, so for this 
reason we usually ignore its effect and assume an unbounded cladding for 
simplicity in the analysis. 


Multimode and single-mode waveguides 

Optical waveguides can be conveniently divided into two subclasses called 
multimode waveguides (with comparatively large cores) and single-mode 
waveguides (with comparatively small cores). The demarcation between the 
two is discussed in Section 10-3, and in Chapters 11 and 12. Multimode 
waveguides obey the condition (2 np/X) (nfi — n^) 1 ' 2 > 1, where p is a linear 
dimension in the core, e.g. the radius of the fiber core, X is the wavelength of 
light in free space, n co is the maximum refractive index in the core and n c i is the 
uniform refractive index in the cladding. These waveguides are the subject of 
Part I, while, in Part II, we are more concerned with single-mode and few-mode 
waveguides. The range of dimensions for fibers presently used in long distance 
communications is given in Fig. 1-1 [1 ]. For the constituency of these fibers we 
refer the reader elsewhere [2, 3], 


Ray tracing 

Electromagnetic propagation along optical waveguides is described exactly by 
Maxwell’s equations. However, it is well known that classical geometric optics 
provides an approximate description of light propagation in regions where the 
refractive index varies only slightly over a distance comparable to the 
wavelength of light. This is typical of multimode optical waveguides used for 
communication. Thus, the most direct and conceptually simple way to describe 
light propagation in multimode waveguides is by tracing rays along the core. 
Accordingly, the first five chapters are based on classical geometric optics only. 
Those readers interested in the reduction of the solutions of Maxwell's 
equations to classical geometric optics are referred to the beginning of Chapter 
35. 


Wave effects 

By using classical geometric optics, we ignore all wave effects. In multimode 
waveguides, wave effects are usually negligible, as we show in Chapter 10, but 
there are exceptional situations when such effects accumulate exponentially 
with the distance light travels. In these cases, wave effects must be retained, 



Introduction to Part I 5 


since they can have a significant influence in long waveguides. Examples 
include power losses due to radiation, absorption by the cladding, and 
radiation from bends, and are discussed in Chapters 6 to 9. In each situation, 
we modify the classical geometric optics description by taking into account the 
local plane wave nature of light. 


Modal description 

There is an alternative approach to describing propagation in multimode 
waveguides-, which relies on the small-wavelength limit of the electromagnetic 
modes of an optical waveguide. While this leads to results identical to those of 
classical geometric optics, it requires unnecessary algebraic manipulation, in 
addition to a knowledge of mode theory. This alternative approach is outlined 
later in Chapter 36, and can be regarded as an example which shows how 
Maxwell’s equations lead to the results of Part I in the limit of small 
wavelength. 


Pulse spreading 

The phenomenon of greatest practical interest in fibers used for long-distance 
communications is the spread of pulses as they propagate along the fiber. For 
idealized multimode fibers, pulse spreading is easily described by classical 
geometric optics, as we show in Chapter 3. If attention is limited to pulse 
spreading, it is sufficient to cover Chapter 3, together with a few results from 
Chapter 1. However, our purpose in Part I is more ambitious, since we lay the 
foundation for a comprehensive geometric optics treatment of optical 
waveguides. In this way, we can more fully appreciate the consequences of 
departures from the ideal conditions desired in practice. 
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We begin our ray analysis of multimode optical waveguides with the planar, or 
slab waveguide, which is the simplest dielectric structure for illustrating the 
principles involved, and has application in integrated optics. Since we can 
analyse its light transmission characteristics in terms of a superposition of ray 
paths, it is important to fully appreciate the behavior of individual rays. In this 
chapter we study the trajectories of rays within planar waveguides, concentrat- 
ing on those rays -the bound rays- which propagate without loss of energy on 
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Section 1-1 Bound rays of planar waveguides 7 

a nonabsorbing waveguide, and can, therefore, propagate arbitrarily large 
distances. 

1-1 Planar waveguides 

The planar, or slab, waveguide is illustrated in Fig. 1-1. It consists typically of a 
core layer of thickness 2 p sandwiched between two layers which form the 
cladding. As explained in the Introduction, we assume, for simplicity, that the 
cladding is unbounded. The planes x = ± p are the core-cladding interfaces. 
Since the waveguide extends indefinitely in all directions orthogonal to the x- 
axis, the problem is two dimensional. The z-axis is located along the axis of the 
waveguide midway between the interfaces. The refractive-index profile n(x) in 
Fig. 1-1 can be uniform or graded across the core, and assumes a uniform value 
n cl in the cladding. It is necessary that the core refractive index take some values 
greater than n d for the waveguide to have guidance properties. Furthermore, 
we assume in this chapter that the profile does not vary with z, so that the 
waveguide is transladonally invariant, or cylindrically symmetric. 



Fig. 1-1 Nomenclature and coordinates for describing planar wa- 
veguides. A representative graded profile varies over the core and is 
uniform over the cladding, assumed unbounded. 


The parameters defined in Fig. 1-1 can be combined with the free-space 
wavelength X of the light propagating along the waveguide to form a single 
dimensionless parameter V, known as the waveguide parameter, or waveguide 
frequency. If n co is the maximum value of n(x), which need not concur with the 
on-axis value n(0), then we define 



( 1 - 1 ) 


Alternative forms for V are given inside the front cover. The ray theory 
presented here is restricted to multimode waveguides, i.e. waveguides satisfying 
Vp 1, for reasons discussed in Chapters 10 and 36. 



8 Optical Waveguide Theory 
STEP-PROFILE PLANAR WAVEGUIDES 


Section 1-2 


With reference to Fig. 1-2, the step-index planar waveguide has the refractive- 
index profile defined by 

n(x) = n c o, — p < x < p; n(x) = n d , |x| > p, (1-2) 

where n co and n cl are constants and n CQ > n c] . We now show how to construct 
ray paths within the core using ray tracing and Snell’s laws. One of the most 
important problems is to determine the conditions necessary for a ray to be 
bound, i.e. the ray propagates along the nonabsorbing waveguide without loss 
of power. 


1-2 Construction of ray paths 

Propagation within the uniform core of the step-index waveguide of Fig. 1-2 is 
along straight lines. If a ray originates at P on one interface and makes angle 6 Z 
with the waveguide axis, it will meet the opposite interface at Q as shown. The 



Fig. 1-2 Propagation along a straight line between interfaces in the core 
of a step-profile planar waveguide. 


situation at Q is equivalent to incidence at an interface between two half-spaces 
of refractive indices n co and n cl as shown in Fig. 1-3. Reflection in this situation 
is governed by Snell’s law [1,2], While these laws are usually expressed in terms 
of angles relative to the normal QN, as in Section 35-2, we prefer to retain the 
complementary angle 6 Z . The reason will become apparent in Chapter 2 when 
classifying ray paths within optical fibers. Thus, in terms of complementary 
angles, the incident ray at Q is totally internally reflected if 0 ^ 9. < 6 C , and is 
partly reflected and partly refracted if 6 C < 6. ^ n/2, where 0 C is the complement 
of the critical angle, defined by 



(1-3) 
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(a) (b) 

Fig. 1-3 Reflection at a planar interface between unbounded regions of 
refractive indices n co and n d , showing (a) total internal reflection and (b) 
partial reflection and refraction. 


In the first case, Fig. 1—3 (a) shows the reflected ray leaving the interface at the 
same angle 9 Z as the incident ray, while in the second case, Fig. 1— 3(b) shows 
that the ray bifurcates, part of it being reflected at angle d 2 and part of it being 
transmitted into the cladding at angle 6 t to the interface, which satisfies Snell’s 
law 


n co cos 8 Z = n ct cos 9 t . (1-4) 

Only total internal reflection returns all the ray power, i.e. the energy flowing 
along the ray, back into the core medium. 

Ray trajectory 

A ray is reflected from the interface back into the core at angle 9, regardless of 
whether partial or total reflection occurs. If we repeat this procedure at 
successive reflections from the interfaces, we construct the zig-zag paths, or 
trajectories, of Fig. 1-4. Path (a) is for a ray that is totally reflected at every 
reflection. We refer to this as a bound ray, since its path is entirely confined 
within the core. Path (b) is for a ray that is partly reflected at each reflection. We 
refer to this as a refracting ray. The rays may be categorized by the value of 9, 
according to 

(1— 5a) 
( 1— 5b) 


Bound rays: 0 ^ 9 Z < 9 C , 

Refracting rays: 9 C ^ 8 Z ^ n/2. 


Since the power of a bound ray is totally reflected back into the core at every 
reflection, the ray can propagate indefinitely without any loss of power. A 
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Fig. 1-4 Zig-zag paths within the core of a step-profile planar wa- 
veguide for (a) bound rays and (b) refracting rays. 


refracting ray loses a fraction of its power at each reflection and therefore 
attenuates as it propagates. This is pursued further in Chapter 7. 

1-3 Ray invariant 

The periodic shape of the ray path in Fig. 1-4 is a consequence of the 
translational invariance of the waveguide, and gives rise to a ray invariant fi 
which is constant along the path and specifies the ray direction at any position 
in the cross-section. For the step-profile waveguide, invariance is expressed by 
Eq. (1-4), so we set 

/? = n c0 cos 9 Z = n cl cos 0 t . (1-6) 

While this is a trivial observation for a step profile, and of no particular 
advantage, the introduction of the ray invariant simplifies the description of ray 
paths on graded profiles, as we show in Section 1-7. The relationship between 
the ray invariant and the direction of propagation enables us to classify rays 
according to their value of Ji. We deduce from Eq. (1-5) that 

(l-7a) 
(1— 7b) 

which classifies all rays of the waveguide. 


Bound rays: 

n d <P^ «co, 

Refracting rays: 

0 < P < n cl 


1-4 Ray-path parameters 

It is useful to introduce parameters that characterize ray propagation, as it is 
these parameters, rather than the spatial dependence of the ray path, that are 
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Fig. 1-5 Path length L p and ray half-period z p for a ray in the core of a 
step-profile planar waveguide. 


important. Together with the ray invariant of the previous section, they are 
frequently used in subsequent chapters. The ray trajectory in Fig. 1-5 is fully 
characterized once the angle 6 Z is prescribed. We define the path length L p 
between successive reflections to be the distance PQ. This is useful in the 
absorption problems of Chapter 6. By geometry 




2 P 

sin 0 Z 


2pn co 

(n 2 co-P 2 ) 112 ’ 


( 1 - 8 ) 


where /J is defined by Eq. (1-6). For the ray transit time below, we require the 
optical path length L 0 . In a homogeneous medium this is given by the product 
of path length and refractive index. Accordingly 


A> — n coLp 


2 pn co _ 2 pnl 0 

sin 9, (n c W 2 ) 1/2 ‘ 


(1-9) 


A quantity which will appear frequently in attenuation problems is the ray half- 
period z p . This is the distance between successive reflections, measured along 
the waveguide axis. Thus 


z 


p 


2 P 

tan 6 Z 


L p cos 6 Z = 


2 Pf 

( n oo — /? 2 ) 1/2 ' 


( 1 - 10 ) 


Closely related is the number of reflections N per unit length of the waveguide, 
which is the reciprocal of the ray half-period. Hence 



z 


p 


tan 8 Z 
~^P~' 


( 1 - 11 ) 


It is clear from these definitions that over arbitrary distance z along the 
waveguide, the accumulated path length, optical path length and number of 
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reflections are given proportionately by 


Section 1-5 


z z 

L, 0 , Nz 

z p z p 

respectively. For reference, these parameters 
page 19. 


z 


( 1 - 


are repeated in Table 1 


12 ) 

- 1 , 


1-5 Ray transit time 


The most important quantity required to describe pulse spreading is the ray 
transit time t. This is the time a ray takes to propagate distance z along the 
waveguide, following the zig-zag ray path in Fig. 1-4. The velocity of light u g 
along the path is given by 

v s = c/n co , (1-13) 

where c is the free-space speed of light and n co the core refractive index. The 
transit time then follows from Eqs. (1-6) to (1-12) as 


_ z = z ”«> 

Zp V % Zp C C p c cos d z ’ 
so that the greater d z , the longer the transit time. 


(1-14) 


Material dispersion 

We can account for material dispersion, which occurs when the refractive index 
varies with the wavelength of light A, i.e. n co = n C0 (A). This requires more 
sophisticated reasoning relying on treating a ray as if it were a plane wave in 
local regions. We show that this is justifiable in Section 35-3. Ray energy 
propagates at the group velocity v g , which is given by Eq. (1-13) in a 
dispersionless medium, but, allowing for material dispersion, it has the more 
general form [3] 

» g = cU 0 (A)-A-^j . (1-15) 

It is convenient to introduce the group index n g , defined by 

/ii i dn C0 (A) 

n s = n co (X)-A (1-16) 


in which case, the transit time is expressible as 


Z Z ftgftco 

c cos Q z c P ’ 


(1-17) 


and varies with both 9 Z and A. 
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GRADED-PROFILE PLANAR WAVEGUIDES 

The description of ray propagation on the step profile is readily generalized to 
allow for a graded profile. For simplicity, we consider profiles of the type in 
Fig. 1-1 when only the core is graded. Our results are readily generalized to 
profiles that are graded in the cladding as well. 


1-6 Construction of ray paths 


When the refractive-index profile is graded, the trajectory of a ray is determin- 
ed by the ray path, or eikonal equation, in terms of the profile n(r) according to 
[ 1 , 2 ] 


d 

ds 



\n(r). 


(1-18) 


where s is the distance along the ray path and r is the position vector of a point 
on the ray path, as shown in Fig. 1-6. This equation can be regarded as a 
generalization of Snell’s law, and is derivable by various methods [4], The 
graded profile can be viewed as the limit of many thin uniform layers. 
Application of Snell’s law of Eq. (1-4) to each layer leads to Eq. (1-18) in this 
limit. Alternatively, Eq. (1-1 8) can be found using least-time principles; it is also 
the limit X -* 0 of Maxwell’s equations, where X is the wavelength [1, 2]. When 
n is constant, Vn = 0, and the ray trajectories are straight lines; otherwise the 
Vn term accounts for curvature of the ray path in the plane containing Vn. 



Fig. 1-6 Point P distance s along a ray path in a medium of variable 
refractive index n(x) is described by position vector r = (x, z). Angle 0 Z (x) is 
between the tangent to the path and the z-axis, and ds along the path has 
components dx and dz shown in the inset. 
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Component equations of the ray-path equation 


On a planar waveguide, the refractive-index profile n (x) depends only on x, so 
that each positon (x, z) on the ray path is determined by the two component 
equations of Eq. (1-18) in the x- and z-directions 


d 

ds 


"Wt- 

ds 


dn(x) 

dx 



= 0. 


(1-19) 


To facilitate physical interpretation of these equations, we introduce the angle 
0 z (x), defined as the angle between the tangent to the path and the z, or 
waveguide, axis in Fig. 1-6. It then follows that 

= sin 0 Z (x); ~ = cos 0 Z (x). (1-20) 


The second equation in Eq. (1-19) is integrable, and leads to 

n(x)cos0 z (x) = n (0) cos 0 Z (0), (1-21) 

for all values of x. This is the generalization of Snell’s law of Eq. (1-4) for a 
graded medium, namely that n(x)cos0 z (x) is a constant independent of 
position along the ray path. For a given profile the path is specified once the 
initial angle 0 Z (0) is prescribed. 


Turning-point caustic 

We also deduce from Eq. (1-21) that when n(x) decreases away from the 
waveguide axis, there may be a position in the core at which 6 Z (x) = 0, 
depending on the value of 6 Z (0). Beyond this position the ray cannot propagate. 
We call this position the turning point x tp , which is the solution of 

n(x tp ) = n(0) cos 9 Z (0); 0 ^ x tp ^ p. (1-22) 

If we combine curvature of the ray path with the notion of the turning point, 
then the ray path must qualitatively look like the path in Fig. l-7(a) when 
Eq. (1-22) has a solution, and like Fig. l-7(b) when Eq. (1-22) has no solution. 
In the first case the ray path bends continuously until it returns to the axis, and 
in the second case it reaches the interface, where it is totally transmitted. Since 
the profile is assumed continuous across the interface, the angles of incidence 
and transmission are all equal, and 0 t = 6 Z (p ). The dashed line at x = x tp is the 
locus of turning points for all rays with the same value of 0 Z (O), and is often 
called the ray caustic or turning-point caustic. 


Characteristics of the ray path 

We can build up the ray trajectory along the waveguide by repeated 
superposition of the path in Fig. 1-7. Assuming that the profile is symmetric, i.e. 
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z 


a) (b) 

Fig. 1-7 Ray paths in the region x ^ 0 of a graded-profile planar 
waveguide showing (a) a ray touching the turning point at x tp and (b) a ray 
reaching the interface where it is transmitted. 


n( — x) = n(x), this generates the sinusoidal-like path in Fig. 1-8. The path 
never reaches the interface, so that no power is lost, and thus it represents a 
bound ray. A ray path reaching the interface is lost from the core and is called a 
refracting ray in analogy with refracting rays on the step-profile waveguide. 



Fig. 1-8 Sinusoidal-like bound-ray path within the core of a graded- 
profile planar waveguide. 


The delineation between the two classes is provided by the path that just 
reaches the interface, i.e. the one which has x tp = p. If we denote the 
corresponding value of 0 Z ( 0) by 0 C (0), we deduce from Eq. (1-22) that 

cos 0 C (O) = n (p)/n( 0) = n cl /n c0 , (1-23) 

assuming that n(0) = n co is the maximum value of n (x). Thus, rays in graded- 
profile waveguides may be categorized according to the value of 9, (0) by 

(1— 24a) 
(1— 24b) 

The solution of Eq. (1-19) for the ray paths is discussed in Section 1-8. 


Bound rays: 0 ^ 0 Z (O) < 0 C (O), 

Refracting rays: 0 C (O) < 0.(0) ^ njl. 
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1-7 Ray invariant 

In Section 1-3 we introduced the concept of the ray invariant p. For graded- 
profile waveguides, we use Eqs. (1-20) and (1-21) to define [5] 


P = n(x) cos 0 Z (x) = n (x) 


dz 

ds 


(1-25) 


Hence P is constant along a trajectory. It also determines the direction of the 
ray at any position along its trajectory, and the position of the turning point x tp . 
Since 6,(x ) = 0 at the turning point, we deduce that 

»(*«*) = ft d-26) 

and there is a one-to-one correspondence between x tp and p. The ray 
classification of Eq. (1-24) is expressible in terms of ft When x = 0 and 0 Z (O) 
= 6 C (0) in Eq. (1-25), we deduce from Eq. (1-23) that P = n cl . Thus 

(1— 27a) 
(1— 27b) 

where n co is the maximum value of n(x). 


Bound rays: n cl < P ^ n co . 

Refracting rays: 0 ^ p < n d . 


1-8 Ray-path parameters 


It is useful to introduce parameters which characterize ray propagation in 
graded-profile waveguides, for use in subsequent chapters. These include the 
parameters introduced in Section 1-4 for the step-profile waveguide, whose 
definitions are readily generalized to apply to graded profiles. While this is 
facilitated by first deriving an explicit solution of Eq. (1-19) for the ray path, in 
practice we rarely require the dependence of the ray on position. We use 
Eq. (1-25) to replace ds and dz in the first equation of Eq. (1-19), and on 
rearrangement obtain 


B 2 ~ = 1 d ” 2 M 

dz 2 2 dx 


(1-28) 


Setting d 2 x/dz 2 = x' dx'/dx, where x' = dx/dz, integration leads to 



{n 2 (x)-p 2 V'\ 


(1-29) 


since dx/dz = 0 and n (x) = P at x = x tp . A second integration gives 


_ r x dx 

Z(X) = ^Jo {« 2 W-? 2 } 1/2 ’ 


(1-30) 
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Fig. 1-9 Ray half-period z p for a bound ray in the core of a graded- 
profile planar waveguide. The path length L p is measured along the path 
from P and Q. 


assuming z = 0 when x = 0. This integral gives the ray path explicitly for 
bound rays when 0 x ^ x tp , and for refracting rays when 0 x < p. 

The ray-path parameters are calculated with reference to Fig. 1-9 which 
shows a bound-ray path between successive turning points P and Q, separated 
by the ray half-period z p measured along the axis. The path length L p and the 
optical path length L 0 are defined by path integrals 

fo r q 

L p =j ds; L 0 =l ”M ds ’ (1-31) 


where s is the distance along the path. We use Eq. (1-25) to replace ds by dz and 
Eq. (1-29) to replace dz by dx, whence 


r _ r tp n(x)dx f x >r n 2 (x)dx 

P J - Xxp {n 2 (x)-py< 2 ’ L ° l x j n 2 {x) _p2 V i2- 

The ray half-period z p follows from Eq. (1-30) as 


= P\ X ’ P r 
J-* {« 


dx 


{ n 2 ( x ) — ^ 2 } 1/2 


(1-32) 


(1-33) 


which also determines N = l/z p , the number of turning points on the ray path 
per unit length of waveguide. When the profile is symmetric, the integrals can 
be evaluated for 0 ^ x ^ x tp and the resulting expression doubled. 


Complement of the local critical angle 

It is conceptually helpful in understanding graded-profile waveguides to 
introduce a further parameter. We recall from Section 1-2 that, at any position 
in the core cross-section of a step-profile waveguide, all bound rays propagate 
at angles within the range 0 ^ d z < d 0 where 0 C is the complement of the critical 
angle. However, for graded-profile waveguides, the range of values of 6 Z (x) for 
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bound rays varies with position. On the axis, this range is given by Eq. (l-24a), 
while at the interface there are no bound rays. Accordingly, we define the 
complement of the local critical angle OJx) by 

cos 9 c (x) = sin 0 c (x) = j 1 — ~~ j , (1-34) 

n(x) [ n 2 (x) j 

so that at position x, the range of angles for bound rays is given by 

0 < 9 z (x) < 0 c (x); 0 < x < p (1-35) 

which reduces to Eq. (l-24a) when x = 0, and gives 9 z (x) = 0 when x — p. All 
of the above parameters, together with the transit time of the following section 
are included in Table 1-1. 

1-9 Ray transit time 

The ray transit time for graded-profile waveguides is determined by integrating 
along the curved ray path in Fig. 1-8. The local speed of light varies 
continuously as c/n(x), where c is the free-space speed of light and n(x) is 
the profile, whence the transit time over distance z along the waveguide is 
given by 

t = - j"n(x)ds = -= Jn 2 (x)dz. (1-36) 

The second integral follows from Eq. (1-25) and integration is along the path 
x = x(z). For arbitrary z this integral does not have a simple form, but it can be 
approximated as follows. We deduce from Eq. (1-31) that the transit time over 
a ray half-period z p is L 0 /c, where L 0 is the optical path length. Thus, if z is 
divisible exactly into an integral number of half-periods, the transit time is 
expressible as 

t = zLJ(cz p ). (1-37) 

In general z is not divisible into an integral number of half-periods, but when 
z |> z p it is clear that Eq. (1-37) is an accurate approximation to Eq. (1-36). 

Equalization of transit time 

Graded profiles tend to equalize the transit times of different rays. There is a 
simple explanation for this. As a ray propagates further from the axis, n(x) 
decreases, thus increasing the local speed of light c/n(x). This increase in 
speed compensates, in part, for the extra distance travelled by the ray off axis. 
For the hyperbolic secant profile this equalization is exact, as we show in 
Section 1-12. 




Table 1-1 Ray-path parameters for planar waveguides. The half-period, path length and optical path length are measured between 
successive reflection or turning points, and the transit time is over length z of the waveguide. The number of reflection or turning points per 
unit length is N = 1/z , and p is the core half-width or profile scaling length. The caustic x tp is the solution of n(x) = /?. 
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cos 0 2 : step profile ft = n{x) cos 0 x (x) = «(x tp ): graded profile 
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Material dispersion 


The discussion of material-dispersion effects on group velocity in Section 1-5 is 
readily extended to include graded media, in which case the profile n(x) 
appearing in the first integral on the right of Eq. (1-36) is replaced by the group 
index n g . Hence 


1 (* fitl 

— - «g (x, 1) ds; n g = n (x, A) - A— (x, A). 


(1— 38a) 


Furthermore, by paralleling the derivation of Eq. (1-37) from Eq. (1-36) 




« g (x,A)n(x,A) 
{n 2 (x, A) — /? 2 } 1/2 


so that L m replaces the optical path length L 0 in Eq. (1-37). 


(1— 38b) 


WEAKLY GUIDING WAVEGUIDES 

Optical waveguides used for communications purposes are usually weakly 
guiding, i.e. the variation between the maximum and minimum values of the 
profile is small - typically less than 1 % of the maximum value. In Part II, 
we frequently take advantage of this fact, as it leads to considerable alge- 
braic simplification, and is useful in problems which would otherwise be 
intractable. Here we examine some of the consequences of weak guidance on 
ray analysis. 


1-10 Paraxial approximation 

When the maximum and minimum refractive index values are similar, it 
follows from Eqs. (1-3) and (1-23) that the complementary critical angles 6 C 
and 0 C (O) are both small, so that 

sin0 c £ 0 C S (1 -nixing) 112 , (1-39) 

and similarly for 9 C { 0). The range of bound-ray directions in Eqs. (l-5a) and 
(l-24a) is therefore small, and each bound ray propagates nearly parallel to the 
axis. This situation is known as the paraxial approximation. 

The paraxial approximation does not lead to a simplification of the ray path 
equations of Eq. (1-19). This is evident from Eq. (1-30), since fi is constant and 
n(x) takes values down to and including p. However, the paraxial approxima- 
tion is helpful in simplifying the expression for the path length L p in Eq. (1-32), 
by using the following approximation for the profile. The profile can be 
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expressed in the general form 


n 2 (x) = «co (1 ~ 2 A/ (x) }, 


(1-40) 


where n c0 is the maximum value of the profile,/ (x) is a nonnegative function 
and A is a constant which we define by 



( 1 - 41 ) 


using Eq. (1-3). In the uniform cladding n (x) = n ci and / (x) = 1 . This definition 
of A ensures that A 1 in the weak-guidance approximation, i.e. when n co 
= n d . Thus, to lowest order, A is the fractional difference between n co and n cl , or 
a measure of the profile height, i.e. 


^ ~ ~ ^ c0 
2 n r . 


« cl. 


n co = n c \ or 0 C <^1, 


(1-42) 


and will therefore be called the profile height parameter. When A f(x) <4 1, we 
deduce from Eq. (1-40) the approximation 

n(x) = n co (1 -A/(x)}, (1^13) 


which is used to determine L p in the examples below. 


GRADED PROFILES WITH ANALYTICAL SOLUTIONS 

To illustrate the use of the formal results for graded-profile waveguides, we 
consider examples of profiles which have analytical solutions for some or all of 
the ray-path quantities of interest, including solutions within the weak- 
guidance approximation. The more important parameters are also included in 
Table 1-1. 


1-11 Example: Parabolic profile 

Our first example is the infinite parabolic profile, which corresponds to the q = 2 solid 
curve and the dotted extension in Fig. 1-10 and is defined by 

n 2 (x) = n 2 0 {l “ 2A(x/p) 2 }; —cc<x<cc, (1-44) 

where p is a measure of the profile width or a scaling parameter. This profile varies 
continuously over the infinite cross-section of the waveguide,but is unphysical since 
n 2 (x)-> — oo as x-> + oo. Nevertheless, it is one of the simplest profiles for 
understanding propagation and is the building block for the clad parabolic profile of 
Section 1-13 below. Because the profile is infinite, every ray path has a turning point at a 
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Fig. 1-10 Plots of the power-law profiles of Eq. (1-59) for various 
values of q. The clad parabolic profile corresponds to q = 2 and the step 
profile to q = oo. The hyperbolic secant profile of Eq. (1-51) is shown 
dashed, and the dotted extension to the q = 2 core profile denotes the 
(infinite) parabolic profile of Eq. (1-44). 


finite distance from the axis, found from Eq. (1-26) to be given by 

("«-ff 2 ) 1/2 _ sin 0, (0) 0 Z ( 0) 

* tp - P n c J( 2A) ~ P sin 0 C (O) = ~ P 0 C (O) ’ 


(1-45) 


where the last form applies in the paraxial approximation. Thus, the greater the angle 
0 Z (0), or the smaller /?, the further the turning point from the axis. As there is no solution 
for the path in Eq. (1-30) beyond the turning points, all rays are bound, and the range of 
invariant for bound rays satisfies 

0S/U n co . (1-46) 


We substitute Eq. (1-45) into Eq. (1-30), and use the transformation x = x tp sinw to 
obtain an integral over w which is readily evaluated. This gives the ray path 


x tD sin 7t 


1 




npp 


N «c„n/(2A)’ 


(1-47) 


where z p is the ray half-period, found in a similar manner from Eq. (1-33). Using the 
same transformation, the optical path length of Eq. (1-32) is 


L 0 = z p (n 2 C0 + f} 2 )K2p), 


(1-48) 


while the path length is expressible in terms of the complete elliptic integral of the 
second kind E(v) through Eq. (37-103). Within the weak-guidance approximation of 
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Eq. (1—43), we obtain a simpler expression when A <| 1. Hence 


/ 2 y/2 

ip = p( -- I fi( 2A 




3«CO + jP_ 

"co 


(1-49) 


Finally, the ray transit time of Eq. (1-37) follows directly from Eqs. (1^48) and (1-47) as 

t = z(P 1 +nl 0 )l(2cp). (1-50) 


Compared with the step-profile expression of Eq. (1-14), transit times are partially 
equalized for reasons explained in Section 1-9. 


1-12 Example: Hyperbolic secant profile 

This profile is graded over the infinite cross-section, as denoted by the dashed curve in 
Fig. 1-10, and is defined by 

n 2 (x) = njo sech 2 (,/(2A )x/p); — oo < x < oo. (1-51) 

As n(x) -> 0 when x -* ± oo, all rays are again bound, and the ray invariant satisfies 
Eq. (1-46). Substituting the profile into Eq. (1-26), we find that the turning points are 
given by 

x, p = p (2A) - 1 /2 cosh _ 1 (n co //5). (1-52) 


If in Eq. (1-30) we make the transformation sinh ( v /(2A)x/p) = (n 2 0 //J 2 — l ) 1 12 sin w, 
we obtain an integral over w which is known and leads to the equation for the ray path 


P 

y<2A) 


sinh 



1 np 

Zp = iv = yW 


(1-53) 


The ray half-period follows from Eq. (1-33) in a similar manner. The same 
transformation of the optical path length integral in Eq. (1-32) leads to a second integral 
which is evaluated from Eq. (37-112). We obtain 


E 0 n^Zp. (1 54) 

Thus, both the ray half-period and optical path length are independent of /(, and, 
therefore, of the inclination of the ray path where it crosses the waveguide axis. For the 
path length, the above transformation is combined with a second transformation w 
= tt/2 — 6 to express the integral in a form which is proportional to the complete elliptic 
function K(v) of the first kind, defined by Eq. (37-103) 





(1-55) 


Within the weak-guidance approximation, we eliminate A/ (x) between Eqs. (1^40) and 
(1^43), whence correct to order A 


n(x) S {n 2 0 + n 2 (x)}/(2n co ); A <g 1. 


(1-56) 
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We then deduce from Eqs. (1-32) and (1-33) that 

L p S (i&Zp + LJ)/(2p nco ) = Z p (p + nJK ip). (1-57) 

The ray transit time of Eq. (1-37) follows immediately from Eqs. (1-54) and (1-53) as 


i = zn c Jc. 


(1-58) 


Thus the transit time is identical for all rays and is equal to the transit time for a ray 
propagating along the waveguide axis [6]. 


1-13 Example: Clad power-law profiles 

Our final examples are the clad power-law profiles defined by [7] 

n 2 (x) = n^,[l -2A|x/p| 9 ]; - p x < p, (1— 59a) 


= "d = "wt 1 -2A]; lx | 3s p, 


(1— 59b) 


where q is a positive constant. These profiles correspond to the solid curves in Fig. 1-10. 
The step profile corresponds to the limit q -> oo and the clad parabolic profile to q = 2. 
For the power-law profiles, the range of values of /? for bound rays is given by Eq. 
(l-27a). Subject to this restriction, all the results for the parabolic profile of Section 1-1 1 
apply to the clad parabolic profile, sincd the two profiles of Eqs. (1 44) and (1— 59a) are 
identical within the core, and the path parameters for bound rays do not depend on the 
presence of the cladding. For arbitrary values of q, the position of the turning points is 
found by substituting Eq. (l-59a) into Eq. (1-26). Hence 


*«p = ± P 


to-F 

2nfA 


2 ) Hi 


= ± P 


sinMO )! 2 ' 9 J 0 ^( 0 ) 1 2/9 

sin (0) J ~- P U(0)J 


(1-60) 


where the last expression applies within the paraxial approximation. There is no general 
solution of Eq. (1-30) for the ray path, but solutions can be obtained for particular 
values of q, e.g. when q = 2 the path is given by Eq. (1-47). We do not pursue other 
solutions here. The ray half-period can be expressed analytically for all q. We transform 
the integral in Eq. (1-33) by setting w = (x/x tp ) 9 and recognize the resultant form as 
the beta function of Eq. (37-104). In terms of the gamma function, Eq. (37-105) 
leads to 

p N q\ A J ncolx.pj r(l/q+l/2) 

The same transformation is applied to the optical path-length integral of Eq. (1-32), and 
with the help of the recurrence formula for gamma functions in Eq. (37-106a), we find 
by a similar procedure that 

L 0 =^-\q?f + 2p\. (1-62) 

q+2 ( p J 


The path-length integral in Eq. (1-32) can only be evaluated exactly for certain values of 
q; e.g. q — 2. However, within the paraxial approximation of Eq. (1-43), L p can be 
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derived by analogy with L 0 as [5] 

= {— + (9 + !)^}; d- 63 ) 

4 + 2 («co P J 

correct to order A. Finally the ray transit time of Eq. (1-37) follows immediately from 
Eq. (1-62) as [5] 


t = £ n co [ nco + 2^j 
cq + 2{ q p n co J 


(1-64) 


77ius t/ie range of transit times decreases as q -* 2 /or reasons discussed in Section 1-9. 


ASYMMETRIC WAVEGUIDES 

So far in this chapter we have investigated ray propagation on planar 
waveguides assuming a symmetric refractive-index profile, i.e. n( — x) = n(x). 
However, the methods for constructing paths are just as easily applied to 
waveguides with asymmetric profiles. The only significant difference in 
construction is that while it is sufficient to know the path of a ray over half a ray 
period in order to determine its trajectory along a symmetric waveguide, we need 
to know the path of a ray over a whole ray period to correctly determine its 
trajectory along an asymmetric waveguide. The path parameters are given by 
the appropriately modified expressions for symmetric profiles. 
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In Chapter 1 we established the basic concepts for the ray analysis of planar 
waveguides. Here we extend the analysis to optical fibers, which are used for 
high-capacity communication over long distances. As far as ray tracing is 
concerned, the only difference between fibers and planar waveguides is the 
introduction of the third dimension. Thus, although the ray concepts are the 
same as in Chapter 1, the analysis and resulting expressions are generally more 
complicated because of the fiber geometry. Nevertheless, one of the important 
results of this chapter shows that the ray transit times for step and clad power- 
law profile fibers of both circular and noncircular cross-sections are identical to 
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those of the corresponding planar waveguides. If this remarkable simplifi- 
cation is acceptable without proof, then pulse spreading in such fibers can be 
studied directly by proceeding to Chapter 3 and omitting this chapter at a first 
reading. 

Most of the chapter is devoted to the construction of ray paths and their 
classification on circular fibers with axisymmetric profiles. However, we also 
consider noncircular fibers since cross-sections can differ from circular 
symmetry in practice, e.g. elliptical fibers. Finally, since this chapter parallels 
Chapter 1 to a large extent, it may be helpful to compare the results of 
corresponding sections. 

2-1 Circular fibers 

An optical fiber is illustrated in Fig. 2-1. Unless otherwise stated, the core is 
assumed to have a circularly symmetric cross-section of radius p, surrounded 
by the cladding, which, for simplicity, is assumed unbounded. The 
core-cladding interface is the cylindrical surface r = p. Over the core, the 
axisymmetric refractive-index profile n(r) is either uniform or graded, and it 
takes the uniform value n d in the cladding. 



Fig. 2-1 Nomenclature for describing circular fibers. Cartesian coordi- 
nates x, y, z and cylindrical polar coordinates r, f, z are oriented so that 
the z-axis lies along the fiber axis. A representative graded profile varies 
over the core and is uniform over the cladding, assumed unbounded. 

The dimensionless parameter Fof Eq. (1-1) also applies to fibers, and will be 
referred to as the fiber parameter. Thus 

( 2 - 1 ) 

where n co is the maximum value of n(r), p the core radius, and X the free-space 
wavelength of light. The quantity (nj, - w ci)' /2 is often referred to as the 
numerical aperture of the fiber, while a related expression {n 2 (r) — n d } 112 is 
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sometimes called the local numerical aperture. The ray theory presented here is 
restricted to multimode fibers with V §> 1 for reasons discussed in Chapters 10 
and 36. 


STEP-PROFILE FIBERS 

With reference to Fig. 2-1, the step-profile fiber has the refractive-index profile 
defined by 

n(r) = n co , 0 s; r < p\ n(r) = n d , p < r < oo, (2-2) 

where n co > n d . We now determine ray paths within the core. 


2-2 Construction of ray paths 

The path of each ray within the core is constructed by generalizing the methods 
of Section 1-2. Between reflections the ray follows a straight line and, on 
reflection from the interface, its direction is determined by Snell’s laws. Thus, 
the incident ray, reflected ray and normal, or radial direction, lie in the same 
plane, and the angles of incidence and reflection relative to the normal are 
equal. This leads to paths such as those shown in Fig. 2-2. 



Fig. 2-2 Ray paths within the core of a step-index fiber showing (a) the 
zig-zag path of a meridional ray and (b) the helical path of a skew ray, 
together with their projections onto the core cross-section. 
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Meridional and skew rays 

It is convenient to distinguish between rays which cross the fiber axis between 
reflections - known as meridional rays- and rays which never cross the fiber 
axis -known as skew rays. We see from Fig. 2— 2(a) that meridional rays lie in a 
plane of width 2 p through the axis. Consequently, they have properties 
identical with rays of the corresponding planar waveguide, and Table 1-1, page 
19, applies to meridional rays of fibers, if the cartesian coordinate x is replaced 
by the cylindrical polar coordinate r of Fig. 2—1. Skew rays, on the other hand, 
follow a helical path, whose projection onto the cross-section is a regular 
polygon -not necessarily closed -as shown in Fig. 2— 2(b). The midpoints 
between successive reflections all touch a cylindrical surface of radius r ic , 
known as the inner caustic. 

We label meridional rays with the angle 9 Z between the path and the z- 
direction, as used in Section 1-2. Accordingly, the ranges of 9 Z for bound and 
refracting meridional rays are given by Eq. (1-5), where for the step profile of 
Eq. (2-2), the complement of the critical angle 0 C retains the definition of 
Eq. (1-3). 

To specify the trajectory of a skew ray, it is clear from Fig. 2— 2(b) that, in 
addition to the inclination 6 Z to the axial direction, we need a second angle to 
indicate the skewness. We define 6 $ to be the angle in the core cross-section 
between the tangent to the interface and the projection of the ray path, as 
shown in Fig. 2— 2(b). By geometry 9^ has the same value at every reflection. 


Direction angles 

The angles 9# and 0 2 are spherical polar angles relative to the axial direction PQ 
in Fig. 2-3, which also shows the angle a between the incident and reflected rays 
and the normal. By taking projections, the three direction angles are related by 

cos a = sin 9 Z sin 9$. (2-3) 

The radius r ic of the inner caustic in Fig. 2-2(b) is given by 


r ic = p cos 0 0 , 


(2-4) 


and thus depends only on the skewness angle. For meridional rays 0^ = n/2 
and r ic = 0. 


Classification of rays 

Snell’s laws of Section 35-2 predict that a ray will refract at P in Fig. 2-3 if a 
< a c , where a c is the critical angle defined by 


sin a c = n d /n co = cos 9 C , 


(2-5) 
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Fig. 2-3 Angles for describing reflection of a ray incident at P on the 
interface of a step-profile fiber. Relative to the normal PN, the angle of 
incidence or reflection is a. Both incident and reflected rays make angles 
0 Z , with the axial direction PQ, and 0* in the cross-section between the 
tangent PT and the path projection, i.e. PR for the reflected ray. 

and will undergo total internal reflection if a > a c . We are therefore inclined to 
believe that all rays with a > a c are bound, whereas, in fact, only certain rays 
satisfying this condition are bound. This is because Snell’s laws are derived for 
reflection from a planar interface, whereas the fiber interface is curved. As we 
show in Section 2-7, the condition for a ray to be bound is 0 =5 6 Z < 6 C , 
independent of 0^. This is derived from the ray-path equation and is identical to 
Eq. (1— 5a) for the planar waveguide. However, for the fiber, it represents a cone 
of angles at each position in the core cross-section, and includes both 
meridional and skew rays. The remaining skew-ray directions which are not 
included in either bound or refracting rays belong to a third class of rays called 
tunneling rays [1], for reasons discussed in Section 2-7. Rays which are not 
bound, i.e. tunneling and refracting rays, are known as leaky rays. 

To summarize, rays on step-profile fibers may be categorized according to 
the values of the angles 0 Z , 6 ^ and a by 

0 < e 2 < e c , 

0 < a < a c , 

9 C < 0 Z ^ tc/ 2 and a c < a =% n/2. 


Bound rays: 
Refracting rays: 
Tunneling rays: 


(2— 6a) 
(2— 6b) 
(2— 6c) 
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where a c and 6 C are defined in Eq. (2-5) and the angles are illustrated in 
Fig. 2-3. 


2-3 Ray invariants 

We showed by geometry in the previous section that the angles 6 Z and 6^ are 
constant along a particular ray path. It is convenient to define two invariants in 
terms of these angles. The first invariant /? is identical to Eq. (1-6) and accounts 
for the translational invariance of the fiber along its axis, and the second 
invariant /, which is related to the skewness angle 6 accounts for the azimuthal 
symmetry of the fiber. We define / so that it will be consistent with the 
corresponding expression for graded profiles in Eq. (2-17). Hence 

(2— 7a) 
(2— 7b) 

where the latter result follows from Eq. (2-3). For meridional rays T = 0 and for 
skew rays / > 0. Rays can be classified in terms of these invariants. We deduce 
from Eqs. (2-5) to (2-7) that, regardless of the value of /, a ray is bound if n cl < 

^ n m and is leaky if 0 < fj < n cl . The subdivision of leaky rays into tunneling 
and refracting rays depends on the value of l according to the following criteria, 
as may be verified 

(2— 8a) 
(2-8b) 
(2-8c) 

Given P for a bound ray, the values of / lie in the range 0 ^ / ^ n 2 0 -p 2 . 


Bound rays: n cl < p ^ n co . 

Refracting rays: 0 ^ p 2 +T 2 < n 2 h 

Tunneling rays: n 2 t < ft 2 + 1 2 < rc 2 0 and 0^< n cl . 


P = n co cosO z ; l = n m sin d z cos d#, 
/? 2 + 1 2 = n^ sin 2 a, 


2-4 Ray-path parameters 


The definitions of ray-path parameters introduced in Section 1-4 are readily 
extended to include the skew ray paths of Fig. 2-2(b). Using the angles 6, and 
Of in Fig. 2-3 and the ray invariants of Eq. (2-7), the path length L p from P to Q 
is found by geometry to be 


L p = 2p 


sin0. 


= 2 pn c 


(nlo-P 2 -! 2 ) 112 


sin d z n 2 m -p 2 

The optical path length L 0 follows immediately as 


(2-9) 


Lq ticoLp 2 pn c 


Sin0 -* ->„„2 (" co - 0 2 

= 2pn co — 


-T 2 ) 1/2 


sin 0, 


( 2 - 10 ) 
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The ray half-period z p and the number of reflections per unit length of fiber N 
are given by 


N Lp 


a o Sln 

cos V z = 2 p -f : 

tan 6, 


2 Pp 


(n c 2 0 -/j 2 -( 2 ) 
n to~P : 


1/2 


( 2 - 11 ) 


The accumulated path length, optical path length and number of reflections 
over length z of fiber are then given by Eq. (1-12). For convenience, these 
parameters are included in Table 2-1 below. 


2-5 Ray transit time 

In Section 1-5 we defined the ray transit time t as the time taken for a ray to 
propagate distance z along a waveguide. For the step-profile fiber, we deduce 
from Eqs. (1-14), (2-10) and (2-11) that 


z L 0 = z n c0 _ z ng 0 
z p c c cos 6 2 c P 


( 2 - 12 ) 


where p is the ray invariant of Eq. (2-7). Thus the ray transit time is independent 
of ray skewness, and depends only on the axial angle Q z . As Eq. (2-12) is identical 
to Eq. (1-14), pulse transmission is no more difficult to study on fibers than on 
planar waveguides with step profiles, as we show in Chapter 3. If the effects 
of material dispersion are incorporated, then the transit time is given by 
Eq- d- 17) . 

For handy reference we have included definitions of all quantities relevant to 
the description of propagation on step-profile fibers and planar waveguides 
inside the front cover. 


GRADED-PROFILE FIBERS 

Here we extend the ray-tracing analysis of step-profile fibers to fibers with a 
graded core. This extension can be generalized to include profiles that are 
graded over the infinite cross-section. 


2-6 Construction of ray paths and ray invariants 

Our starting point is the ray-path equation of Eq. (1-18) for general graded 
media. When the refractive-index profile n(r) of Fig. 2-1 is axisymmetric, we 
show in Section 35-4 that the component equations in the radial, azimuthal 
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(2-1 3a) 

(2-1 3b) 
(2-1 3c) 

respectively, where s is the distance along the ray path, and ( r , <p, z) are 
cylindrical polar coordinates defined in Fig. 2—1. To help interpret these 
equations, we generalize the definitions of the angles d 2 , 0# and a of Fig. 2-3. 
Thus, at radius r, 6 Z (r) is the angle between the path tangent and the axial 
direction, and 6^ ( r ) is the angle in the core cross-section between the projection 
of the path tangent and the azimuthal direction, as shown in Fig. 2— 4(c). If a (r) 
is the angle between the path tangent and the radial direction, then, by analogy 
with Eq. (2-3), all three angles are related by 

cos a (r) = sin 0 7 (r) sin OJr), (2-14) 

at each position along the path. We then deduce by resolution that 

dr dz 

— = cos <*(/■); — = cos 6 z (r), (2-1 5a) 

ds ds 

dd> 1 

— = - sin 6 z (r) cos 0 0 (r), (2— 15b) 

ds r 

where the latter relationship follows from the identity ds 2 = dr 2 + r 2 d<f> 2 
+ dz 2 . 

Ray invariants 

Integration of Eq. (2-1 3c) leads to the ray invariant (i for graded-profile fibers 

(2-16) 

This invariant is identical to Eq. (1-25) for graded-profile planar waveguides, 
and is associated with the translational invariance of the fiber. 

We can integrate Eq. (2-1 3b) after multiplication by r 2 , and obtain a second 
invariant expressible in the dimensionless form [3] 

(2-17) 
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where p is the core radius. This invariant arises because the profile is 
axisymmetric. If we eliminate 6 z (r) between the two equations, the skewness 
angle 0^(r) can be directly related to the profile by 


cos 0*(r) = 


P l 

r (n 2 (r) — f! 2 } 112 ' 


(2-18) 


We note that d^r) — jr/2 for meridional rays (/ = 0). Our choice of / in 
Eq. (2-7) for the step-profile is now clear, since it corresponds to Eq. (2-17) 
when r = p and n(r ) = n co . 


Characteristics of the ray path 

The general shape of the ray paths can be deduced from the paths of Fig. 1-8 
for a graded-profile planar waveguide and the paths of Fig. 2-2 for the step- 
profile fiber. Assuming that the paths are confined to the core, they have the 
characteristic forms shown in Fig. 2-4. Meridional rays cross the fiber axis 



Fig. 2-4 Ray paths within the core of a graded-profile fiber showing (a) a 
meridional path and (b) a skew path, together with their projections onto 
the core cross-section. The angle 0^(r) between the projection and the 
azimuthal direction is shown in (c). 
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between successive turning points. They lie in planes and are identical to the 
rays in graded-profile planar waveguides. Thus Table 1-1, page 19, applies to 
meridional rays on fibers if the cartesian coordinate x is replaced by the radial 
coordinate r. Skew rays follow a helical path, such as the one shown in 
Fig. 2-4(b), and alternately touch the cylindrical surfaces r = r ic and r = r tp 
corresponding to the inner and turning-point caustics, respectively. At both 
caustics it is clear by definition that B^(r) = 0. Thus, for a given profile we 
deduce from Eq. (2-18) that r ic and r tp are the roots of g(r), where 

g (r)=n 2 (r)-p 2 -T 2 ^ = 0. (2-19) 

For meridional rays / = 0 and r ic = 0. 


2-7 Classification of rays 

A simple method for classifying rays on graded-profile fibers uses the ray 
equation to determine the range of values of the radial coordinate r for which 
rays can propagate. This is accomplished by expressing the radial component 
of the ray-path equation in Eq. (2-1 3a) as a relationship between r and z. We 
use Eq. (2-16) to replace ds by dz, and substitute for dcj)/ds from Eq. (2-17). 
This leads to 


j 2 P 2 _ 1 dn 2 (r) 
dz 2 r 3 2 dr 


( 2 - 20 ) 


which is integrable on setting d 2 r/dz 2 = r' dr' / dr, where r' = dr/dz, and leads 
to 



= 9 ( r ) = n 2 (r) — f } 2 —l 2 



( 2 - 21 ) 


since dr/dz = 0 and g{r lp ) = 0 at r = r tp . We see immediately that ray paths can 
exist only if the right side is non negative. This criterion determines the range of 
values of r for a given profile. It is not necessary to determine the actual path to 
categorize rays. 


Bound and refracting rays 

For convenience, we assume that n(r) decreases monotonically from its 
maximum value n co on the axis in Fig. 2-1 , to its minimum value at the interface 
where it coincides with the cladding index, i.e. n(p) = n cl . A refracting ray must 
reach the interface, which requires g(p) > 0. In Eq. (2-21), this is equivalent to 
requiring that 0 < /J 2 +7 2 < n ch and there is then only the one root r ic of g(r) in 
the core, as shown schematically in Fig. 2-5(c). For a ray to be bound, g(r) < 0 
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Fig. 2-5 Schematic indication of the basic shape of g(r) of Eq. (2-21) for 
a typical graded fiber. Rays propagate only when g(r) > 0, indicated by the 
thick line along the axis [3]. 

everywhere in the cladding, and Eq. (2-21) shows that this requires n cl < /? 
< n co , which is identical with Eq. (1-27 a) for the planar waveguide. A skew 
bound-ray path lies between the roots r ic and r tp of g(r), as shown in Fig. 2-5(a), 
and a meridional ray lies between the fiber axis and r tp , as shown in Fig. 2— 5(b). 


Tunneling rays 

The above discussion leaves ranges of values of /? and / which represent neither 
bound nor refracting rays and satisfy the two conditions 

/?<n cl and n^<f 2 + l 2 . (2-22) 

These values of the invariants correspond to a class of rays called tunneling 
rays. The name tunneling is derived from the fact that these rays appear to 
tunnel a finite distance into the cladding [1], in analogy to the mechanism of 
frustrated total internal reflection [4], To deduce this, we note in Eq. (2-21) 
that g{p) < 0 when Eq. (2-22) is satisfied. However, if we examine g(r) in the 
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cladding, we find that g(r) is positive for all values of r beyond a certain radius 
r rad given by the condition <?(r rad ) = 0. Hence 


r ra d = Pl/(na-P 2 ) 112 , 


(2-23) 


which defines the radiation caustic. The second condition in Eq. (2—22) ensures 
that r rad > p. In other words, there is a ray path in the cladding which extends 
indefinitely beyond r rad and as the cladding index is uniform, this path is a 
straight line. The core and cladding paths are separated by the region r tp < r 
< r rad in which propagation cannot take place. It is helpful to refer to the 
variation of g(r) in Fig. 2-5(d), and to the part of a tunneling-ray path on a 
graded-profile fiber illustrated by the two views in Fig. 2-6, which show the 
origin of the cladding path on the radiation caustic relative to the turning point 
of the path in the core. While the ray equation tells us nothing about the 
physical mechanism connecting the two regions comprising the path of a 
tunneling ray, the situation in Fig. 2-6 suggests that some power is lost from 
the core to the cladding by a tunneling mechanism analogous to frustrated 
total internal reflection. We verify this suggestion in Chapter 7. 




(b) 


Fig. 2-6 Section of a tunneling ray path on a graded-profile fiber. In (a) 
the core path touches the turning-point caustic at P. Radiation originates 
at Q in the cladding and propagates along QR tangential to the radiation 
caustic. The projection onto the fiber cross-section is shown in (b). 


Summary 

The classification in Eq. (2-8) for rays on the step-profile fiber can also be 
deduced from the above discussion, and is a special case of the classification for 
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graded-profile fibers, since the step profile may be regarded as the extreme limit 
of a graded profile when all the grading occurs at the interface. Hence rays on 
clad fibers are bound if « cl < /? ^ « co and are leaky if 0 < /l < n cl , regardless of 
the value of T. However, the division of leaky rays into refracting and tunneling 
rays does depend on the value of I Thus [3] 

(2— 24a) 
(2— 24b) 
(2— 24c) 

where /T min and T m . iX (Ji) for tunneling rays depend on the profile. Given ft for a 
bound ray, the values of / lie in the range 0 < / ^ l max (fi). These regions are 
depicted schematically in the /?-/ plane of Fig. 2-7 for (a) the step profile of 
Eq. (2-8), and (b) the clad power-law profiles of Eq. (2-43), where / max (/i) is 
given by Eq. (4-53) and /J min by Eq. (8-10). 




Fig. 2-7 Schematic distribution of rays on circular fibers according to 
the value of the invariants andT for (a) the step-profile of Eq. (2-8) and 
(b) the clad power-law fibers of Eq. (2-43) [3] . Shading denotes tunneling 
rays (TR) and hatching denotes refracting rays (RR). Bound rays (BR) 
occupy the unshaded regions. 


2-8 Ray-path parameters 

Each ray of the graded-profile fiber is characterized by the invariants /? and 
l. For most purposes in subsequent chapters the ray trajectory is unimportant, 
and it is sufficient to know only the values of the ray-path parameters. The 


Bound rays: 

n d <f^ n co , 

Refracting rays: 

0 p +T 2 < n 2 t , 

Tunneling rays: 

and n 2 d -p 2 <7 2 ^l 2 max {p) 
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integral of the ray equation of Eq. (2-13a) is given by Eq. (2-21), andasecond 
integration leads to 


z = z 0 + y? 


dr 


9(r ) 


1/2 ' 


g(r)=n 2 (r)-p 2 -l 2 


(2-25) 


where (r 0 , z 0 ) is a fixed point on the path, which for bound rays satisfies r ic ^ r 0 
^ r tp , where r ic and r tp are the roots of g(r). The path length L p and optical path 
length L 0 are measured along the path in Fig. 2-4 between successive points P 
and Q at which the path touches the turning-point caustic. By symmetry, the 
midpoint touches the inner caustic if the path is skew, or crosses the axis if the 
path is meridional. Consequently 


ds; 


L n = 


n(r) ds. 


(2-26) 


where integration is along the path. We use Eq. (2-16) to replace ds by dz, and 
Eq. (2-21) to replace dz by dr. Thus 




r, p «(r)dr 

9(r) 112 ' 


r *p n 2 (r) dr 


9(r) 


1/2 


(2-27) 


where g{r) is defined in Eq. (2-25). The ray half-period z p is the axial distance 
between P and Q in Fig. 2-4, whence 



’Q 

J p 


dz = 2f5 


j 


v .p dr 


(2-28) 


where N is the number of turning points per unit length of fiber. In the above 
expressions we set / = 0 and r ic = 0 for meridional rays. All these expressions, 
together with the transit time of the following section are included in Table 2-1. 


Complement of the local critical angle 

In Section 1-8 we introduced the notion of the complement of the local critical 
angle for graded-profile planar waveguides. By analogy, the complement of the 
local critical angle, 0 c (r), for fibers is defined in terms of the profile by 

COS0c(r) = ^) ; sm0 c (r) = . (2-29) 

The range of values of 6 z (r) for bound rays at radius r is then 

0 ^ d z (r) < d e (r); 0 ^ r ^ p. (2-30) 

At the interface there are no bound rays, i.e. 9 e (p ) = 0, and, provided n(0) = n co , 
0 < 0 Z (0) ^ 0 C (O) on axis, which includes the step-profile fiber range of 
Eq. (2-6a). 





Profile n 2 (r) Ray half-period Path length L p Optical path Transit time t 

z = 1/N length L a 
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2-9 Ray transit time 

The transit time t over length z of a fiber is given by analogy with Eq. (1-36) as 


t = ■ 


1 


n(r)ds - ~ 


n 2 ( r ) dz, 


(2-31) 


in terms of Eq. (2-16), where the second integral is along the path r = r(z). It 
follows from the discussion of Section 1-9, that the transit time for fibers has the 
same form as for planar waveguides. Thus, provided z |> z p , we deduce from 
Eq. (1-37) that 


t = zLJiczA 


(2-32) 


where L 0 is the optical path length of Eq. (2-27) and z p the ray half-period of 
Eq. (2-28). Material dispersion can be included by replacing n(r) with the group 
index n g in the first integral in Eq. (2-31). By analogy with Eq. ( 1— 38a), we 
deduce that 



n g (r, A)ds; 


n g {r, X) = n(r, X)~ X 


dn 

8X 


( r , X), 


(2-3 3a) 


and the corresponding expressions to Eq. (l-38b) become 



: \ r ' pn t 


g (r,A)»(r,A) ^ < 


g(r, 2) 


1/2 


(2-33b) 


where g(r, X) is defined by Eq. (2-25) with n(r) replaced by n(r, 2). 

We emphasize that, in general, the transit times depend on both and /, and 
reduce to the corresponding expressions for planar waveguides only in the case 
of meridional rays. However, transit times are independent of /, i.e. independent 
of skewness, for certain profiles, including the step and clad power-law profiles, 
as we show below. We also recall from Section 1-9 that graded profiles tend to 
equalize transit times compared to the step profile. Unlike planar waveguides, 
though, there is no known profile for which complete equalization of all ray 
transit times on a fiber is possible. 


GRADED PROFILES WITH ANALYTICAL SOLUTIONS 

Here we consider examples of graded-profile fibers which lead to analytical 
expressions for some or all of the ray-path parameters of interest. We can use 
the paraxial approximation of Section 1-10 to simplify determination of the 
path length. The results are included in Table 2-1. 
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2-10 Example: Parabolic profile 

We first consider the infinite parabolic profile defined by 

n 2 (r ) = n 2 0 { 1 -2A(r/p) 2 }; 0 < r < oo, (2-34) 

where A is defined by Eq. (1-41) and p is a scaling length that characterizes the profile 
width. As explained in Section 1-11, this profile is unphysical but is useful for 
understanding propagation, as it leads to simple expressions for virtually all ray-path 
parameters. Every ray path is bound, which is expressed by Eq. (1-46). Substituting Eq. 
(2-34) into Eq. (2-19) and solving the resultant quadratic equation in r 2 , we deduce that 
the radii of the inner caustic and turning-point caustic are 


''ic = 2f[ P A , 7 i [ («» - P) ~ ( (»« - P) 2 - } 1/2 ] 1 /2 , (2-35a) 

r,p = 2^T^ C( "“ _?2) + {( "“" P)2 " 8AF "“ }1/2]1/2 ’ (2_35b) 

respectively. If we assume z = 0 at r = r ic and factorize the path integral of Eq. (2-25) 
with the help of Eq. (2-35), then 


This is a standard integral, whose solution is given by Eq. (37-121), and on 
rearrangement we obtain 

(2-37: 

The projection of this path onto the cross-section is a closed ellipse. The ray half-period 
z p of Eq. (2-28) is the axial distance between successive positions at which r = r tp , which 
corresponds to an increase of 2n in the argument of the cosine function in Eq. (2-37). 
Hence 

z p = 1/N = npMn co V( 2A)), (2-38; 


Pfi 

o\J (2A) , 


V 

,, K K-r 2 ) 1 


rdr 


(''-'ic) 


.2 U/Z • 


(2-36) 


where N is the number of turning points per unit length of fiber. The optical path length 
L 0 is obtained by substituting Eq. (2-34) into the second integral in Eq. (2-27). B; 
analogy with Eq. (2-36), we find with the help of Eq. (2-28) that 


Lo 


n 2 m 2r, my /(2A) f'<r r 3 dr 

? Zp P Jr ic K-r 2 ) 1,2 (r 2 -r? c ) 112 ' 


(2-39 


The standard integral is deduced from Eq. (37-122), and with the aid of Eqs. (2-35) ant 
(2-38) is expressible as 

L 0 = z p (p + n 2 J/(2p). (2-4C 


The first integral in Eq. (2-27) for the path length is not expressible in closed form, bu 
may be evaluated within the paraxial approximation. When A 1, we approximate n(r 
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in the manner of Eq. (1-43), and by analogy with Eq. (2-39) find that 

r _ «co %/(2A) f r ’-p r^dr 

,2 (r 2_ r 2)U 2 ’ 


L z 

p ~ 0 p 




V(2A) f'-r i 

' P k ('fp-'' 2 ) 1 

A «l, 

P "co J 


(2-4 la) 


(2— 41b) 


with the help of Eqs. (2-35), (2-38) and (37-122). Finally, the ray transit time t of Eq. 
(2-32) follows directly from Eq. (2-40) as 

t — 2 (P 2 + Hco)/(2c/8), (2-42) 

which is identical to the planar waveguide result of Eq. (1-50). 


2-1 1 Example: Clad power-law profiles 

The clad power-law profiles are defined by 


n 2 (r) = n c 2 0 [l -2A(r/p)«]; 0 ^ r ^ p, 
= «ci = "«[!- 2A]; p^r< co, 


(2-43a) 

(2-43b) 


where q is a positive constant. These profiles are illustrated in Fig. 1-10 with x replaced 
by r. The range of values of fl for bound rays is given by Eq. (2— 24a). For arbitrary skew- 
ray trajectories with7> 0, only the ray transit time can be expressed in simple closed 
form. Path parameters for meridional rays are given in Table 1-1, page 19, with x 
replaced by r. As pointed out in Section 1-13, the results for the parabolic profile apply 
to the clad parabolic profile, since the ray-path parameters for bound rays are 
independent of the presence of the cladding. To determine the transit time for bound 
rays, we substitute Eq. (2-43a) into Eq. (2-27) for the optical path length, and rearrange 


L = — z - 
0 p p 


<,A P'r r q 

P q Jr, r 9(r) 1 ' 


9(r)= n? 0 — P 2 —l 2 -j — 2nloA 


(2-44a) 


(2-44b) 


where z p is the ray half-period of Eq. (2-28). To evaluate the integral we use a property of 
power-law profiles. Integrating the integral / in Eq. (2— 44a) by parts gives 

' r tp f r tp r ( r q ~ 1 2 1 2 p 2 1 

'*1 ,M5 ’ 

since g(r) — 0 at r K and r tp . Rearranging and substituting from Eq. (2-44b) leads to 


P 2 ~ n lo + (9 + 2 K 2 o A 


(2-46) 
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and we deduce from Eq. (2-28) that 


v tp r q dr 
•L d(r) 112 


P q ^~P 2 ) 

2(q + 2)n 2 0 Ap Zp ’ 


which gives L 0 explicitly in Eq. (2^t4a). Substituting into Eq. (2-32), we finally obtain 

[3] 


_ z n co 

r „ n co , 2-P 


c{q + 2) 

q p n co 

r 


which is identical to the planar waveguide result of Eq. (1-64). 


NONCIRCULAR FIBERS 

So far in this chapter we have considered only fibers with circular cross- 
sections. In practice, cross-sections can vary quite significantly from circular 
symmetry, e.g. elliptical fibers. We therefore extend our analysis to fibers with 
noncircular cross-sections and refractive-index profiles. Ray methods can be 
applied to fibers of arbitrary noncircularity, provided only that the fiber is 
multimoded. Ray paths on circular fibers can be described in terms of the ray 
invariants P and l associated with translational and azimuthal symmetries, but 
noncircular fibers have only translational symmetry, and thus a ray analysis is 
in general more complicated than for circular fibers. Furthermore, noncircular 
fibers can support a new class of ray paths. In addition to the ray paths on 
circular fibers which are either bound, refracting or tunneling, there is a fourth 
category called tunneling-refracting rays [5], These rays are leaky, and suffer 
power loss by tunneling at successive reflection or turning points along their 
paths, and are then partly or totally lost to the cladding by refraction. 


2-12 Ray-path equations 

The ray-path equation of Eq. (1-18) has component equations parallel to the 
cartesian axes in Fig. 2-1 given by 


d 

ds 



d»(x, y). 

dx 


d 

ds 



dn{x,y) 

dy 


(2-49a) 


d 

ds 



= 0 , 


(2— 49 b) 


where s is the distance along the ray path, and n (x,y) is the profile. The last 
equation leads to the ray invariant P, which is now defined by 

— dz 

P = n(x, y) — = n (x, y) cos 6 Z (x, y). 


(2-50) 
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where 9 z (x,y) is the angle between the tangent to the path and the axial 
direction, and x = x(z), y = y(z) along the path. If we use /? to eliminate ds from 
Eq. (2— 49a), we obtain the ray path equations 


- ,n 2 d 2x _ (*,y) . ?7?2 d 2 y _ dn 2 (x,y) 

dz 2 dx ’ d z 2 dy 


(2-51) 


Noting that ds 2 = dx 2 + dy 2 + dz 2 and substituting from Eq. (2-50), we 
deduce that 


f dx \ 2 t fdy \ 2 n 2 (x,y) 

VdlJ + \dz ) p 2 


(2-52) 


along each path. This is the first integral of the ray-path equations. If n(x, y) 
takes uniform value n cl in the cladding, then we deduce from Eq. (2-52) that 
there are no paths in the cladding if P > n ch i.e. the ray is bound. Furthermore, 
if n co is the maximum value of n(x,y) in the core, then Eq. (2-50) tells us that p 
cannot exceed n c0 . Accordingly the invariant p for bound rays lies in the range 
n ci < P ^ n co an d is independent of both the profile shape and the cross-sectional 
geometry of the fiber. 


Ray transit time 

The local speed of light is c/n(x, y), and thus the transit time over distance z 
along the fiber is given by the path integral 


t = 


n(x,y)ds = -= 

C P , 


n 2 (x, y) dz, 


(2-53) 


where in the second expression x = x(z), y = y(z), and we have used Eq. (2-50). 


2-13 Example: Homogeneous-function profiles 

We consider noncircular fibers with profiles expressible in terms of an arbitrary 
homogeneous function f (x, y) in the form 

n 2 {x,y) = t4{l -2A/(x,y)}; -co<x,y<oo. (2-54a) 

A homogeneous function of degree q has the properties that if a is a constant, then 

f(ax, ay) = af (x, y); x(df/dx ) + y (df/dy) = qf. (2-54b) 

An example is the class of noncircular power-law profiles defined by [5] 

ll/fO 


n ( x,y ) ■ 


-2A 


+ 


(2-55) 
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where p is the shape parameter, and p x , p y are scaling lengths. This class includes the 
power-law profiles of Eq (2— 43a) for circular fibers, when p x = p y = p, p = 2 and 
r 2 = x 2 + y 2 . For an arbitrary homogeneous function, the transit time integral in 
Eq. (2-53) can be evaluated explicitly. This is accomplished by examining the variation 
in the cylindrical polar radius r = (x 2 + y 2 ) 1 ' 2 . We take the second derivative of this 
relation with respect to z and substitute Eqs. (2-51), (2-52) and (2-54) to obtain 

p 2 = 2 {n 2 (x, y) - P 2 } - 2n^A | x ^ (x, y ) + y ^(x, y ) | , (2-56a) 

= (q+2)n 2 (x,y)-qn^-2p 2 . (2-56b) 


On integrating with respect to z, the left side reduces to J? 2 [dr 2 /dz]o which, when 
compared with terms on the right linear in z, can be ignored if z is sufficiently large. The 
right side contains the transit time integral of Eq. (2-53), and on rearrangement we have 


[5] 



(2-57) 


which is identical with the transit time of Eq. (2-48) for clad power-law profiles on 
circular fibers, and Eq. (2-12) for the step profile in the limit q -* oo. Thus we have the 
remarkable result that the transit time is independent of both fiber noncircularity and ray 
skewness for homogeneous function profiles. 


2-14 Example: Separable profiles 

A separable profile has refractive index which is expressible as [6] 

n 2 (x,y) = -2A[/(x) + p(y)]}, - co < x,y < co, 


(2-58) 


where /(x) and g(y) are functions of x and y, respectively. The ray-path equations of 
Eq. (2-5 1 ) for these profiles decouple into two ordinary differential equations which can 
be expressed in the forms 


(2-59) 


where Q = n cos /( 2A)/j5. On integrating and rearranging, the ray path is given by 
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teO'tpl-aO')} 1 ' 2 ’ 


(2-60) 


assuming that the ray originates at x 0 , y 0 in the fiber cross-section at z = 0. The turning 
points x, p and y, p are determined by the initial direction of the ray. 


Characteristics of the ray path 

For a given path, the turning-point caustic is the surface defined by points x, p , y tp at 
which dx/dz = 0 and dy/dz = 0. If we assume that both/(x) and g (y) are increasing 
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functions, then n (x, y) decreases away from the fiber axis, and the turning-point caustic 
is a rectangle, as shown in Fig. 2— 8 (a), with sides equal in length to 2x tp and 2y lp , 
respectively. In general, the projection of the path onto the cross-section eventually 



\ 
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- 
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n(x,y) jM, 


n cl 


Fig. 2-8 Rectangular turning-point caustics for fibers with the separable 
profiles of Eq. (2-58), showing (a) a bound-ray caustic and (b) a tunneling- 
refracting ray caustic [5]. 


touches the rectangle at every point and completely fills the rectangle, provided the fiber 
is infinitely long. If we substitute the first integral of Eq. (2-59) into Eq. (2-52) and 
rearrange, we find that 

P 2 = { 1 — 2A|j/'(x,p ) + 3 (v, p )] } , (2-61) 

which, on comparison with Eq. (2-58), requires that the corners of the rectangle lie on a 
contour of constant refractive index defined by n (x, >j = /i. This contour in Fig. 2-8(a) 
is the envelope defined by all possible rectangles satisfying Eq. (2-61), which 
correspond to paths with different initial conditions but with the same value of ft. 

Classification of rays 

We now consider clad profiles, so that n(x,y) takes uniform value n d beyond the 
interface. F urthermore, we assume n (x, y) takes its maximum value n m , at x = y = 0. As 
we showed in Section 2-12, bound rays have invariants in the range n d < ft < n m , 
corresponding to rectangles with envelopes lying between the interface, ft = n d , and the 
axis, P = n m . For bound rays, every rectangular caustic lies completely within the core 
cross-section. For the remaining leaky rays, with 0 </!<«'.,, only part of each 
rectangle can be contained within the core, as shown by the example in Fig. 2— 8 (b). A 
typical path touches the envelope at Pi, P 2 , P 3 and P 4 in succession. In the hatched 
region between the envelope and the interface no ray propagates, but ji < n d and Eq. 
(2-52) shows that there are paths in the cladding. Consequently we associate the 
reflections at P], P 2 , P 3 and P 4 with energy lost by tunneling, as discussed in Section 
2-7. After P 4 the ray meets the interface and is lost to the cladding, i.e. refracts. Hence, 
we have a new type of ray which undergoes tunneling and refraction at different points 
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along its path. These rays which propagate only on noncircular fibers are called 
tunneling-refracting rays [5], 


2-15 Example: Parabolic elliptical profile 


The fiber has the profile defined by 

n 2 (x,y) = n^>|l + (2-62) 

where p x and p y are the lengths of the semi-major and semi-minor axes, and contours of 
constant refractive index are ellipses with a common eccentricity e defined by 
e = (1 — pj/p 2 ) 1 12 ■ This profile is an example which is both a homogeneous function 
profile, corresponding to Eq. (2-55) with p = q = 2, and a separable profile, correspond- 
ing to Eq. (2-58) with/(x) = x 2 /p 2 and g(y) = y 2 /pj. Consequently the transit time is 
given by Eq. (2-57) with q = 2, and the ray-path equations of Eq. (2-59) can be written 
as 


d 2 x Q 2 d 2 y Q 2 

dz 2 p 2 dz 2 p 2 


(2-63) 


where Q = n CON /(2A)/^. These are the harmonic equations with solution [5,6] 


x = (x 2 p - x 2 a )* 12 sin {Slz/p x ) + x 0 cos (Qz/p x ), (2-64a) 

y = (yfp - yl l 1 12 sin (fiz/p y ) + y 0 cos (fiz/p,), (2-64b) 

where x 0 ,y 0 is the position of the ray in the cross-section at z = 0,and ±x lp , ±y tp are 
the positions of the turning-point caustics. In this form, Eq. (2-64) satisfies both 
Eqs. (2-52) and (2-61), as may be verified. For arbitrary eccentricity these paths 
completely fill the rectangular caustic of Fig. 2— 8(b), but when p y /p x is a rational 
fraction, i.e. mp x = np y , where m and n are integers, the path projection is a closed 
Lissajous figure. In the limit p x = p y = p these paths reduce to the closed ellipses in the 
cross-section of the circular fiber discussed in Section 2-10. 
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The transmission of information along optical fibers is normally achieved by 
sending out a sequence of pulses of light energy. However, as an individual 
pulse propagates, it spreads out, due to the dispersive properties of the fiber. 
Clearly if this spread becomes sufficiently large the pulse will overlap with 
adjacent pulses, leading to a decrease in information-carrying capacity because 
of the loss of resolution at the end of the fiber. 

In Chapters 1 and 2 we introduced the notion of ray transit time. The main 
contribution to pulse spreading is due to the obvious fact that the ray transit 
time is different for different ray paths. This effect is known as ray dispersion, 
and is sometimes referred to as intermodal dispersion, since early investigation 
used electromagnetic analysis in terms of modes [ 1 ] , rather than ray theory. In 
addition to ray dispersion, material dispersion also affects pulse spreading. This 
effect arises because the materials constituting the fiber have a refractive index 
which varies with the wavelength of light. 

The main purpose of this chapter is to show that pulse spreading depends on 
the refractive-index profile, and to demonstrate how it can be minimized by a 
suitable choice of profile. We first examine planar waveguides, for which it is 
possible to achieve zero pulse spread, and then circular and noncircular fibers. 

51 
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Initially we assume that the waveguide is composed of materials which are 
nondispersive. We subsequently determine the modification due to material 
dispersion. Only bound rays are included in the present chapter, as they 
characterize the transmission properties of long fibers. The major conclusion of 
this chapter is that pulse spreading on fibers is minimized if the profile has an 
approximately parabolic profile. 

Initial conditions 

Throughout the chapter, we assume that the pulse originates at time t = 0 at 
the endface z = 0 of a waveguide of arbitrary profile and length z as shown in 
Fig. 3-1. The pulse is assumed to be composed of bound rays only, all of which 
are excited simultaneously at z = 0. For convenience, the initial pulse spread is 
assumed to be zero. In practice, sources excite pulses of finite duration; the 
spread along the fiber is then found by superposition. 



Fig. 3-1 Pulse propagation is described in terms of a superposition of 
bound rays, each ray propagating distance z along (a) a step-profile 
waveguide or (b) a graded-profile waveguide. 


RAY DISPERSION IN PLANAR WAVEGUIDES 

The simplest structures for calculating dispersion are the planar waveguides of 
Chapter 1. We start with the step profile and progress to graded profiles. 

3-1 Step profile 

We recall from Fig. 1— 4(a) that bound rays propagate along a zig-zag path at 
angle 9 Z to the axis in the core of the waveguide. The range of values of 9 Z for 
bound rays is given by Eq. (1— 5a) as 0 ^ 6 Z < 6 C , where 6 C is the complement of 
the critical angle defined inside the front cover. The transit time t of Eq. (1-14) 
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varies inversely with cos 9 Z . Consequently, the minimum transit time t mm 
corresponds to 9 Z — 0, i.e. to rays propagating parallel to the axis, and the 
maximum transit time r max corresponds to 9 Z = 9 C . Thus 


z w co z n c0 

c cos 9 C c n cl ’ 


(3-1) 


where n m and n cl are the core and cladding indices, z is the length of the 
waveguide and c is the free-space speed of light. Thus the pulse spread, or ray 
dispersion, r d in time, is the difference between the maximum and minimum 
transit times given by 


^ max ^ min 

C 


ftco 

ftcl 


'■ - ” co { (1 — 2A>' 1/2 — 1}, (3-2) 


in terms of the profile height parameter defined inside the front cover. The 
greater the length of the waveguide, the greater pulse spreading becomes. For 
weakly guiding waveguides, when n co = n cl , we deduce from Eq. (1-42) that 


£ d = zn co A/c s zn co 6j/2c. 


(3-3) 


since A, 9 C -4 1. Hence dispersion can be reduced by making the index 
difference smaller, which is one of the reasons why practical waveguides have 
small values of A or, equivalently, 0 C . 


Spatial spread 


An alternative way to regard dispersion is to think of the spatial spread z d of the 
pulse, as it propagates. This spread is the distance between the front of the 
pulse, propagating with speed c/n co , and the rear of the pulse, propagating with 
speed cn c i/n^ 0 . Thus after time t, the spread is given by 


ct ( n Q i ] ct ct 9l 

= — i 1 r = — A = — 

ftco (. ftco j ftco ftco 3 


(3-4) 


where the approximations apply to weakly guiding waveguides and paraxial 
rays. Clearly the spatial spread increases with increasing waveguide length. 

Finally we note that the description of pulse spreading given by Eq. (3-2) is 
the simplest of a number of possibilities, which ipclydes the r.m.s. width of the 
impulse response described in Section 4-20. 


3-2 Clad power-law profiles 

It is possible to reduce pulse spreading from its value for the step profile by 
grading the core. We recall from Eq. (1-13) that the velocity along a ray is 
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c/n(x), where n(x) is the core refractive-index profile. Hence, the smaller the 
index, the higher the velocity becomes. Clearly, if we can arrange for those rays 
with trajectories that extend farther from the axis to pass through regions with 
smaller index values, we can equalize transit times for different rays. This 
compensation scheme exactly equalizes the transit times of all rays on the 
planar waveguide with a hyperbolic secant profile [2], as we showed in Section 
1-12. However, on a fiber with the same profile, only the meridional-ray transit 
times are equalized. There is no known profile which equalizes transit times for all 
rays both skew and meridional. Accordingly, the clad power-law profiles, which 
have transit times independent of skewness [1,3,4], as we showed in Section 
1-13, are of great practical importance for fibers. 

Optimum profile 

The clad power-law profiles for planar waveguides are defined by Eq. (1-59) 
and illustrated in Fig. 1-10. Here we determine which of these profiles, i.e. the 
value of q, gives minimal pulse spreading. Unlike the step-profile waveguide, it 
is not immediately obvious from the geometry of the sinusoidal-like ray paths 



Fig. 3-2 Variation of the transit time t with ji on a power-law profile 
waveguide. 

of Fig. 1-8 and the profile grading, which paths correspond to the maximum 
and minimum transit times for each profile. The transit time for a bound ray is 
given by Table 1-1, page 19, in terms of the ray invariant fi and the profile 
exponent q by 

m = -^\q”f + 2-U; n cl <~P^n co . (3-5) 

c q +2 l P n co J 

If we plot t (P) as a function of P for an arbitrary value of q, we obtain the 
characteristic parabola-like dependence in Fig. 3-2. The minimum transit time 
occurs at p = P m for a given value of q, where by differentiation 

2 (8fl)^^ ( u 2 

t(Pm)=- q + 2 n co ; P™ = \2j ( 3 ~ 6 ) 
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There are three cases to consider because /i m will not always lie in the range of ft 
for bound rays in Eq. (3-5). The maximum and minimum transit times, r max and 
f min , respectively, in each case are deduced from Fig. 3-2, and the correspond- 
ing pulse width t d is given by 

^max ~~ ^rain ^ (^cl) — ^ (^co)> 4^2, (3— 7a) 


= sup 


t(«cl 1 

t(n co )-t(fi m ) J ’ 


2-4AsS4^2, 


(3— 7b) 
(3-7c) 


= f(«co)-'(«d); o < q ^ 2 -4A, (3-7d) 

for each value of q, where sup denotes the larger of the two expressions. The 
value q = q opt which minimizes the dispersion t d , can be found either by formal 
differentiation or by the following simple argument. If we substitute for t([j) 
from Eqs. (3-5) and (3-6) it is easy to verify that t d increases with increasing 
values of q in Eqs. (3— 7a) and (3-7b), and increases with decreasing values of q 
in Eqs. (3-7c) and (3-7d). The minimum value of t d must therefore occur when 
Eqs. (3-7b) and (3-7c) are equal. Either way we find that this occurs when [3,4] 

(3-8) 

with a corresponding minimum pulse spread 


(3-9) 

The approximations in these equations are for weakly guiding fibers and 
paraxial rays. Hence the optimum profile is close to parabolic. The pulse width is 
a factor of A/8, or 1 6, times that for the step profile, in Eq. (3-3), and is 
therefore considerably reduced. Since 1 /t d is one measure of the information- 
carrying capacity of a waveguide, we deduce that capacity is increased by a 
factor of 8/ A, or 16 jQ\. We plot r d of Eq. (3-7) as the normalized time ct d /zn C0 
against q, corresponding to the solid curve in Fig. 3-3, for A = 0.01 or 
6 C = 0.14. There is a cusp at q opt , which means that ray dispersion is very 
sensitive to small variations about q opt . For example, when q = q opl ± A, the 
pulse width increases by a factor of nearly 10. The normalized pulse width for a 
step profile with the same value of A is included for comparison. 




RAY DISPERSION IN FIBERS 

Pulse spreading in fibers is investigated in exactly the same manner as for 
planar waveguides. The added complication is that we must include skew rays 
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Fig. 3-3 The solid curve is the normalized pulse width ct d /zn C0 of Eq. 

(3-7) for clad power-law profiles as a function of q, and the horizontal line 
is the corresponding value of Eq. (3-2) for the step profile. When the fiber 
materials are dispersive, the dashed curve plots the normalized pulse width 
ctjzn a , which shifts the optimum profile exponent from q opt = 1.98 to q op , 

+ <5(j opt = 2.26, assuming weak guidance [4], For all three plots A = 0.01, 
or 6 q = 0.14. 

as well as meridional rays. We showed in Chapter 2 that meridional rays have 
the same properties as rays on planar waveguides, and therefore have the same 
transit times, whereas transit times for skew rays generally depend on both ray 
invariants (S and T. However, we recall from Table 2-1, page 40, that the transit 
times for skew rays on step and clad power-law profile fibers are independent of 
/ and are therefore identical to the corresponding meridional-ray transit times. 
Consequently, ray dispersion on the step-profile fiber is given by the same 
expressions as for the step-profile planar waveguide, i.e. by Eqs. (3-2) and (3-3). 
Similarly, the optimum exponent and minimum pulse spread for clad power-law 
profile fibers are given by the corresponding solutions for the planar waveguide in 
Eqs. (3-8) and (3-9). 

It is clear from the discussion at the beginning of Section 3-2 that there is no 
ray dispersion on the planar waveguide with a hyperbolic secant profile. 
However, on the fiber with the same profile, ray dispersion is no longer zero. 
There is no known profile which has zero ray dispersion for both skew and 
meridional rays. 
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We showed in Section 2-13 that the transit time for a step-profile fiber is 
independent of the cross-sectional geometry. Consequently Eqs. (3-2) and 
(3-3) give the ray dispersion for step-profile fibers of arbitrary cross-section. 
We also found in Section 2-13 that the ray transit time for the noncircular, clad 
power-law profiles of Eq. (2-55) is identical to the transit time for the 
symmetric, clad power-law profiles in Table 2—1, page 40, i.e. dependent on fi 
only. Thus Eqs. (3-8) and (3-9) also give the optimum profile and minimum 
pulse spread for those noncircular profiles [5], which includes the clad 
parabolic-profile fiber of elliptical cross-section. In other words, ray dispersion 
on step-profile fibers of arbitrary cross-section and clad power-law profile fibers of 
noncircular cross-section is also given by the corresponding solutions for planar 
waveguides. 


MATERIAL AND PROFILE DISPERSION 

The analysis of pulse spreading so far in this chapter has assumed that the 
waveguide materials are nondispersive. Here we allow for the effects of 
dispersive materials which constitute the waveguide or fiber. Although material 
dispersion by itself is usually small, we show in Section 3-8 that it can have a 
dramatic effect on pulse spreading when combined with ray dispersion. 


3-4 Material dispersion 


Sources of light which are nominally monochromatic, with wavelength 2, have a 
small inherent spread <57. in wavelength associated with them, and practical 
waveguides are composed of materials that are dispersive. Dispersiveness is 
described by the variation - usually very slight - of the refractive-index profile 
with wavelength, e.g. n = n(r, 2) for circular fibers. Consequently, rays excited 
at different wavelengths and following the same path will propagate at different 
speeds. This leads to a form of pulse spreading quite apart from ray dispersion, 
as we can demonstrate with a simple example. Consider rays propagating 
parallel to the axis over length z of a step-profile waveguide with core index 
n co (2). The transit time at wavelength 2 is given by Eq. (1-17) in terms of the 
group index n g of Eq. (1-16). When 9 Z = 0, we have fi = n co and consequently 




Since <52 <| 2, the pulse width t d is given approximately by 




z2 | d 2 « co (2) I 


(3-10) 


(3-11) 
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and pulse spreading varies with the second derivative of the profile [6]. In 
practice, however, this spread is small compared to the profile dispersion 
discussed below. 


3-5 Profile dispersion 

We can now investigate how material dispersion and ray dispersion interact to 
influence pulse spreading. It is convenient to use profile dispersion to describe 
the combination of the two effects [3], Surprisingly, we find that pulse 
spreading is significantly affected by material dispersion, even when the second 
derivative <3 2 /t/cU. 2 is zero. This is because the component dA/dz of the first 
derivative dn/dX is of crucial importance in the interplay between the two forms 
of dispersion, as we show in the example of Section 3-8 below. We first consider 
the specific dependence of the profile on wavelength. Although we illustrate the 
principles of profile dispersion using fibers in the following sections, since 
fibers are of major practical importance, we could just as easily use planar 
waveguides. 


3-6 Linear dispersion 

When the fiber materials are dispersive, it has been found experimentally that, 
to a first approximation, we may assume a model for the profile of the 
form [7,8] 

n 2 (r,X) = n 2 co (X){l-2A(X)f(r)}, (3-12) 

in which the profile variation f (r) is independent of wavelength. This approxima- 
tion is sometimes called linear dispersion, because, in the weak-guidance 
approximation (A -4 1), the group index is a linear function of n. If we set n 
= n co (2){l — A (2)/(r)} in Eq. (2-33a), it is straightforward to show that 

n g = a(X)n + £>(A), (3-1 3) 

where a and h are functions of X only. We adopt this model in the examples. 


3-7 Example: Step-profile fiber 


The core and cladding indices of the step-profile fiber are n co (X) and n Q ,(A), respectively, 
when the materials are dispersive. We showed in Section 2-5 that the ray transit time in 
this situation is identical to the planar-waveguide expression of Eq. (1-17), which 
involves the group index n g of Eq. (1-16). By analogy with the derivation in Section 3-1, 
we deduce that the pulse spread is given by 


t d (A) = -n m (X) 
c 


«co(2) 


-1 


= -« C0 (A) A(A) 
c 


«clW 

1 -- 


1 — 


X drtcofl) 


n QO (X) dX J 
X d/icoW] 


(3— 14a) 


n QO (X) dX 


(3— 14b) 
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where the approximate result is valid in the weak-guidance approximation, when A(A) 
= 1 — n d (A)/n co (A) <§ 1 . We can then identify the first term within the square brackets of 
Eq. (3— 14b) with ray dispersion and the second term with material dispersion. 


3-8 Example: Clad power-law profile fibers 

It follows from Eq. (3-12) that, in the presence of material dispersion, these profiles 
must have the following forms to satisfy the linear-dispersion criterion 

n 2 (r, A) = n^(A)|l -2A(A)^0 j; 0 < r ^ p, (3— 15a) 

= «c 2 i(A) = 4 ,(A){ 1 — 2A(A)}; p ^ r < go, ( 3 - 15 b) 


where the profile exponent q is independent of A. The transit time in this situation is 
determined from Eq. (2— 33b). If we substitute Eq. (3-1 5a) into the group index of Eq. 
(2-33a), then the expression for L m in Eq. (2— 33b) can be rearranged as 


"a"co (2) 

~7 


z p -2n a n co (A)A(A)(2 


(*r 

, ‘p 
-P) 

J r 


(r/pf 

9(r) 112 


dr, 


(3-16) 


where /?, z p , r [p , r jc and g(r) depend implicitly on A by replacing n(r) with n(r, A) in their 
definitions. The on-axis group index n a and the measure of off-axis material dispersion p 
are functions of wavelength only defined by 


«a = "co W — A 


d«co(A) _ 
dA ’ 


»co(A) £ dA(A) 
n a A(A) dA 


(3-17) 


The integral in Eq. (3-16) follows from Eq. (2-47), and on substituting into Eq. (2— 33b), 
the ray transit time is given by 


Z "a 

cq+ 2 


(p + <j)Tf + (2-p)— j; 
P «co J 


"cl (A) < n c o(A). 


(3-18) 


Thus, the ray transit time is independent of skewness and is identical to the corresponding 
planar waveguide expression within the linear-dispersion approximation to material 
dispersion. It is implicit that p is small in these expressions. 


Optimum profile 


The profile which minimizes pulse spreading is derived from Eq. (3-18) using the 
procedure described in Section 3-2. Hence the minimum transit time and the 
corresponding ray invariant are found to be 


*<PJ = 


z 2n a 
cq + 2 


(p + 4) 1/2 (2 — p) 1/2 ; /?„ 


p + q 


1/2 


(3-19) 
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The optimum profile q = q opl is readily shown to be [4] 
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5 op ,= 2(1 — 2A) 1/2 - p{l + (l — 2A) 1/2 } s 2(1 -p)~A(2-p), 


(3-20) 


and the corresponding minimum pulse spread is given by 


z (»ci 2 -»d 2 ) 2 ^ zA 2 _ Z0* 

c «co+«ci " a_ " a c 8 “ " a c32’ 


(3-21) 


where = n c0 (/.), n cl = h c 1 (A) and the approximate expressions apply within the weak- 
guidance approximation, or, equivalently, for paraxial rays. Thus, although the 
dispersion minimum is independent of p, it varies with wavelength through the implicit 
dependence of A and n a on L 


Sensitivity of the dispersion minimum 

The slight change in value of the optimum profile exponent from q opt to q opt due to 
profile dispersion is given approximately by Sq opt = - 2 p, assuming the weak-guidance 
expressions in Eqs. (3-8) and (3-20). Although Sq opl is small, it nevertheless has a 
dramatic effect on pulse dispersion. We calculate the ray dispersion t d = t MX - i min 
from Eq. (3-18) by analogy with Eq. (3-7), and plot the normalized pulse width ctjzn a 
against q as the dashed curve in Fig. 3-3, assuming p = -0.14 and A = 0.01 [4]. The 
solid curve, p = 0, ignores material dispersion. Thus, the effect of profile dispersion is to 
shift the cusp at the optimum profile distance bq op( as shown. However, the change in 
pulse width from the solid to the dashed curves in the neighborhood of q = q opl is almost 
two orders of magnitude. In practice, it is often true that |p| p A, in which case profile 
dispersion dominates ray dispersion in determining the optimum profile. 


3-9 Nonlinear dispersion 

If the profile n(r, X) does not satisfy the linear-dispersion condition of 
Eq. (3-13), then we have nonlinear dispersion. The separable term 2A (X)f(r) in 
Eq. (3-12) is replaced by F (A, r), which is not expressible in separable form, e.g. 
the clad power-law profiles of Eq. (3-15) when the exponent is wavelength 
dependent. The determination of the optimal profile is then a virtually 
intractable problem by analytical methods. However, if we make certain 
simplifying assumptions about the form of the transit time, we can pose the 
problem in a different and more tractable way. 

We recall from Section 3-8, that in the case of linear dispersion the transit 
time of Eq. (3-18) for clad power-law profiles has a simple dependence on the 
invariant fi, which in turn leads directly to the optimum profile of Eq. (3-20). 
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When the dispersion is nonlinear, we assume a transit time with the same 
functional dependence on /?, which takes the form 


z 


t = - 


c 


A ^ co 

a t 


+ B- 


(3-22) 


where A and B are independent of /?. Once A and B are prescribed, the optimum 
profile is therefore readily determined. The problem is to determine profiles 
whose transit times satisfy Eq. (3-22). Such profiles help provide flexibility in 
designing fibers. The detailed derivation is given elsewhere [9, 10], and shows 
that a sufficient condition for F (A, r) to lead to Eq. (3-22) is 


or n a 0 / 1 


0 , 


(3-23) 


where n a is defined in Eq. (3-17), and D is an arbitrary function of wavelength. 
The general solution of this equation is 



If the special case when G is a simple power, i.e. G(x) = X q+ 2 with q constant, 
F (1, r) is separable and leads to a set of power-law profiles, similar to 
Eq. (3-15), with linear dispersion. An alternative solution of Eq. (3-23) expands 
F as a power series in r/p for each wavelength [11], These solutions can be used 
to improve the minimum dispersion characteristics of fibers. 
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In the previous chapter we described pulse spreading by the maximum 
temporal width possible, f max — £ min . Now we investigate pulse spreading more 
closely by examining the shape of the pulse as it propagates, i.e. the distribution 
of energy within the pulse, or impulse response. We derive the pulse shape at 
time f due to an impulse of initially zero width, from which we can describe the 
response of a pulse of arbitrary initial shape by convolution. The analysis 
includes only bound rays, since they characterize the transmission properties of 
long fibers. 

Multimode fibers are typically illuminated by diffuse sources. For such 
sources, the impulse response of a step or clad parabolic profile is a virtually 
rectangular pulse of width t max — t min . Hence, the maximum temporal width is 
an accurate description of the response for these cases. Nevertheless, we 
emphasize that pulse shape is acutely sensitive to small deviations from the 
parabolic profile. 

In order to determine pulse shape, it is necessary to study the illumination 
and light acceptance properties of a fiber. Accordingly, we consider how light 
power emitted from various sources enters the fiber core and is distributed 
among the various bound-ray directions. The material of this chapter is 
required in Chapter 8 to determine the impulse response of short fibers, when a 
significant fraction of power is carried by leaky rays, and also in Chapter 6, 
where we show how core and cladding absorption can greatly distort the 
impulse response from the rectangular shapes mentioned above. 

Ray tubes 

We discussed the characteristics of individual ray paths in Chapters 1 and 2. In 



Fig. 4-1 Ray tubes on fibers with (a) a step profile and (b) a graded profile. 
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this chapter we determine the distribution of power among the various ray 
directions. Since the power of an individual ray is undefined, it is useful to 
introduce the concept of a ray tube, i.e. a tube of rays of infinitesimal cross- 
section, with each ray propagating in the same direction, or, equivalently, 
having the same values of the ray invariants /J and l. Tubes for step- and graded - 
profile fibers are illustrated in Fig. 4-1. This concept is the ray analogy of the 
flux tube of electromagnetic theory [1], and is discussed in more detail in 
Section 35-3. Light power flows parallel to the ray direction and the total 
power flow within the tube is constant along its length. Throughout the rest of 
Part /, we take the word rays to mean ray tubes whenever discussing power. 


SOURCES OF ILLUMINATION 

A source is specified by the distribution of power among all the ray directions 
emitted from each differential element d A of its surface area. For example, the 
source in Fig. 4-2 emits light within a cone of half-angle 9 S . Light emitted at 



Fig. 4-2 Elemental source area dA emits light into solid angle dT within 
a cone of half-angle 0 S . 

angle 9 0 to the normal has intensity I{9 0 ) per unit solid angle per unit area of 
source. Thus the element of power dP radiated is given by 

dP = /(0 o )dTd/4, 0 dP = 0, 9 s ^9 0 ^n/2, (4-1) 

where dT is the element of solid angle as shown. We now define the two types 
of source used throughout Part I. 


4-1 Diffuse or Lambertian source 

A diffuse or Lambertian source [2] is one where each differential area d A of 
source area emits light in all directions, i.e. 9 S = n/2 in Eq. (4-1). The cross- 
section of such a source is illustrated schematically in Fig. 4-3(a). This is the 
most typical source in practice and approximates the output of a light-emitting 
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(a) (b) 

Fig. 4-3 Cross-sections of (a) a diffuse or Lambertian source, and (b) a 
collimated beam. 


diode (LED). The intensity distribution is given by [2] 
I(8 0 ) = / 0 cos 8 0 \ 0 ^ 8 0 5 $ n/2. 


(4-2) 


where / 0 is a constant. However the LED can also be nonuniform, with the 
light output decreasing towards the boundaries of the source. In such cases I 0 
depends on the cylindrical radius r from the center of the source, assumed 
axisymmetric, and can be approximated by a Gaussian distribution 

I 0 (r) = Aexp(-ar 2 /pi), (4-3) 


where p s is the source radius and A, a are positive constants. 


Partially diffuse source 

When the directions of light emission do not occupy the full range of values of 
8 0 in Eq. (4—2), i.e. 0 ^ 6 0 < 9 S < n/2 as illustrated in Fig. 4-2, the source is 
called a partially diffuse source. 


4-2 Collimated beam 

A source of finite cross-section which radiates along its axial direction only 
produces a collimated beam, as shown in Fig. 4-3 (b). Each differential element 
d A of the source area emits light in the direction 9 S = 0 of Fig. 4-2. For a 
uniform beam, the intensity of Eq. (4-1) is constant I 0 over the beam cross- 
section and approximates the output from a laser. 


TRANSMISSION ACROSS THE ENDFACE 

We now determine the behavior of a ray as it passes from the source, across 
the fiber endface and into the core. If the refractive index n 0 of the medium 
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containing the source differs from the core index, we must first correct for both 
the change of ray direction due to refraction and the loss of power by reflection. 


4-3 Reflection and refraction 

The source is located in a uniform medium of refractive index n 0 , and is 
assumed to be sufficiently large that it fully illuminates at least the core cross- 
section of the fiber endface, as is normally the case in practice. A ray from the 
source is incident on the endface z = 0 at Q in Fig. 4—4, and makes angle 0 O with 
the normal QN, or axial, direction. The polar coordinates of Q on the endface 
are (r, 0) relative to the x-axis. We consider only rays incident over the core; a 
ray incident over the cladding cannot become a bound ray in the core. 



Fig. 4-4 Reflection and refraction of a source ray at Q on the fiber 
endface. Polar coordinates (r, <j>) define the position of Q, and the 
projection of the ray path onto the endface makes angle 6 ^ with the 
azimuthal direction at Q. 

Snell’s laws 

Forconvenience we assume that n 0 < n cl , where the uniform cladding index n d is 
the smallest value of the fiber profile n(r). This condition is usually satisfied 
since the most common source medium is air, for which n 0 = 1. It also ensures 
that the incident ray in Fig. 4-4 is partly reflected at angle 0 O and partly 
refracted, or transmitted, for all values of 9 0 . The transmission angle 6 Z ( r ) is the 
angle between the normal QN and the tangent QR at z = 0 to the ray trajectory 
in the core of the fiber, and is related to 6 0 by Snell’s law 

n 0 sin9 0 = n(r) sin 9 z (r); 0^9 o ^n/2. {4—4-) 
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The initial position and direction of the core path determine the ray invariant p 
by substituting Eq. (4-4) into Eq. (2-16). This leads to the expression in 
Eq. (4—5). We also deduce from Snell’s laws that since the source ray, 
transmitted ray and normal are coplanar, the skewness of the ray relative to the 
fiber axis is unchanged on crossing the endface. If 6 # is the angle between the 
projection of the incident ray onto the endface and the azimuthal, or (p , 
direction in Fig. 4—4, then the second ray invariant l for the path in the core is 
obtained by substituting Eq. (4—4) into Eq. (2-17) with 0^,(r) = 6 Hence 


P = {n 2 (r) — «o sin 2 0 0 } 1 


12 . 


— r 

l — — n 0 sin 0 O cos IF, (4—5) 
P 


so that each source ray defines the values of the invariants describing the 
continuation of its path within the fiber core. 


Maximum angle of incidence 


We define S m (r) to be the maximum value of 8 0 in Fig. 4-4 for which a source 
ray can propagate in the fiber core as a bound ray. The range of values of 6 z (r) 
for a ray to be bound is given by Eq. (2-30), assuming that n(r) decreases 
monotonically from the fiber axis to the interface. By setting 6 0 = 0 m (r) in 
Eq. (4-4), we deduce that 8 m (r) satisfies 


n o sin 0 m (r) = n(r)sin0 c (r) = {n 2 (r)-n 2 d } 112 , 


(4-6) 


where 6 c (r) is the complement of the local critical angle defined by Eq. (2-29). 
For the step profile, n(r) is replaced by n co and dfr) by 0 C . Within the paraxial 
approximation 0 c (r) 1, and thus 0 m (r) = n(r)6 c (r)/n 0 . 


4-4 Power transmission 

The index n 0 of the source medium usually differs from that of the core, and 
hence not all of the source power can be transmitted into the core. However, a 
maximum of about 4 per cent of source power is reflected from the endface in 
practice, as we now show, so that we can usually neglect this effect. If the fiber 
has a step profile, the fraction T of power transmitted into the core is given by 
the classical Fresnel coefficient for reflection at a planar dielectric interface. 
Since the fiber is multimoded, the electromagnetic fields behave like plane 
waves in any small region of the endface, and plane-wave arguments are 
applicable, as discussed in Section 35-3. For simplicity we restrict attention to 
the weak-guidance, or paraxial approximation, when bound rays propagate 
virtually parallel to the fiber axis, i.e. normal to the endface. The fraction of 
power transmitted into the core when 8 0 s 0 is given by the first expression in 
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Eq. (35-21) with n d replaced by n 0 . Hence [3] 

T = 4« 0 n co / (n 0 + n c0 ) 2 . (4-7) 

This result holds approximately for graded-profile fibers as well, since 
n(r ) = n c0 . In practice n c0 = 1.5, n 0 = 1, and thus a minimum of about 96 % of 
source power is transmitted into the core. Throughout the rest of this chapter 
we neglect this slight loss, but it can be accounted for by replacing the intensity 
f($o) of Eq. (4-1) by Tl(9 0 ). 


DIFFUSE ILLUMINATION 

We can now calculate the source power carried by bound rays when the fiber is 
illuminated by the diffuse source. In this part of the chapter we determine the 
total source power, the total bound-ray power and the radial distribution of 
bound-ray power over the core cross-section. Later in the chapter we show how 
to derive the distribution of power among the various bound-ray directions. 
We assume that the source of Fig. 4-3 (a) is placed against the fiber endface in 
Fig. 4-4, and its surface covers at least the core cross-section. Only the portion 
of the source within the core cross-section can excite bound rays, so we ignore 
any effects due to the source outside of this region. The excitation of leaky rays 
by sources is examined in Chapter 8. 

The element of power dP radiated into solid angle dT by area dA of the 
source in the medium of refractive index n 0 is given by Eqs. (4-1) and (4-2). In 
Fig. 4-4, the angles (9 0 , 6$) are spherical polar angles relative to the normal QN 
and (r, </>) are polar coordinates relative to the fiber axis. Hence [4—6] 

dP = / o cos0 o d4dr dA = rdrd$; dr = sin 0 o d0 o d^, (4-8) 

where the range of source-ray directions satisfies 0 ^ 9 0 ^ n/2, 0 ^ 9# ^ 2n 
and the range of positions on the endface satisfies 0 ^ r ^ p, 0 ^ 4> ^ 2n. 


4-5 Total source power 

The total power P tot radiated by the source in all directions over the area of the 
core cross-section in Fig. 4—4 is obtained by integrating dP of Eq. (4—8) over the 
complete range of values of each of the four variables given above. Accordingly 
[ 6 ] 

r p r2n r*l2 

Ptot = rdr I d(f> \ d0 o / o rsin0 o cos0 o d^. (4-9a) 
Jo Jo Jo Jo 

The intensity is assumed to depend only on r, so on performing the remaining 
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integrations we obtain 
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P«* = 2* 2 


rl 0 dr. 


(4-9b) 


When the illumination is uniform, I 0 is constant and therefore 



(4-10) 


Only part of the total source power is transmitted to bound rays; the rest excites 
leaky rays, which is discussed in Chapter 8. If we denote the amount of source 
power transmitted to all bound rays by P br , then the source efficiency £ is 
defined by 


£ = PJP tot =P hx l(n 2 p 2 l 0 ), 


(4-11) 


which ignores the slight power loss at the endface, discussed in Section 4-4. For 
weakly guiding fibers, we anticipate that £ will be small because of the narrow 
range of bound-ray directions. 


4-6 Total bound-ray power 


The amount of source power carried by bound rays, P br , is found by integrating 
Eq. (4-8) over the complete ranges of values of (j > , r and 9^ given below Eq. 
(4-8), and the range of values of 0 o corresponding to bound rays within the 
fiber, i.e. 0 < 6 0 ^ 0 m (r), where 9 m (r) was derived in Section 4-3. Elence 



% 2n 

'p [2 k 

^br — / 0 

d (p 

rdr dfi^, 

• 

o 

0 Jo 


■0m(r) 


sin0 o cos0 o dfi o . (4-12) 


Substituting for 9 m {r) from Eq. (4-6) we obtain by straightforward integration 


P br = 27t 2 ~ rS(r)dr; 

S(r) = n 2 (r)-n 2 d , 

«o Jo 



(4-13) 


where S{r) is the square of the local numerical aperture, or the profile shape , i.e. 
the variation of n 2 (r) above its uniform cladding value n 2 t . Apart from a factor 
7c/ 0 /«o associated with the source intensity and source medium, P br varies with 
the profile volume fi, which we define to be the volume obtained by rotating the 
profile shape about the fiber axis, i.e. 


Pbr = *£n; 

Q = 27c 

' P 

rS(r)dr — 2n 

* p 

r{n 2 (r) — n d }dr. 

«0 

- 

0 J 

0 
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An immediate consequence of this definition is that fibers with equal profile 
volumes carry identical total bound-ray power when illuminated by a diffuse 
source. It also follows from Eq. (4— 13) that the bound-ray power density per unit 
area of cross-section at radius r is proportional to the profile shape. If P(r) 
denotes this quantity, then 


P(r) = n^Sir); 

P b r = 

«o 



P(r)dA, 


(4-15) 


where A co is the core cross-sectional area. We now consider examples. 


4-7 Example: Step and clad power-law profiles 


The total bound-ray power excited on a step-profile fiber is obtained by setting 
n(r) — n co in Eq. (4-13). Hence 

p b t = 2l 0 (npn co ln 0 ) 2 ?s. = lo( n P n J"o) 2 sin 2 9 C , (4-16) 


using the definitions at the front of the book. Thus P br is proportional to the square of 
the numerical aperture of the fiber, which provides a measure of the light-gathering 
capacity. The source efficiency follows from Eqs. (4-11) and (4-16) as 

i = 2(n co //i 0 ) 2 A = ( njn 0 ) 2 sin 2 9 C S (n co /n o ) 2 0f, (4-17) 


where the approximation applies to the weak-guidance, or paraxial approximation, 
when bound rays carry only a small fraction of source power since 9 C 1. 

If we substitute the clad power-law profiles of Table 2-1, page 40, for n{r) in 
Eq. (4-13), the total bound-ray power due to diffuse illumination is readily shown to be 
[ 6 ] 


2 q . (npn m ) 2 

r/n ; A = ■ 


q + 2 


n o 


q + 2 


, hVn co ) 2 . 2 „ 

In ^ Sin 0 C , 


n o 


(4-18) 


and the corresponding expressions to Eq. (4-17) for the source efficiency are 


2q 

q + 2n 2 0 


A = 


q + 2n 2 0 


sin 2 9 C 


4 ”co q 2 

q + 2n 2 0 


(4-19) 


Thus both P br and $ are smaller than the corresponding expressions for the step profile 
by a factor of q / (q + 2). In particular, the clad parabolic-profile fiber (q = 2) accepts only 
half as much bound-ray power as the step-profile fiber (q = oo). 


Equal-volume profiles 

The clad power-law profiles defined in Table 2-1 , page 40, do not have the same profile 
volume as the step profile. However, we can make these volumes equal by redefining the 
core radius for each value of the exponent. Accordingly we replace p by p e , substitute 
n(r) into Eq. (4-14), and equate fi to the volume np 2 — of the step profile. We 
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deduce that 

Pe= {(<? + 2)/<?} 1/2 P- 


(4-20) 


The total bound-ray power on each fiber with the modified clad power-law profile is 
given by Eq. (4-18) with p replaced by p c . If we then substitute the above result for p e , 
we verify a result of Section 4-6, namely that the modified clad power-law profile fibers 
carry the same bound-ray power as the step-profile fiber when illuminated by a diffuse 
source. 


4-8 Nonuniform illumination 


So far we have assumed a uniform intensity I 0 over the source. Here we 
examine the effect of a nonuniform diffuse source on total bound-ray power, 
using the Gaussian distribution of Eq. (4-3) for intensity [6]. The total power 
emitted by the source is found by substituting Eq. (4-3) into Eq. (4— 9b) with 
p s = p, and gives 

P tot = 7rV^(l-e-“)/a. (4—21) 


When the fiber has a step profile, the total bound-ray power is given by 
Eq. (4-12) with I 0 replaced by A and a factor exp ( - a r 2 /p 2 ) introduced into the 
integrand of the radial integration. On evaluating the integrals we obtain 


br 


2A 


(npn 0 


1 — e 


-A= A 


(npn m ) 2 1 -e 


- sin 2 9. 


(4-22) 


and consequently the source efficiency is 


g 




-sin 2 9 r 


(4-23) 


which is unaltered from its value in Eq. (4-17) by the source nonuniformity. 


Clad parabolic-profile fiber 


This profile is given by the q = 2 clad parabolic-profile in Table 2-1, page 40. 
The total bound-ray power and source efficiency are obtained in an analogous 
manner to the step-profile expressions above. Hence 


P b[ = 2 A 


(7tpn c 


) 2 e ® + a - 


-A; 


S =2 


n 2 a e “ + a — 1 
a(l-e-“) 


A. (4-24) 


Source efficiency is a minimum when a -> 0, corresponding to a uniform source, 
and doubles as a -> oo, when only on-axis illumination occurs. However, 
although efficiency increases with increasing nonuniformity, bound-ray power 
decreases and is negligible as a — > oo. 
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COLLIMATED- BE AM ILLUMINATION 

We consider the source of Section 4-2 which is so aligned that it emits a 
collimated beam at angle 0 o to the the fiber axis, as shown in Fig. 4-5. The 
collimated beam, as well as approximating the output of a laser, also provides 
insight into diffuse-source illumination, which can be regarded as a super- 
position of beams propagating at all angles. Only that part of the beam 
illuminating the core can excite bound rays, so we ignore any illumination of 
the cladding. It is intuitive that if the beam angle is too large then no bound rays 
will be excited. In fact, bound rays are only excited if 6 0 does not exceed the 
maximum value of 6 m (r ) over the core, where 6 m (r) is defined by Eq. (4—6). We 
consider specific examples. 



Fig. 4-5 Collimated beam incident at angle 9 0 to the fiber and parallel to 
the x-z plane. 


4-9 Example: Step profile 


The maximum incidence angle for bound rays, 9 m , is given by Eq. (4-6) with n(r) = n co , 
i.e. sin 9 m = (n m /n 0 ) sin 0 C , and is uniform over the core endface. Consequently, only 
bound rays are excited if 0 ^ 0 O < 0 m , and no bound rays are excited if 9 0 > 0 m . If the 
beam carries uniform power P, per unit area of its cross-section, then the total incident 
power P tol = np 2 P t cos6 0 . Accordingly, total bound-ray power and the source 
efficiency of Eq. (4-11) are given by 


= P, 


np 2 P i cos 0 O ; 
0; 


fl; OsS0 o <0 m , 
[0; 6 m <6 0 ^n/2, 


(4-25) 


ignoring the slight loss of power at the endface. For weakly guiding fibers with 9 C <i 1, 
the range of beam angle for bound-ray excitation is small. 
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4-10 Example: Graded profiles 

When the fiber has a graded profile which decreases monotonically from the axis to the 
interface, the maximum angle of incidence for exciting bound rays, i.e. 6 m (r) of Eq. (4-6), 
decreases from a maximum on-axis value sin 9 m (0) = (n co / n 0 ) sin 0 C , to 9 m (p) = 0 at the 
interface, as n(r) decreases from n co to n d . Accordingly, if 9 0 > 0 m (O) no bound rays are 
excited, but if 0 ^ 9 0 < 0 m (O), bound rays are excited within a circle of radius r br , where 
r br is the solution of 0 O = 0 m (r br ). Substituting into Eq. (4-6) and using as examples the 
clad power-law profiles of Table 2-1, page 40, we deduce that [7] 

r br = p { 1 — (n 0 sin 9 0 /n co sin 9 C ) 2 } 1 /g ; O=£0 o <0 m (O). (4-26) 

Outside of the circular region only leaky rays are excited, as discussed in Chapter 8. 
When 9 0 = 0 and the beam is on axis, bound rays are excited over the whole core and 
propagate parallel to the fiber axis. If the beam carries uniform power P- t per unit cross- 
sectional area, then the total bound-ray power and source efficiency of Eq. (4-11) are 
given by 

Jrcr br Pj cos 9 0 ; jr^/p 2 ; 0 =£ 9 0 $ 8 m , 

P “'l0; # -)0; 6„<» 0 S«/2, ^ 

where the factor cos B 0 accounts for the beam direction. 


LENS ILLUMINATION 

In practice the cross-sectional area of a source can greatly exceed the size of the 
fiber core. By placing such a source against the endface, none of the light 
entering the cladding can excite bound rays, and consequently the source 
efficiency of Eq. (4-1 1) decreases as the source increases in size. However, if the 
light from the source is highly directed, as in the collimated beam, we can 
improve its efficiency by placing a lens between the source and the fiber. On the 
other hand, the use of a lens cannot improve the efficiency of a diffuse source, as 
we show in Section 4-14. 


4-11 Collimated beam 

Consider a source which emits a collimated beam of radius r d . The beam can be 
focused onto the endface of the fiber at Q on the axis by introducing a thin lens 
of radius equal to the beam radius and focal length/, as shown in Fig. 4-6(a). All 
of the light from the source excites only bound rays provided the angle 9 d 
subtended by the lens at Q does not exceed the maximum angle of incidence 
d ra (0) defined by Eq. (4-6). If for convenience we assume a step profile and set 
n(0) = n co , then d ra (0) = sin -1 { (n co /n 0 ) sind c } . On setting r d = / tan 9 d in the 
inequality 6 d ^ 0 m (O) and rearranging with the help of Eq. (37-7), we find that 



Section 4-12 


Fiber illumination and pulse shape 75 



(a) (b) 


Fig. 4-6 On-axis lens focused onto the fiber endface for (a) an on-axis 
collimated beam and (b) a skew collimated beam. 


the focal length must exceed a certain minimum. Thus 

{K/«co) 2 -sin 2 0c} 1/2 ^ «o r d „ 

J & r d — r~n = 2“ , 14-/81 

sin 6 C n co 9 C 

where the approximation applies to weakly guiding fibers with 6 C <£ 1. The 
presence of the lens increases the power entering bound rays, and therefore the 
source efficiency, by a factor ( r d /p f compared with direct illumination by the 
same source. In other words, all of the source power enters bound rays when 
Eq. (4-28) is satisfied. By symmetry, only meridional rays are excited at Q. 


4-12 Example: Intensity distribution 

It is useful to know the intensity distribution in the source medium at Q in Fig. 4— 6(a). 
This can be used, for example, in the impulse response calculations at the end of the 
chapter. If the beam carries uniform power P t per unit cross-sectional area, then the 
power dP arriving at Q between angles 9 0 and 9 0 +d0 o crosses an annular area of 
circumference 2 nf tan 6 0 and width d (/ tan 9 0 ) = (//cos 2 0 o )d0 o > n the plane of the lens. 
Hence 

dP = 2nf 2 (tan P 0 /cos 2 9 0 ) d9 0 . (4-29) 

By symmetry, the intensity / per unit solid angle is given by (l/27i)dP/d0 o . If we include 
the spatial dependence on the endface relative to the polar coordinates in Fig. 4-4, then 

I = 0^e o ^9 d : 1 = 0, 9 d <9 0 ^ (4-30) 

2nr cos' 3 9 0 2 

where <5 is the Dirac delta function. For small values of 9 d the intensity is almost 
independent of 9 0 . 
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4-13 Example: Oblique incidence 


The collimated beam makes angle 6 S with the fiber axis, as shown in Fig. 4 — 6(b), and the 
focal point Q is distance r s =/ tan 8 S along the x-axis, assuming the beam direction is 
parallel to the x-z plane. Both meridional and skew rays are excited in the core, and all of 
these rays are bound provided that the largest angle of incidence, corresponding to the 
ray PQ in Fig. 4-6(b), does not exceed 0 m (r) of Eq. (4-6). If the fiber has a step profile, 
then 9 m (r) — sin' 1 { (n co /n 0 ) sin 0 C }, and we can parallel the derivation of Eq. (4-28) to 
show that the focal length must satisfy 




«o_rd/f 

n co 0c/ 1 



0 C «1. 


(4-31) 


when the fiber is weakly guiding. Clearly 8 S < (n co / n 0 )8 c , otherwise not all of the rays 
excited at Q are bound. 


Intensity distribution 


The intensity distribution on the fiber endface in the source medium has a similar form 
to the expression in Eq. (4-30) because the power density over the lens is uniform. We 
replace P { by P { cos 0 S , where P { is the power per unit cross-sectional area of the beam, 
and <5 (r)/r by <5(r — r s )/r s , i.e. a translation from r = 0 to r = r s along the x-axis in Fig. 
4-4. The asymmetry of the ray distribution about the normal at Q in Fig. 4 — 6(b) means 
that the upper limit on 6 0 varies with the polar angle f in Fig. 4-4. Hence the intensity 
distribution is given by 


b{r — r s ) f 2 P j cos 9 S 

2nr s cos 3 8 0 


0 ^ 8 o < 0 d (<A), 


and is otherwise zero, where 0 d ($) satisfies 

/tan0 d (<£) = (r d — r 2 sin 2 <p) 112 -r s cos<p. 


as may be verified by geometry. 


(4-32a) 


(4-3 2b) 


4-14 Diffuse source 

A diffuse source of radius r d is situated distance/from a fiber, as shown in Fig. 
4-7(a). Each point on the surface of the source emits light in all possible 
directions. When these rays reach the plane of the fiber endface z = 0, the range 
of ray directions at each point on this plane is clearly reduced. In other words 
the diffuse source of finite area in Fig. 4—7 (a) can be replaced by a partially diffuse 
source of infinite extent which abuts the fiber in Fig. 4—7(6). 

If a thin lens is inserted between the diffuse source and the fiber, this will 
modify the intensity distribution on z = 0. It is intuitive that by choosing a lens 
of radius equal to the source radius and focal length equal to the separation of 
the source and fiber, power will be concentrated about the fiber axis on the 
endface if the lens abuts the source as in Fig. 4-8. Furthermore, if the focal 
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Fig. 4-7 A diffuse source of finite radius r d distance/ from the fiber in (a) 
is equivalent to a partially diffuse source of infinite extent abutting the fiber 
in (b). 


length is large compared to both the core and source radii, then the angle 6 d 
subtended by the lens is small and the intensity across the core endface is nearly 
uniform. We investigate the accuracy of this approximation in the following 
section, by regarding the light emitted from the source as a superposition of 
collimated beams. 


Optimum bound-ray power 

With a view to optimizing bound-ray power, the focal length of the lens, and 
thus the separation of the source and the fiber, is chosen so that the angle 6 d 



Fig. 4-8 On-axis lens is focused onto the fiber endface and abuts a 
diffuse or partially diffuse source. 
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subtended by the lens over the core endface is equal to the maximum angle of 
incidence for bound rays, assuming a step profile. If the fiber is weakly guiding, 
this condition follows from Eq. (4-6) as 

0 d = 0 m (O) = (nJn 0 )Q c - 9 C < 1. (4-33) 

The amount of source power entering bound rays in this approximation is the 
product of the solid angle 7t0 d subtended by the lens at each point on the 
interface, the core area np 1 and the source intensity of Eq. (4-2) which has the 
approximately uniform value / 0 since 0 O is small. Thus Eq. (4-33) gives 

T br = Iq ( n P n co/ n o) 2 9l (4-34) 

which is identical to the corresponding expression in Eq. (4-16) for 9 C <4 1. 
Thus a lens cannot improve the efficiency of a diffuse source for exciting bound- 
ray power. 


4-15 Example: Intensity distribution 


Here we determine the intensity distribution on the core endface for the situation in Fig. 
4-8, which enables us to verify the accuracy of the approximate expression for total 
bound-ray power derived in the previous section. We replace the diffuse source by an 
equivalent axially symmetric superposition of collimated beams, whose directions of 
propagation are defined by spherical polar angles 9 and f relative to the axial and 
azimuthal directions, respectively, where 0 < 9 4 n/2 and 0 4 f 4 2n. We deduce from 
Eq. (4-8) that the power density Pj per unit cross-sectional area of beams with directions 
in the ranges 9 to 9 + d0 and f to f + dtp is given by 

P, d9 d<j> — I 0 sin 9 cos 9 d9 dtp. (4-35) 


In Section 4-13 we showed that the angular dependence of the intensity distribution / on 
the endface for a single beam incident at angle 0 S to the lens is given by the second factor 
in Eq. (4— 32a), i.e. by f 2 P, cos0 s /cos 3 6 0 , where P i cos9 s is the beam power density. 
Accordingly we replace P, cos 6 S by the right side of Eq. (4-35) and deduce that / satisfies 

Ir dr df — Iff 2 (sin 9 cos 0/cos 3 9 0 )d9df. (4-36) 


By geometry each beam is focused onto the endface at radius r = /tan 9. If we 
differentiate this expression and substitute for 9 in Eq. (4-36), we obtain 


/ = 


h f* 

cos 3 9 0 (r 2 +/ 2 ) 2 ’ 


0 4 9 0 4 9fff), 


(4-37) 


and 1 = 0 otherwise, where 0 d (0) is defined by Eq. (4— 32b) with r s replaced by r. When 
the total power arriving at the endface is also the total bound-ray power, we integrate 
Eq. (4-37) over the incident-ray angles 9 0 , 9 ^ and the core cross-section. Here 
straightforward integration leads to 




Ehr = 


rdr 


df 


sin 9 q d0 o 


Id9 „ 


(rcpr d ) 2 


0 „2 


P +f 


0 


(4-38) 
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If f> p we approximate the denominator by / 2 , set r A /f = 0 d where 0 d is the angle 
subtended by the lens, and deduce from Eq. (4-33) that Eq. (4-38) reduces to Eq. (4-34) 
when the fiber is weakly guiding. 


4-16 Partially diffuse source 

In the last five sections we have shown how a lens, on the one hand can increase 
source efficiency for collimated beam illumination of a fiber, while, on the other 
hand, it is ineffective at increasing the efficiency of the diffuse source. If we 
couple these facts with the description of the diffuse source as a superposition 
of collimated beams, it is evident that the efficiency of a partially diffuse source 
can be increased by a lens. The situation is illustrated in Fig. 4—8. We assume the 
step-profile fiber is weakly guiding so that 9 C <g 1, and the focal length satisfies 
fpp so that the angle subtended by the lens 9 d = r d /f is small and, together 
with the intensity, is approximately uniform over the endface. 

Under these conditions, maximum bound-ray power results when 9 d satisfies 
Eq. (4-33), i.e. 9 d S (n co /n 0 ) 9 C , and all the light emitted from the source falls on 
the core endface when J9 S <$ p, where 9 S is the maximum angle of emission 
relative to the fiber axis. By combining these two relations, all source power 
excites bound modes provided 9 S ^ (p/r d )(n co /n 0 )9 c . Thus the maximum 
bound-ray power increases by a factor of ( r d /p ) 2 compared to placing the 
source directly against the end of the fiber. 


POWER DISTRIBUTION AMONG BOUND RAYS 


In Section 4—6 we showed how to determine the total bound-ray power and the 
radial distribution of bound-ray power within the core of the fiber when 
illuminated by a uniform diffuse source which abuts the endface. Here we 
determine the distribution of source power among the bound-ray directions. 
This distribution can be conveniently described in terms of the ray invariants 
by defining a distribution function F( jS, /) such that [6] 


F(/?, /) = the power carried by all bound rays with invariants 
in the ranges /? to + d/I and l to l + dl. 


(4-39) 


The calculation of impulse response in this and later chapters is considerably 
simplified by using the distribution function. 


4-17 Derivation of the distribution function 

Our starting point is the expression for total bound-ray power of a uniform 
diffuse source given by Eq. (4—12). We perform the (f) integration and transform 
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variables from the angles to the invariants /?, 7 through 

Eq. (4—5). Although /? and / are not orthogonal when used as integration 
variables, the Jacobian J gives the correct transformation. Thus we deduce 
from Eq. (37-129) that 


0(0o>0#) _ P 


P 1 


d(P, l ) n 2 0 sin 6 0 cos d 0 r g (r) 1 /2 ’ 

and consequently Eq. (4-12) is replaced by 
T br = 8 np ~ 


g(r) = n 2 (r) — f} 2 —l 2 


fp 

fnM f 

dr 

P d(3 

J 0 

I n d J 


U'.P) 


dl 


o 9(r) U2 ’ 


/ m (r,j3)=-{n 2 (r)-)3 2 } 1/2 . 


(4-40) 

(4—41a) 
(4-41 b) 


where the upper and lower limits on fi correspond to d 0 = 0 and the maximum 
value of 6 0 for a ray to be bound, respectively. The same limits on / correspond 
to = 0 and Q 0 = n/2, respectively, and a factor of 4 is included to cover the 

complete range of values of in Eq. (4-12). 


Reordering of the integration 

In order to determine F{f}, /), we must move the r integration in Eq. (4-41) 
inside the fi and / integrals. We first reverse the order of the r and fi integrals, 
whence 


P br = 8 np 







dl 

g(r) il2 ’ 


«(r(j8)) = A (4-42) 


where the integration limits follow from Fig. 4-9 (a), which plots a typical 
profile from its axial value to its value n cI at the interface. The area involved in 
the two integrations is shown shaded. The upper limit n(r) of the fi integration 
in Eq. (4-41) is replaced by the upper limit r{fi) in the r integral of Eq. (4-42), 
where r(fl) is the solution of n(r(fi ) ) = fi for graded profiles and r(yS) = p for the 
step profile. 

We then reverse the order of the r and / integrals, which leads to 


P br = 4 np 




(4-43) 


where the integration limits are deduced from Fig. 4-9(b). It follows from the 
definitions in Eqs. (4-4 1 ) and (4-42) that the upper limits of the r and / integrals 
in Eq. (4-42) are equal when g(r) = 0. A plot of the curve g(r) = 0 has the 
characteristic shape shown in Fig. 4-9(b) since l = 0 at r = 0 and r = r(fi). The 
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(a) r (b) r 

Fig. 4-9 Shaded areas denote the regions of integration for (a) the /? — r 
plane and (b) the l —r plane. 

upper limit l m (r, /?) on the l integration in Eq. (4-42) determines both the lower 
and upper limits on the r integration in Eq. (4-43) at the intersections of the 
horizontal line with the curve g(r) = 0, i.e. at the inner caustic r ic and the 
turning-point caustic r tp , as is clear from Eq. (2-19). Finally, the upper limit 
Tmax® on Tin Eq. (4-43) is the maximum value of l along the curve g(r) = 0. 
Straightforward differentiation shows that 

Tm a*$) = {n l {r m )-~p 2 Y l2 (rJp\ (4-44a) 

where r m is the corresponding value of r, which is the solution of 

2{n 2 (r m )-/? 2 } = -r m (dn 2 (r)/dr) rm . (4— 44b) 

The expression within the curly brackets of Eq. (4-43) is identified with the ray 
half-period of Table 2-1, page 40. On recalling the definition of the 
distribution function from Eq. (4-39), we deduce from Eq. (4—43) that [7] 

F(/U) = ( 4npl 0 /nl)z p . (4-45a) 

Thus the distribution function for bound-ray power is proportional to the ray 
half-period. We give examples in Section 4—19 below. 

Normalized distribution function 

It is useful to define a normalized distribution function F()S, l) corresponding 
to unit total bound-ray power entering the fiber. This quantity is the ratio of 
F(/J, 1) of Eq. (4— 45a) to P br of Eq. (4-14), whence 

F(PJ) = 4pz p /fi, (4— 45b) 

in terms of the profile volume £2 defined in Eq. (4-14). 
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4-18 Distribution function dependent on j 3 only 

In determining impulse response later in the chapter, we consider as examples 
the step and clad power-law profiles, for which transit times are independent of 
ray skewness, or /. It is then useful to introduce a distribution function G(ft), 
dependent only on ft, which is the integral of F (ft, /) over the range of values of /, 
^e. Gift ) ft is the power carried by all rays with invariants ft in the range ft to 
ft 4- dft. It is not necessary to know F (ft, l), and therefore, z to determine G (ft) 
explicitly. This is useful for the clad power-law profiles, since z p is given 
analytically only for the parabolic profile. We deduce from Eq. (4-42) that 

I Mj) Vjr.J) h7 

G(?,=8 ' P 4 ? I d l m*- (4 ^> 

We transform variables from / to w, where / = l m (r, ft) sin w, and note that the 
definitions in Eqs. (4-40) and (4-41) enables us to set g(r) = ft) 
—T 2 }p 2 /r 2 . On integrating we find that 

G(ft) = (2 7t 2 I 0 /n 2 )ftr 2 (ft); n(r(ft)) = ft. (4-47a) 

The normalized distribution function G(ft), corresponding to unit total bound- 
ray power, is found by analogy with Eq. (4-45b) to be 

(4— 47b) 

where Q is the profile volume of Eq. (4-14), and r(ft) = p for the step profile. 



4-19 Example: Step and clad power-law profiles 

The ray half-period for the step-profile fiber is given in Table 2-1, page 40, and the 
profile volume defined in Eq. (4-14) is il = np 2 (n 2 a — n 2 ,). Accordingly the distribution 
functions of Eq. (4—45) for this profile are 


-ft 2 -V) 112 
i 2 - ft 2 

CO “ 


^ (P» *) / 2 2\i 2 ~o2\‘ 


Similarly with r(ft) = p, the distribution functions of Eq. (4—47) give 

G(?) = 2teV%; 6(F) = -^-i-. (4—49) 

"o »i-»d 

The ranges of values of ft and l for bound rays are given by Eq. (2— 8a). 

In the case of the clad power-law profiles of Table 2-1, there is no general expression 
for the ray half-period for arbitrary values of the exponent q, and, with the exception of 
the parabolic profile (q = 2), F(ft, l) cannot be given explicitly. However, the distri- 
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bution functions of Eq. (4-47) can be given explicitly. W e deduce from Eqs. (4-47a) and 
(4-14) that 

(V 2 a 

; '<-«»• ,4 - 50 > 

which in turn leads to 


Gilt 


2 


Gtf) = 


q + 2 20 


2 1 2/4 


(4-51) 


The range of values of /? for bound rays is given by Eq. (2-24a). 


Clad parabolic profile 

The ray half-period is given in Table 2-1, whence we deduce from Eqs. (4—45) and 
(4-50) that 


Ftf, D = 4 n 2 p 


2 _2 lo 




nl (n^-n 2 ,) 


20/2 > 


HV, i) ■ 


8? 


(4-» cl) 


2x3/2 > 


( 4 - 52 ) 


which are independent of skewness. 


Range of skew-ray invariants 

We showed in Section 2-7 that bound rays on clad fibers have values of the invariant fi 
which lie in the range of Eq. (2-24a). The corresponding range of values of / satisfies 
0 ^T$T max (/j), where the upper limit is defined by Eq. (4-44). For the step profile 
r m = p and / max (/J) = (/i 2 0 - /P) u2 , while for the clad power-law profiles we substitute 
from Table 2-1 into Eq. (4-44) and find that 


x=P 


2)1/4 


q + 2 n\ 


L ad?) 




2-)(q + 2)l2q 


q-\-2 


( 4 - 53 ) 


which reduce to the step-profile expressions when q -* oo. 


IMPULSE RESPONSE 

In the previous chapter we described pulse spreading by the maximum 
temporal width possible between the transit times of the slowest and fastest 
propagating rays, i.e. t max — £ min . This description is very useful, since it gives an 
upper bound on pulse spreading for an arbitrary source of excitation. If the 
pulse shape is virtually rectangular, then, clearly, knowledge of the pulse width 
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is sufficient to describe the pulse. However, if the pulse shape differs greatly 
from rectangular we require the distribution of power within the pulse, or 
impulse response. Hence we show how to derive this distribution for an 
arbitrary source, and consider specific examples. We consider first the class of 
profiles which have transit times dependent on the invariant P only, and then 
arbitrary profiles which have transit times dependent on both invariants. The 
effects of material dispersion are briefly discussed. 


4-20 Ray transit times dependent on P only 

We consider pulses which have zero width at the beginning of the fiber, as in 
Chapter 3, but carry finite power described by the Dirac delta function. The 
response to any initial pulse of finite duration can then be found by 
convolution. 


Derivation of the impulse response 

The impulse response describes the distribution of power within the pulse when it 
reaches the end of the fiber, as a function of the transit time t, and is denoted by 
Q(t). The power arriving between times t and t + dr is then given by Q(i) d t. For 
convenience we assume unit total power in the pulse, i.e. 


f'max 

Q(t)dt = 1, 

* *min 


(4-54) 


where r max and r min are the transit times of the slowest and fastest propagating 
rays. For the profiles considered in the examples, transit times are independent 
of skewness, or /. Hence all rays with the same value of ft arrive simultaneously 
at the end of the fiber after time t(P). The power in these rays is described by the 
normalized distribution function G(P) introduced in Section 4-18. Accordingly 
the power arriving at the end of the fiber in rays with invariants in the range ft to 
p + dp is G(p)dp, where the spread dp is equivalent to a spread dr in transit 
times. We therefore deduce [6] 


Q(t) = G(P)\dp/dt\, 


(4-55) 


where the modulus sign is included since Q{t) is positive by definition. The right 
side is expressed as a function of t by inverting the transit time relationship 
t = tQf) to give P = p(t). If the transit time is the same for two or more values of 
P, then there will be two or more contributions to the right of Eq. (4-55), 
corresponding to these values of p. 
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The r.m.s. (root mean square) width a contains information about the power 
distribution within the pulse. This is useful when the pulse is no longer 
rectangular and cannot be described just by its overall width. To evaluate a we 
define R m to be the mth moment of the impulse response, whence we deduce 
from Eq. (4-55) that [6] 


R 


m 


P*max 

t m Q(t)dt = 

" *min 


r(p)G(p)dp, 

Jn cl 


(4-56) 


and R 0 = 1 because of the normalization of Eq. (4-54). The first moment R, 
gives the mean transit time t weighted according to ray power, and the r.m.s. 
width a requires the first and second moments. Thus 

T=RG a = (R 2 -R 2 ) i/2 . (4-57) 

We now consider specific examples assuming diffuse illumination. 


4-21 Example: Step profile 

The transit time for rays on a step-profile fiber is expressed in terms of ft in Table 2-1, 
page 40, whence on inverting the relationship 

t (ft) = zn 2 J(cft); ft(t) = zn 2 J(ct). (4-58) 

The distribution function G(ft) for diffuse illumination is given by Eq. (4—49), and the 
impulse response follows from Eq. (4-55). Hence 


(4-59) 


and is otherwise zero, where and £ raax are defined in Eq. (3-1) and the approximation 
applies to weakly guiding fibers. Although Q(t) varies inversely with the cube of the 
transit time, the actual variation in practice is very small. For example, when n c0 = 1.45, 
ti d = 1.44 and z = 1 km, Q(t) decreases from 3.01 x 10 7 to 2.95 x 10 7 s~ 1 as t increases 
from t m in to t max . Hence the impulse response for the step profile is virtually rectangular. 
The mean transit time of Eq. (4-57) is found to be 


- z 2 n 2 . v z "co (»co-"ci) 2 

t = = 2 fimin + imax) ~r ; 

c «co 3” n c\ 7 c n d n co + n cl 


(4-60) 


from which we deduce that t is slightly closer to £ m]n than £ max , indicating that only 
fractionally more power travels in the faster rays propagating at smaller angles 6 Z . 
Assuming weak guidance, the r.m.s. pulse width a of Eq. (4-57) is readily shown to be 
approximately {t max ~t mm )/^/n. 
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4-22 Example: Clad power-law profiles 


Section 4-22 


The transit time t = t{f ) for rays on clad power-law profile fibers is given in Table 2-1, 
page 40. Inverting this relationship we find that 


q + 2 cl 


cl q + 2 




1/2 


(4-61) 


so that there are two different values of /? for each value of t. For diffuse illumination we 
substitute G(/f ) of Eq. (4—51) into Eq. (4-55). The impulse response is then given by the 
term [6] 


c(q + 2) 2 p 3 (t) 

z 4"co A k«co- 2 /* 2 W|l 2 «^ A J 


(4-62) 


when only one value of f(t) is involved, and by the sum of two such terms -one for each 
value of P(t)~ when both values are involved. The range of I and the number of values of 
p(t) depend on q and are deduced from Eq. (3-7). Outside the range Q(t) is zero. The 
qualitative shapes of the impulse response for all values of q are shown in Fig. 4-10. For 
practical values of n co and n d , the impulse response of the clad parabolic profile is virtually 
rectangular. However, as the value of q increases or decreases from q = 2, the impulse 
response shape changes greatly from rectangular. In particular, when q = <j opt - the 
optimum profile of Eq. (3-8) for minimum overall pulse spread - the impulse response is 
unbounded as t -* t min . The total pulse power, of course, remains finite. For the clad 
parabolic profile, the mean transit time of Eq. (4-57) in the weak guidance approxima- 



00 




Fig. 4-10 Impulse response of Eq. (4-62) as a function of transit time t 
and exponent q of the clad power-law profiles [6]. The optimum profile is 
q op i = 2 — 2A = 2 — 
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tion 8 C <| 1 is given by 

T = (znjc) (1 + #c/16) = (< mal + t min )/2, (4-63) 

which correct to order 9 * is the mean transit time, as may be verified from Eqs. (3-5) and 
(3-7). The r.m.s. width is a 2 (t max - t mm )/J\2. 


4-23 Ray transit times dependent on both invariants 


The transit time for an arbitrary profile depends in general on both ray 
invariants, i.e. t = /(/?, /). Thus a group of rays, each ray having different values 
of ) 8 and /, can all have the same transit time t. In Fig. 4-1 1 (a) these rays lie along 
the contour t (/?, / ) = t in the J 3-1 plane. Rays with common transit time t + dt lie 
along the neighboring contour t (/?,/) = t +d£. It then follows that the total 
power arriving at the end of the fiber between times t and t + dt is carried by 
those rays in the shaded area between the two contours, denoted by d A. If we 
recall the normalized distribution function F{fS, l) for bound rays introduced in 
Section 4-17, then 


<2(0 dt = 


(* f 

F(pJ)dpdl 

J %/ dA 


(4-64) 


Analytically Q (t) is found by dividing the right side by dt and taking the limit 
dt -* 0. 











dp 





dl 


















(b) 


Fig. 4-11 (a) Rays with equal transit times lie on a contour in theT— /I 

plane, and (b) rectangular grid in the l — p plane for numerical compu- 
tation of impulse response. 


Numerical determination of impulse response 

Unfortunately, for virtually all profiles of practical interest, the integral in 
Eq. (4—64) cannot be expressed in simple form. Thus Q(t) is determined 
numerically, and it is then more convenient to adopt a slightly different 
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approach [8] . Rather than search for contours of constant transit time, the /M 
plane is divided by a grid into small rectangles of sides d/1 and d/, as shown in 
Fig. 4-1 1(b). The power F(p , l)dfidl of the rays within the rectangle is 
associated with a mean transit time t(p c ,J c ) evaluated at the center of the 
rectangle. We now divide the range of transit times z max — z min into a large 
number of intervals. Clearly £(/? c , / c ) lies within one of these intervals. The 
power associated with z(/? c , / c ) is then identified with that interval. If we repeat 
this for all the rectangles, the impulse response is approximated by the 
distribution of accumulated power within each interval. As the size of the 
rectangles and intervals decreases, the more closely the result approaches Q(t). 
A complete discussion of this method can be found elsewhere [8], 


4-24 Material dispersion 

The inclusion of material dispersion leads to simple modifications of the 
expressions for impulse response in Sections 4—21 and 4—22. For the step 
profile, it is clear from Section 3-7 that Q(t) still varies with 1/z 3 as in 
Eq. (4-59), although the magnitude of Q(t) and the range of t are modified to 
account for the dependence of n m , n d and A on wavelength. Similar conclusions 
hold for the clad power-law profiles and results are presented elsewhere [6]. 
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In the first four chapters we assumed that optical waveguides are uniform, with 
refractive-index profiles and cross-sections which are unchanged along their 
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length. In practice, however, this need not be the case because of imperfections 
in manufacturing techniques and external stresses acting on fibers. Even an 
ideal nonabsorbing fiber made from optically transparent materials has an 
innate variation along its length due to the molecular granularity of matter. 
Accordingly we consider nonuniform fibers in this chapter, characterized by 
profiles and cross-sections which vary along their length. Nonuniformities are 
sometimes introduced intentionally to achieve particular pulse-spreading 
characteristics or for devices such as tapers. 

Our purpose here is to investigate the effects of nonuniformities, particu- 
larly on pulse spreading. One result of practical importance is that pulse 
spreading can be decreased by nonuniformities, but always at the cost of a loss 
of pulse power due to radiation. We develop a simple theory for studying fibers 
that vary slowly along their length, as such fibers often occur in practice. In 
addition we investigate the light-concentrating properties of nonuniform 
fibers, e.g. tapers. 

It is convenient to distinguish between two types of nonuniformity. The first 
type is associated with macroscopic nonuniformities which vary continuously, 
such as a variable core radius. In these cases the light power associated with a 
bound ray remains constant as the ray propagates, although the trajectory is 
modified by the nonuniformity. The second type is associated with discontinu- 
ous nonuniformities, such as tiny isolated scatterers. In this case light power 
associated with a bound ray incident on the scatterer is redistributed amongst 
all ray directions. We treat these two situations with different methods. 
However, if the fibers are sufficiently long, approximate statistical models can 
be introduced to describe the nonuniformities when they are randomly 
distributed along the fiber; this leads to similar conclusions for both cases. 


CONTINUOUSLY VARYING NONUNIFORMITIES 

We first consider fibers with nonuniformities which vary continuously with 
distance z along the fiber. A simple example of a step-profile fiber with varying 


z 



Fig. 5-1 Step-profile "fiber with variable core radius, showing a bound- 
ray trajectory and the half-period z p (z), which varies between successive 
reflections. 
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core radius p (z) is shown in Fig. 5-1 . The trajectory of a bound ray is still a zig- 
zag, but the ray half-period, measured along the axis between successive 
reflections, is no longer constant. Continuity of the nonuniformity along the 
fiber ensures that, although the ray path can vary considerably from that of the 
uniform fiber, ray power is conserved along the modified path. For ray analysis 
to be valid, the nonuniformity must vary slowly over distances of the order of 
the wavelength of light, but may vary quite arbitrarily over a ray half-period. 


5-1 Ray transit time 

We assume a circular fiber with refractive-index profile n(r,z). The local 
velocity of light is c/n(r, z) and the transit time over length z of the fiber is 
therefore given by 


1 

c 

f 1 

n(r,z)ds = - 
c 

' n(r,z ) dz 1 

cos 9 z (r,z) c t 

'n 1 (r, z) dz 

m ’ 


where ds is the differential element of distance along the ray path, and 

J(z) = n(r, z) cos 9 Z (r, z) = n(r, z) (5-2) 

ds 

is the ray function, defined by analogy with the ray invariant of Eq. (2-16). The 
angle 9 Z (r, z) is between the tangent to the path and the axial direction. We 
emphasize that the integrals must be evaluated along the path r — r(z); this is a 
complicated procedure when the fiber varies along its length. Because of this 
variation with z, the ray function /?(z) is no longer an invariant, i.e. f(z) f j?(0), 
as in the case of a uniform fiber, and the method for calculating transit time in 
Section 2-9 cannot be used. To determine f(z) we start with the ray-path 
equations. 


5-2 Ray-path equations 


If we replace n( r) with n(r, z) in Eq. (1-18), the component ray-path equations in 
the radial, azimuthal and axial directions are obtained by making the same 
replacement throughout Section 35-4, which leads to 


d^ 

ds 


n(r,z) 


dr 

ds 


m(r,z ) 



dn (r, z) 
dr 


(5-3a) 
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n (r, z) 
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r ds ds 
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ds 


n(r,z) 


dz 
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dn(r, z) 
dz 


(5-3b) 


(5-3c) 
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respectively, where s is the distance along the path and ( r , <j>,z) are cylindrical 
polar coordinates oriented as in Fig. 2—1. 


Ray function 


If we eliminate ds between Eqs. (5-2) and (5— 3c), the equation satisfied by the 
ray function /?(z) is found to be 


djg 2 (z) ^ dn 2 (r,z) I 

dz 8Z Ur (z) 


( 5 - 4 ) 


where r (z) is evaluated along the ray path. The solution in terms of the initial 
value of 1 3 (z) at the beginning of the fiber is 



where the integration is along the ray path. The determination of this path is 
complicated because of the variation in profile along the fiber. 


Ray invariant l 

The circular symmetry of the fiber at each position z means that there is an 
invariant Tassocia ted with the azimuthal direction. To determineTwe multiply 
Eq. (5— 3b) by r 2 and integrate. Hence 

(5-6) 

is independent of both r and z, where 9$ (r, z) is the angle between the azimuthal 
direction and the tangent to the ray-path projection onto the fiber cross- 
section. The initial core radius p(0) is included to ensure that / is dimensionless 
and also reduces to the invariant of Eq. (2-1 7) for uniform fibers, when n (r, z) 
= n(r) and p(0) = p. 



Ray path 

Both the transit time of Eq. (5-1) and /J(z) of Eq. (5-5) require the ray path 
r = r(z). This can be found from Eq. (5-3a). One simplification is to use the 
invariant / of Eq. (5-6) to eliminate d<p/ds. 


5-3 Example: Step-profile with variable core index 

For an arbitrary nonuniform fiber it is necessary to know the ray path r = r{z ) explicitly, 
in order to determine the transit time. However, the step-profile fiber of constant core 
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radius is an exception since it is not necessary to know the path. The core index n(z) 
depends only on z and, consequently, the partial derivative in Eq. (5-4) becomes a total 
derivative. The solution is 

0 2 (z) = P(O) + « 2 (z)-h 2 (O), (5-7a) 

or in terms of the angle d 2 (z) the path makes with the fiber axis 

n(z) sin d 2 (z) = n(0) sin d 2 (0), (5— 7b) 


using Eq. (5-2). If we substitute for/S (z) in Eq. (5-1) and set n(r, z) = n(z), the transit time 
is given by a simple integral over z 


1 ’ 2 n 2 (z)dz 

c . o |> 2 (z) + ? 2 (0)-ri 2 (0)] 1/2 ’ 


(5-8) 


and is independent of the ray path, apart from its initial direction. 


RANDOM NONUNIFORMITIES 

Although it is not possible in general to give the transit time analytically, there 
are two cases of practical interest for which approximation methods are 
applicable -random nonuniformities and slowly varying nonuniformities - 
discussed, respectively, here and in later sections. When the fiber has 
nonuniformities that are randomly distributed along its length, we need only 
have knowledge of certain statistical averages of the ray path r = r(z) and the 
associated ray function /J(z) of Eq. (5-2) in order to determine the transit time 
from Eq. (5-1). In general this requires solving the ray equations by statistical 
methods, but in the case of the step profile this is unnecessary. For example, 
variations in core radius can be modelled through the random variable 9 z (z) in 
Eq. (5-1) by keeping n(r,z ) = n co constant, while variations in core index n(z) 
are modelled by the same random variable through Eq. (5-7b). The mean ray 
transit time and the r.m.s. fluctuation about the mean can then be calculated 
using standard statistical methods on Eq. (5-1). When the nonuniformities are 
sufficiently uncorrelated, simple physical reasoning provides the necessary 
insight, as we now show. 


5-4 Reduction in pulse spread 

Consider a fiber of length z within which the distribution of nonuniformities is 
sufficiently random, so that there is no correlation between the direction of a ray 
at the beginning and end of the fiber. We further assume that the fiber is 
illuminated by the diffuse source of Section 4-1, so that all bound rays are 
excited. Under these conditions, and after a sufficiently large number of ray 
half-periods, each ray path will have passed through all possible ray directions, 
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or, equivalently, taken all values of jf?(z) for bound rays. Consequently, the 
transit time for each bound ray excited by the source is approximately equal to 
the average transit time. This average time is proportional to the length z of the 
fiber because the transit times for all ray directions is proportional to z, as 
shown in Sections 2-5 and 2-9. However, because of the random nature of the 
nonuniformities, the fluctuation in transit times about this mean -measured by 
the r.m.s. value or variance -is known from statistics [1] to be proportional to 
the square root of the average transit time, and is thus proportional to z 1/2 . 

We recall from Chapter 3 that in the absence of nonuniformities the pulse 
spread is proportional to the fiber length z. Thus, by introducing random 
nonuniformities the pulse has a slower (z 112 ) spread with distance, provided that 
the fiber is sufficiently long for the statistical situation to be realized [1], This 
result holds provided the nonuniformities are sufficiently large to enable a ray 
to take on all bound-ray directions, or values of y8(z), as it propagates the length 
of the fiber. For example, on a step-profile fiber, the size of the nonuniformity 
must be sufficient to occasionally cause a ray to change direction by d c , where 6 C 
is the complement of the critical angle. The z 1 12 effect will not occur on slowly- 
varying fibers, for which there is only a slight change in /f(z) over a ray half- 
period, as we discuss in Section 5-7 below. In such cases each output ray is 
correlated with an input ray direction because the mean fluctuation in the 
nonuniformities is zero. 

There is also a penalty [2] for achieving reduced pulse spread, since some 
bound-ray power is inevitably lost to radiation. This occurs because the change 
in fi{z) over a ray half-period can be sufficient to convert a bound ray into a 
tunneling or refracting ray -discussed in Section 2-7. The radiation loss is 
reduced when the nonuniformities result in predominantly forward-direction 
changes in ray direction, i.e. to higher values of fl(z). 


SLOWLY VARYING FIBERS 

Here we examine a second case of practical importance for which the transit 
time can be evaluated approximately. We assume that the change in the 
nonuniformity along the fiber is so slow that the refractive-index profile is 
virtually uniform, i.e. independent of z, over the distance z p required for a ray to 
undergo a half-period, i.e. z p \dn(r,z)/dz | 1. An example of a slowly varying 

fiber is shown in Fig. 5-2. The nonuniformities may be arbitrarily large, e.g. a 
tapered fiber whose core radius at one end is many multiples of the radius at the 
other end, provided the taper angle is everywhere small. 

Approximate model 

When the conditions for slow variation are satisfied, we can make an 
approximate model of the nonuniform fiber by dividing it into a series of uniform 
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n cl 


z P (z) 

Fig. 5-2 Step-profile fiber of constant core and cladding indices with 
core radius p(z) which varies slowly over a ray half-period z p (z). 

sections, as shown in Fig. 5-3. Each section has length z p (z) equal to a ray half- 
period, core radius p(z) and refractive-index profile n(r, z), all evaluated, for 
convenience, at the midpoint z of the section. 




Fig. 5-3 (a) Fiber with core radius p(z) and profile n(r, z) which vary 
slowly with z, and (b) the approximate model comprising a series of 
uniform sections. The variation is exaggerated for clarity. Within each 
section the core radius and profile are independent of z. 


5-5 Ray transit time 


The transit time for the nonuniform fiber in Fig. 5— 3(a) is the sum of the transit 
times for each uniform section in Fig. 5— 3(b). If t p (z) denotes the transit time 
over the uniform section of length z p (z), then from Eq. (2-32) we have 

t p (z) = L a (z)/c, (5-9) 

where c is the free-space speed of light, and L 0 (z) is the optical path length, 
which, by analogy with Eq. (2-27), has the definition 


L 0 (z) = 2 


P r tn< z > 


I r lc (z) 


n 2 (r, z) dr 
g(r,z) 112 ’ 


g(r,z) = n 2 (r, z) — ji 2 (z) - 


,P 2 ( 0) 


(5-10) 
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where z is the midpoint of the section, /3 (z) is defined by Eq. (5-5), / is the 
invariant of Eq. (5-6) and p(0) is the core radius at the beginning of the fiber. 
Clearly z remains fixed when performing the integration. We can approximate 
the sum over t p (z) by an integral if we set z p (z) = dz. The overall transit time is 
then given by 


(5-11) 



where z (z) is defined by analogy with Eq. (2-28) as 


z„(z) = 2/3 (z) 


(V z > 

J’Vl") 


dr 


9(r,z) 


1/2 5 


(5-12) 


in terms of g(r,z ) of Eq. (5-10) with z fixed at the midpoint value. The 
expression for t is a significant simplification of Eq. (5-1) since it is not 
necessary to integrate along a ray path of the nonuniform fiber, and requires only 
ray-path parameters. 


Characteristic length scales 


We can parallel the physical arguments leading to Eq. (5-11) by a more 
mathematical derivation. With reference to Fig. 5-2, we recognize that ray 
paths on slowly varying fibers are characterized by two length scales -one fast 
and one slow. The fast length scale is equal to the ray half-period z p (z), and the 
fiber is treated as if it is axially uniform over distance z p (z), while the slow scale 
characterizes nonuniformities which are significant only over distances large 
compared with a ray half-period. The radial variation in the refractive-index 
profile is much faster than the longitudinal variation so that the condition 
\dn/dr\ \dn/oz\ is satisfied. Hence, in deriving Eq. (5-11) we average out the 
rapid change in path direction over a ray half-period, treating the fiber as 
axially uniform. Mathematically this is equivalent to replacing the integrand in 
Eq. (5-1) by its average over a half-period. Thus 



/3(z) 


1 f z+z P < z)/2 

r n 1 

z p( 2 ) Jz-z (z)/2 


H C),z)dC, 


(5-13) 


where for clarity we use ( to distinguish the axial distance along the locally 
uniform fiber from the distance z along the nonuniform fiber. It is crucial to 
appreciate that the integration is along the ray path r = r(£) of the uniform 
fiber. The displacement of this path from the fiber axis varies rapidly with (, 
whereas the profile varies slowly with z. In other words, z in both the argument 
of the integral and the remaining quantities on the right of Eq. (5-13) is held 
fixed when performing the integration. Finally, if we set d£//3 (z) = d r/g (r, z ) 1 12 
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by analogy with Eq. (2-21), we recover the integrand of Eq. (5-11) through 
Eq. (5-10). 

Equation for the ray function 

The expressions for L 0 (z) and z p (z) given by Eqs. (5-10) and (5-12) both depend 
on P(z). Thus, to evaluate the transit time of Eq. (5-11), we require the solution 
of Eq. (5-4). The solution given by Eq. (5-5) requires knowledge of the ray 
path, but, if we use the fact that the fiber is slowly varying, we can average the 
right side of Eq. (5-4) over a half-period for reasons given below Eq. (5-13). 
Hence [3,4] 

(5-14) 

where the average is defined by analogy with Eq. (5-13). An alternative method 
for finding fi(z) is given in Section 5-10 below. 



5-6 Example: Clad power-law profiles 


To illustrate the application of the above results, we consider the clad power-law profile 
fibers when p, A and n co change slowly along the fiber, but the exponent q remains fixed. 
These profiles are defined by 

n 2 (r,z) = n^ 0 (z){l — 2A(z)[r/p(z)]’}; 0 ^ r ^ p(z), (5— 15a) 

= = «£>(z){l ~ 2A ( Z )}; p(zKr< co. (5— 15b) 

The ratio L 0 (z)/z p is given by the ratio L 0 /z p , or ct/z, of Table 2-1, page 40, with [i 
replaced by ji(z), and n ca by n co (z). Hence the transit time of Eq. (5-11) becomes 




!^+2/f(z)ldz. 


To determine /J(z), we find from Eq. (5-15) that in the core 


5n 2 (r,z) 2 d 

= /r — In 

oz dz 


2 d , 
-»„ S ln 


With the aid of Eq. (5-13) we deduce that over a ray half-period 


<n 2 (r, z)> = P(z)^p- =-^—{2jS 2 {z) + qnl 0 (z)}. (5-18) 

z p (z) q + 2 

Substituting Eqs. (5-17) and (5-18) into Eq. (5-14), we obtain a first order ordinary 
differential equation for /P whose solution is [4] 


n 2 C0 (z)-P(z) 

~n 2 0 (z)-n 2 i(z) p( 0)" 

2 /(q + 2) 

n 2 0 ( 0)-p(0) 

L PW n co (0) — n cl (0) J 



(5-19) 
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This expression gives /?(z) for the clad parabolic profile when q = 2, and for the step 
profile when q = co. In the latter case we substitute for /?(z) from Eq. (5-2) and 
rearrange to obtain 


« C0 ( z )P( z ) sin 0 z( z ) = «co (°)P(°) sin 0,(0), 


(5-20) 


which is the generalization of Eq. (5— 7b) for a variable core radius p(z). 


5-7 Small-amplitude nonuniformities 

Nonuniformities on practical fibers tend to be of small amplitude in addition 
to being slowly varying. In such cases the determination of transit time, and 
hence pulse spread, is considerably simplified. Before considering specific 
characteristics of small-amplitude variations, we first recall from Section 5-4 
that, when such variations are random and slowly varying, pulses cannot have 
the factor z 1/2 decrease in pulse width. This reduction requires each output ray 
direction at the end of the fiber to be uncorrelated with an input ray direction 
at the beginning of the fiber, and is incompatible with a fiber that varies slowly 
over a ray period. Indeed, the solution of Eq. (5-14) for /?(z) and the adiabatic 
invariant of Section 5-10 explicitly express correlation between ray 
directions at the beginning and end of the fiber, regardless of any fiber 
variations, provided only that they are slowly varying. 

In Chapter 3 we showed that on a uniform fiber, pulse spreading is 
proportional to distance z along the fiber. Accordingly, the only influence 
slowly varying nonuniformities can have on this result is to modify the 
coefficient multiplying z, in addition to changing the pulse shape and reducing 
pulse power by radiation. The latter is discussed in Section 5-13. However, as 
we show below, these effects tend to be small when the fiber variations are of 
small amplitude. 


Expansion of the ray function 

We assume that we can approximate the solution of Eq. (5-14) by expanding 
/J(z) in powers of a small dimensionless ratio re (z), which is proportional to 
the amplitude of the nonuniformity. For reasons given below, we retain terms 
correct to second order and set 

J(z) = m + Ji K ( z ) + Pi* 2 (z), (5-21 ) 

where /T(0) is the value of /?(z) at the beginning of the fiber, and /? 1; /? 2 are 
independent of z. The latter are determined by iterating Eq. (5-14). To lowest 
order in rc(z) the right side of Eq. (5-14) is zero, corresponding to the uniform- 
fiber result /?(z) = /j(0). The first-order correction /i x is obtained by equating 
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terms of order k(z) in Eq. (5-14) and integrating. Thus 

R(Z) = ^0ijo<^)‘ ,Z; R,0, = 0 ’ '“ 2 » 

where the averaging procedure is explained below Eq. (5-13) and is performed 
correct to order k(z) with /J(z) approximated by /i(0) in the ray-path equation. 
The second-order correction is found similarly. 


Transit time 


The ray transit time along a slowly varying fiber is expressed by Eq. (5-11). We 
can expand L a (z) and z p (z) in powers of k(z) in a similar manner to Eq. (5-21). 
On substituting these expansions into Eq. (5-11), we obtain correct to second 

order 

t = t u + AK + Bic 2 , (5-23) 

where t u is the transit time for a uniform fiber with fi(z) = p(0), and A, B are 
independent of z but involve fiber and ray -path parameters. The mean value of 
k(z) and the average value of k 2 (z) over the fiber length are defined by 



k(z) dz; 



k 2 (z) dz. 


(5-24) 


Clearly we can always choose the parameters of the uniform fiber in such a way as 
to ensure that the mean value of the nonuniformities over the fiber length is zero. 
The correction to the transit time for the uniform fiber is then of second order, i.e. 
A = 0 in Eq. (5-23). 


Pulse spread 

Although the correction to ray transit time due to fiber nonuniformities is 
small, we recall from Chapter 3 that the pulse width on a weakly guiding fiber is 
also small. For example, the minimum pulse width of Eq. (3-9) for the 
optimum clad power-law profile is proportional to A 2 , or 6 We investigated 
the effect of material dispersion on pulse spreading in Section 3-8; here we 
account for the effect of slight nonuniformities on the pulse minimum. 


5-8 Example: Slight core-radius variations 

We consider the clad power-law profiles of Table 2-1, page 40, when there is only a 
slight variation in core radius. Thus we set 


p(z) = p 0 +dp{z); \8p(z)\<p 0 . 


(5-25) 
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where p 0 is the core radius of the uniform fiber for which dp = 0. The mean variation Sp 
is defined by the first expression in Eq. (5-24) with k(z) = Sp(z)/p 0 . To determine the 
terms in the expansion of j?(z) in Eq. (5-21) with k(z) = Sp(z)/p 0 , we can either use the 
iterative procedure based on Eq. (5-22), or simply expand the exact solution of 
Eq. (5-19), leading to 


j 9 * 2 co-m = 3q + 2 pj 
Pl q+ 2 ?(0) ’ Pl 2(q + 2j 1 2j?(0)' 


(5-26) 


If we substitute into Eq. (5-16) with n m (z) replaced by n^, then 


t = t„ + -D 


S_P_ 2 _ 

Po 


D = 


q" 2 co^i + (2/? 2 (0>— gn 2 C0 )p 2 p( 0) 

(q + 2)/? 3 (0) 


(5-27) 


since <5p = 0. The transit time t u for the uniform fiber is given in Table 2-1, page 40, with 
P = p(0) and p = Po, and Sp 2 /pl is defined by the second expression in Eq. (5-24) with 
k(z) = 5p(z)/p 0 . 


Pulse spread 

The pulse spread for the uniform clad power-law profiles is discussed in Section 3-2. If 
we repeat the analysis using the transit time of Eq. (5-27) for the nonuniform fiber, we 
find that the minimum transit time t mi „ occurs approximately at fi(z) = j? m of Eq. (3-6) 
and the maximum transit time t max occurs at j?(z) = n d . At the optimum profile 
exponent of Eq. (3-8), the pulse spread r d of Eq. (3-9) for the weakly guiding fiber is 
modified by the slight nonuniformity and becomes [4] 

= fdO + ^V/p?)}; q = q opt = 2-e 2 c . (5-28) 

Hence the increase in pulse width depends only on the amplitude of the non- 
uniformities and not on their spatial frequency. This can be best illustrated by 
considering a sinusoidally varying core radius defined by 

5p{z) = Sp m cos (z/z s ); Sp m <| p 0 , (5-29) 

where z s is the spatial period. Substitution into Eq. (5-28) gives 

f max min = ‘ + MSp J p Q ) 2 }, (5-30) 

assuming z z s . Thus a 10 % variation in core radius gives only a 4 % increase in pulse 
width at the optimum profile. 


5-9 Example: Slight exponent variations 

We now consider the clad power-law profiles of Table 2-1, page 40, when only the 
exponent q(z) varies slowly along the fiber [3-5]. The variation about some mean value 
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q 0 is slight, and we set 

q(z) = q 0 + Sq(z); \dq(z)/q 0 \ <tt 1, (5-31) 

where q 0 is chosen so that Sq(z) has zero mean along the length of the fiber, i.e. dq = 0. 
The solution of Eq. (5-14) is not known exactly in this situation, and must be found 
iteratively, as explained in Section 5-7, leading to the coefficients in Eq. (5-21), where 
k(z) = 6q(z)/q 0 . By analogy with Eq. (5-16), the transit time is given by 


1 


o <?(*) + 2 


9(z) lfi + 

0(Z) «, 


m*. 


j 


(5-32) 


Substituting Eqs. (5-21) and (5-31), and recalling that Sq = 0, we find that, correct to 
second order, the result analogous to Eq. (5-27) is [4] 

r = t u +(C 3 + AC 4 )^, (5-33) 


where C 3 and C 4 are dimensionless constants involving p(0), n co and q 0 . 


Effective exponent 

If the fiber is weakly guiding with a sufficiently small variation in profile, we can ignore 
the term AC 4 compared with C 3 in Eq. (5-33), which is equivalent to assuming 
fi(z) = m in the ray-path equation to all orders in 6q{z) when iterating Eq. (5-14). If we 
make this assumption in Eq. (5-32) and introduce an effective exponent q t defined by [3] 

1 

2 + q e 


-if 

z Jo 


dz 


2 + 9(z)’ 


(5-34) 


then the transit time is given by 

z n„ 


t = 


c 2 + q t 


f2?(°) 

i + 9 e ( z ) 

l «co 


n co ] 

my 


(5-35) 


This is identical in form to the uniform fiber transit time of Table 2-1, page 40, with 
/? = /?( 0) and q replaced by q e . Thus a slight variation in exponent on a slowly varying 
fiber in the weak-guidance approximation is equivalent to a uniform fiber with a different 
exponent. If we substitute Eq. (5-31) into Eq. (5-34), we find that correct to second 
order 


<?e= <?o-<V/{2 + qo}. (5-36) 

since = 0. Thus, only the amplitude of the variations in q(z) affect pulse width. If we 

assume that Sq(z) has the sinusoidal variation 

5q{z) = dq m cos (z/z s ); 6q m « q 0 , (5-37) 

where 3q m is the maximum value of 3q(z), then [4] 

q, = q 0 ~ tq 2 J2(q 0 + 2), (5-38) 


provided z z s . 
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Pulse spread 

We showed in Section 3-2 that the minimum pulse width on a uniform fiber with a clad 
power-law profile is acutely sensitive to small changes in exponent about the optimum 
profile. The effect of exponent nonuniformities on the optimum profile can be deduced 
by substituting q opt of Eq. (3-8) into Eq. (5-36). Since the fiber is assumed weakly 
guiding, the effective exponent is 

q e = 2 — 2A —3^/4 =2—6* — 8q 2 /4. (5-39) 

A deviation of ± A in exponent about q — q opt in Fig. 3-3 causes a tenfold increase in 
pulse width. Consequently if Sq z — 4A the same increase occurs. On the other hand, 
given that a fiber has slow exponent variations, we can use Eq. (5-39) to compensate for 
them. In other words, if dq 2 is prescribed, the profile with exponent q = 2 — 2A 4- 8q 2 / 4 
suffers minimum pulse spread. Furthermore, as the profile height A decreases, the pulse 
spread becomes more vulnerable to nonuniformities. The spreading depends only on 
the amplitude of the nonuniformities and is independent of their spatial distribution, as 
long as they are slowly varying. Finally, we note that spreading is more sensitive to 
slight fractional variations in the profile exponent than to equivalent fractional 
variations in core radius, discussed in the previous example. 


5-10 Adiabatic invariant 

We now introduce an alternative approach to the description of slowly varying 
fibers which makes contact with other areas of physics. 

When a fiber is uniform it is straightforward to determine ray paths, because 
/? and l are constant along a path. If the fiber is nonuniform, the invariant / is 
defined by Eq. (5-6), provided the fiber remains circularly symmetric, but, in 
general, there is no equivalent generalization of the /? invariant. However, if the 
nonuniformities change slowly over a ray half-period, then there is a parameter 
which is approximately constant along the fiber length, and thereby simplifies 
the determination of the ray-path parameters. We call this parameter the 
adiabatic invariant. The nonuniformities can become arbitrarily large provided 
only that this occurs over distances large compared with the ray half-period, e.g. 
a tapered fiber when the ratio of core radii at the ends is large, but the taper 
angle is everywhere small. 

To derive this invariant, we recall from Section 5-5 that ray trajectories on 
slowly varying fibers are characterized by a short length scale equal to the 
half-period z p (z) and the length scale of the nonuniformities which is long 
compared with z p (z). If we average the ray-path equations of Eq. (5-3) over a 
half-period, we remove the rapid variation along the path. This leads to 
equations which describe the slow variation due to the nonuniformities, e.g. 
Eq. (5-6), which is exact, Eq. (5-14), and a similar equation corresponding to 
the average of Eq. (5— 3a). From these equations it is possible to show that the 
parameter / is nearly constant along a path extending the length of the fiber, 
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where 


dr 

n(r, z) — dr. 
i els 


(5—40) 


The integration is along the path over a half-period, ds is the element of length 
along the path, and the explicit z dependence in n(r, z) and z p (z) is held fixed for 
evaluation of the integral. This is a well-known result of classical mechanics, 
where I is called the adiabatic invariant [ 6 ], Discussions of ray propagation 
within the framework of classical mechanics are available elsewhere [7, 8 ]. We 
can put / into a more convenient form using Eq. (5-2) and the obvious 
generalization of Eq. (2-21) to slowly varying fibers to obtain 


I = 2 p(z) 


I r ic (z) 


dz 


tp'-' I _ n 2 (Q) _ )l/2 

dr = 2 | <n 2 (r, z) — / 2 — -5 P 2 (z)> dr, | (5-41) 


V z) 

r ic < z ) 


where r ic (z) and r tp (z) are the the positions of the inner caustic and turning- 
point caustic. This invariant implicitly governs the variation in j 8 (z). When 
evaluating the integral, the explicit dependence of n(r, z), /?(z), r jc (z) and M 2 ) 
on z is held fixed. To demonstrate the usefulness of this result we consider 
simple examples. 


5-11 Example: Step profile 


When the nonuniform fiber has a step profile, the core index n(z) depends only on z, and 
the upper limit of integration r tp (z) in Eq. (5-41) is replaced by the core radius p(z). If 
the path makes angle OJz) with the axial direction, then with the help of 
Eq. (5-2) we have 


1 = 2 


Cpm ( Fp2(0)V'2 

jn 2 (z) sin 2 OJz) [ dr, 

r ic (z) ( r ) 


(5-42) 


where r ic (z) = Ip (0)/{«(z) sin OJz) }. If we change variable from r to x = r/r ic (z), then 


/ = 2lp(0) 




m (X 2_1 )i/2 


dx. 


(5-43) 


Since / is an invariant for the circular fiber we deduce that p(z)/r ic (z) is also invariant, 
whence 


n(z)p(z) sin OJz) = n(0)p(0) sin 0 2 (O), 


(5-44) 
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which was derived directly from the ray-path equations in Eq. (5-20). We are reminded 
that this result applies only to rays whose half-period is small compared with the 
distance along the fiber in which there is a significant change in core index or radius. 
Consequently rays with 0,(z) = 0 are excluded, since z (z) -> oo as 0 2 (z) -> 0. The result 
is identical to the Abbe' sine law of geometric optics [7, 9]. If we substitute Eq. (5-44) 
into Eq. (5-2), then the variation in /?(z) is given explicitly by 

?(z)= {n 2 (z)-[n 2 (0)-p(0)]p 2 (0)/p 2 (z)} ,/2 , (5-^5) 

where yS(0) = n(0)cos 0.(0). When the core radius is uniform, i.e. p(z) = p(0), Eqs. (5-45) 
and (5-44) reduce to Eqs. (5— 7a) and (5-7b), respectively, which are both exact and are 
derived directly from Eq. (5-4) for /?(z). 


Slight nonuniformities 

For fibers in which there is only a slight departure from the initial index and radius 
values, we set 

n (z) = m( 0) + <5n(z); p(z) = p(0) + <5p(z), (5^16) 


where |<5n(z)| ^ n(0) and |<5p(z)| <^p( 0). Substituting into Eq. (5-45) and retaining only 
lowest-order terms, we obtain 


?|0)p)0) »w. 


(5-47) 


This shows that when the fiber is weakly guiding, i.e. [1(0) = n(0), small changes in 
core index have a much larger effect on fl(z) than equivalent changes in core 
radius p(z). 


5-12 Example: Clad power-law profiles 


We next consider nonuniform fibers with clad power-law profiles. These profiles have 
the form given by Eq. (5-15), with n co , A and p dependent on z, but we assume the 
exponent q remains constant. Substituting into Eq. (5-41) we have 


l = 



-2A (z)n c 2 0 (z) 



dr. 


(5-48) 


We change the variable from r to x and define a parameter /i(z), where 
* ... 2A (z)n c 2 0 (z) 


(4(z)-p(z)}^’ 

The invariant then has the simpler form 


h(z) = 




(, + 2)/2 ' 


(5-49) 


I = 


2 



7V(0) 

x 2 


— /l(z)x 9 



dx, 


(5-50) 
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where x ic (z) = {rt[fz) — fl 2 (z)} 1 12 r ic (z) and similarly for x tp (z). Since x ic (z)and x tp (z)are 
roots of the integrand, they depend only on lp( 0), h(z) and q. Consequently the invariant 
/ is a function of these three quantities, but asTis an invariant and q is assumed constant, 
h(z) must also be an invariant. On rearranging the equation h(z) — h( 0), we recover 
Eq. (5-19). 


Slowly varying exponent 

If we now allow the exponent q to vary with z, we can generate an invariant for 
meridional rays. We set l = x ic (z) = 0 and q = q(z) in Eq. (5-50) and change the 
variable to u = h (z)x ,(2) , so that x = x tp (z) corresponds to u = 1 . The resulting integral 
can be evaluated using Eqs. (37-104) and (37-105), and leads to the invariant 

1 r ( 1 + l/q(z)) 1 T (1 + l/q(0)) 

h(z) ll ^r(3/2+\/q(z)) h(0) lwO) H3/2+ 1/9(0))’ ( ’ 

where h(z) is defined by Eq. (5-49) with q = q(z). 


5-13 Radiation loss 

On a uniform fiber, a ray which is bound at the beginning of the fiber remains 
bound along the fiber. However, on a nonuniform fiber, a ray which is initially 
bound may become a leaky ray over part of its trajectory and lose power by 
radiation, if the variation in the parameter j?(z) of Eq. (5-2) is sufficiently 
large. Otherwise it will remain a bound ray over the length of the fiber even 
though f(z) varies. Here we give a simple upper bound for the radiation 
loss. 


Upper bound on power loss 

Consider a nonuniform fiber with constant cladding index n cl , but whose 
core radius p(z) and profile n(r, z) vary arbitrarily along its length. By analogy 
with Eq. (2-24a), rays which are bound at the beginning of the fiber have 
parameter values f(0) in the range n cl < /?(0) =$ n co (0), where n c0 (z) is the 
maximum core index at position z. Some of these rays will subsequently have 
parameter values f(z) satisfying /9(z) n d and will radiate power along part of 
their trajectories, as illustrated in Fig. 5-4. The actual rate of power loss for an 
individual ray is discussed in Chapter 7. Here we give an upper bound on this 
loss by assuming all power is lost from rays which become leaky. 

For convenience we assume excitation by a diffuse source. The total initial 
bound ray power, P br , is then given by Eq. (4-13) with p and n(r) replaced by 
p( 0) and n {r, 0). We define P bt to be the total power of rays which remain bound 
everywhere along the fiber, i.e. [Hz) > n d for all z. The maximum power which 
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Fig. 5-4 Step- and graded-profile fibers whose core radius and profile 
vary along their length, showing (a), (b) a ray which remains bound, and (c), 
(d) a bound ray which becomes a leaky ray along part of its path. 


can be radiated, ^rad> is then given by 



(5-52) 


To determine P br we need to know how /T(z) varies along the fiber. If we assume 
the fiber is slowly varying, we can use the results of previous sections. We now 
determine ^rad for fibers with slow variations in core radius only. 


5-14 Example: Variable core radius -step profile 

Consider a step-profile fiber with core and cladding indices n co and n cl , when the core 
radius p( z) is slowly varying. The angle 0 z (z) a ray makes with the axial direction at 
position z is related to the initial angle 0 Z (O) by Eq. (5-44) with n c0 (z) = n m (0) = n m . An 
initially bound ray may become a leaky ray only if the core radius decreases below its 
initial value p(0). If the smallest radius anywhere along the fiber is p min and z m is the 
corresponding position, the ray direction at z m is given by 

sin 0 Z (z m ) = {p(0)/p min } sin 8. (0). (5-53) 

Hence, by analogy with Eq. (2— 6a), a ray is bound everywhere along the fiber if 0,{z m ) 
< 0 C , where 0 C is defined by Eq. (2-5). Accordingly, only those rays on the endface with 
directions in the range 

0 < sin 0 2 (O) < (p mi „/p(0)} sin 0 C , (5-54) 

satisfy this condition. To determine P br , we observe that the total power in bound rays 
due to illumination by a diffuse source, as given by Eq. (4-61), varies with the square of 
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the core radius. Hence P br is proportional to p 2 m and thus the maximum fraction of the 
total initial bound-ray power which can be lost to radiation is given by 


PrJP* = 1-pL/P 2 (0) = 2{1 -p mn /p(0)}, 


(5-55) 


where P rad is given by Eq. (5-52) and the approximation holds when p min = p(0). 


5-15 Example: Variable core radius -clad power-law profiles 

We next consider the clad power-law profiles of Table 2-1 , page 40, when there is a slow 
variation in core radius p(z) only. If the minimum radius occurs at z m , then /?(z m ) and 
m are related by Eq. (5-19) with p(z) = p mjn . A ray is everywhere bound if 
P(z m ) > n c ,, and on the endface the corresponding range of 7?(0) satisfies 

M co[l -2A{p m[n /p(0)} 2 ^ + 2 '] < P(0) < <(0). (5-56) 

To determine P*. we note that total bound-ray power due to a diffuse source is given by 
Eq. (4-18) and, like the step-profile above, is proportional to the square of core radius. 
Consequently, the maximum fraction of initial bound-ray power that can be radiated is 
given by Eq. (5-55) and is independent of the exponent q, i.e. independent of profile 
shape. 


TAPERS AND LIGHT CONCENTRATION 

It is often desirable to channel light from a source or fiber of comparatively 
large cross-section into a fiber of smaller cross-section as efficiently as possible. 
We discussed the use of lenses for this purpose in Chapter 4. Here we 
investigate how tapered fibers, such as the ones illustrated in Fig. 5-5, can 
concentrate light power. We first show how the light-concentrating properties 



Fig. 5-5 Step-profile tapers, showing (a) a slowly-varying taper il- 
luminated by a diffuse source and (b) a parabolic taper illuminated by an 
on-axis beam. 
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of linear and parabolic tapers of arbitrary taper angle can be determined 
simply and exactly using ray tracing. Since tapers are often slowly varying, i.e. 
the local taper angle is small, we use the approximate ray invariant of Section 
5-11 to describe light concentration for otherwise arbitrary tapers. Direct 
comparison with the linear taper enables us to determine the accuracy of the 
slow-variation approximation. To illustrate the concepts involved as simply as 
possible, we consider only step-profile tapers and fibers with common core and 
cladding indices. 

5-16 Collimated-beam illumination 

When the core radius of a taper varies arbitrarily along its length, the slow- 
variation approximation is inaccurate, and we must determine the exact 
trajectory of each ray. In this regard it is simplest to consider meridional rays 
only. Thus we assume illumination by a collimated beam of radius p 0 equal to 
the radius at the beginning of the taper. Given the radii at each end of the taper 
and the complementary critical angle 9 C of the adjoining fiber, our main 
interest is to determine the minimum length of the taper which ensures that all 
the power incident on the taper is transmitted into bound rays of the fiber. 

5-17 Example: Parabolic taper 

An on-axis collimated beam enters a step-profile, parabolic taper at z = —L in Fig. 
5— 5(b), where the core radius is p 0 . A step-profile fiber of core radius p abuts the end of 
the taper at z = 0. The core index of the fiber, taper and source medium is assumed to be 
n m for convenience, and likewise the fiber and taper cladding index is n cl . Each on-axis 
ray reflects from the parabolic interface so that the angles of incidence and reflection 
relative to the tangent to the interface are equal. It is a well-known property of the 
parabolic shape, that every reflected ray passes through the focus F as shown. 
Furthermore, the angle the reflected ray makes with the axis increases as the point of 
reflection moves closer to the end of the taper. Accordingly, given p 0 , p and 0 C , as 
defined inside the front cover, the minimum taper length L mm which ensures that all the 
light power entering the taper excites only bound rays of the fiber, corresponds to the 
reflected ray at Q making angle 6 C with the fiber axis, according to Eq. (2— 6a). We then 
deduce from Snell’s law that the angle between the incident ray and the tangent to the 
interface at Q is 9J 2. Relative to the axes in Fig. 5— 5(b), the equation of the taper 
interface is readily shown to be 

x 2 = p 2 -(pl-p 2 )(z/L)\ -L^z^O. (5-57) 

If we impose the condition dx/dz = - tan (0J2) at z = 0, we deduce that 

(5-58) 

where the approximation applies when the fiber is weakly guiding, i.e. 6 C <£ 1. 
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5-18 Example: Linear taper 

The parameters for the linear taper of Fig. 5-6(a) are identical with those of the previous 
example and the taper angle is Q. We can determine very simply the minimum taper 
length for total power transmission when a meridional ray enters the taper at z = — L 
and makes angle 9 0 with the axis. This result applies to both direct on-axis illumination 
by a collimated beam, i.e. 9 0 — 0, and the inclusion of a lens, as discussed in Section 
4-11, which transforms the on-axis beam into a cone of meridional rays at angle 9 0 > 0. 

Consider meridional rays incident at angle 9 0 over the taper cross-section at z = — L. 
All these rays will become bound rays of the fiber if the extreme ray incident on the taper 
interface at P in Fig. 5-6(a) becomes bound. Given p 0 , p and 9 C for the step profile, the 
shortest taper length satisfying this condition corresponds to the trajectory which 
meets the end of the fiber at Q, and after reflection crosses the fiber axis at angle 9 C . This 
means that the incident ray at Q makes angle 9 C + Q with the direction of the taper 
interface. 




(b) 

Fig. 5-6 (a) Step-profile linear taper with taper angle Q and fb) the 
equivalent geometrical path. 


Equivalent geometrical path 

We require the geometry of the ray path between P and Q in Fig. 5-6(a) in order to 
determine the minimum taper length L min . This is obtained by using an equivalent path 
in Fig. 5-6(b), which shows an arc of contiguous, identical tapers with common vertex 
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O. The length of path between successive reflections and the angles it makes with the 
taper interface at P, R, S, T and Q in Fig. 5— 6(a) are identical to the corresponding 
values for the straight line path PRSTQ in Fig. 5-6(b) [9]. Thus PQ makes angle 0 C + ft 
with OQ, and by geometry OQ = ON = p/tan ft, OM = ON + L + p 0 /tan 9 0 . On 
applying the sine rule of Eq. (37-8) to triangle OQM, we deduce that ft, and hence L min , 
are determined in terms of p, p 0 and 9 C by 


p 0 -p p sin (0 c +ft) _ j tanft 

tan ft ’ p 0 sin 9 0 tan 9 0 ’ 


(5-59a) 


The solution for ft is obtained numerically, but if all the angles involved are small, there 
is an approximate solution given by 


^min = (Po -P) 2 /(0‘P-9 O Po)- 


(5— 59b) 


For an on-axis beam 9 0 = 0, in which case Eqs. (5-58) and (5-59b) show that the 
minimum length parabolic taper is longer than the corresponding linear taper by a 
factor (p 0 + p)/(p 0 — p) provided the taper angle is small and the fiber is weakly guiding. 


5-19 Diffuse-source illumination 

An exact ray analysis of arbitrarily shaped tapers is complicated, especially if 
both meridional and skew rays are excited. However, provided that the taper is 
sufficiently slowly varying, i.e. the local taper angle is small, we can circumvent 
these difficulties by using the approximate invariant derived earlier in the 
chapter. To demonstrate this simplification, we assume that a diffuse source of 
radius p 0 equal to the initial taper radius abuts the step-profile taper in Fig. 
5-5 (a). The taper radius decreases to p in distance L and abuts a step-profile 
fiber of core radius p. For convenience the source medium, taper core and fiber 
core have common index n co and likewise the common cladding index is n cl . 

A ray excited by the source makes angle 9 z (z) with the axis of the taper at 
position z. The ray will be a bound ray of the fiber provided 9 Z (0) ^ 9 C , where 
z — 0 denotes the end of the taper. If the taper radius p(z) decreases 
monotonically with increasing z, then the range of ray directions at the 
beginning of the taper z — —L for which rays remain bound satisfies 
0 ^ 0, ( — L) < 0 O . These quantities are related by Eq. (5-20), provided the taper is 
slowly varying, and since the core index is uniform we deduce that the limiting ray 
directions satisfy 

Po sin 9 0 = p(z) sin 9 z (z) = p sin 6 C . (5-60) 

Accordingly the relationship between the total bound-ray power entering the 
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fiber, P br , and the total power, P br , of rays within 0 < 9 Z ( — L)< 9 C at the 
beginning of the taper follows by analogy with Eq. (5-55) as 


P br = (p 2 /p 2 o)P br 


(5-61) 


Since total bound-ray power is proportional to the core area in Eq. (4-16), and 
p 2 /p o is the ratio of the core and source cross-sections, it is clear that there is 
no advantage in the arrangement in Fig. 5-5(a) over placing the source directly 
against the fiber. Thus, when the source excites rays over a range of directions 
greater than that for bound rays within the fiber, it is not possible to increase the 
bound-ray power by use of a taper. This is the identical conclusion reached in 
Section 4-14 when a lens is used to concentrate diffuse-source power. 


Partially diffuse source 

Now consider the situation in Fig. 5-5(a) when the diffuse source is replaced by a 
partially diffuse source which emits light only within the range of angles 
0 ^ 6 Z ( — L) < 6 S . If 6 S does not exceed 9 0 of Eq. (5-60), then all of the source 
power goes into bound rays of the fiber, and, compared with placing the source 
directly against the fiber, there is an increase in total bound-ray power by a 
fator Po/p 2 through using a taper. This conclusion parallels the results of 
Section 4-16 for a lens and a partially diffuse source. 


Arbitrary taper angle 

Although the above conclusions are based on a slowly varying taper, it is 
possible to make more general statements about tapers whose radii vary 
arbitrarily. Instead of the complicated procedure of determining each ray path 
along the taper, the whole family of rays excited by the source is considered 
[10]. It is possible to show that, instead of Eq. (5-60), we have an inequality 
p o sin0 o < psin0 c . In other words, Eq. (5-61) is the upper limit to light 
concentration. 


5-20 Accuracy of the slow-variation approximation 

The approximate ray invariant for a slowly varying step-profile taper is 
expressed by Eq. (5-60). This relationship is accurate provided that the change 
Sp(z) in taper radius over the local ray half-period is small. If the taper and fiber 
are weakly guiding then 0 Z (z) <| 1, and by generalizing the expression for z p in 
Table 2-1, page 40, to slowly varying fibers, we deduce that z p (z) = 2 p(z)/6,(z) 
for meridional rays. In terms of the local taper angle Q(z), the slow-variation 
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Q(z) S dp(z)/z p (z) « p(z)/'z p (z) s 9 z (z)/2. 


(5 — 62a) 


Hence the ray angle must greatly exceed the taper angle everywhere along the 
taper if the relationship of Eq. (5-60) is to be accurate. Furthermore, although 
Eq. (5-60) does not give the minimum taper length L min , it can be estimated 
qualitatively by satisfying Eq. (5-6 2a) for each value of z. This criterion applies 
to the diffuse-source problem of the previous section. 


Linear taper 

We can quantify the accuracy of Eq. (5-60) for the linear taper of the previous 
section. At the minimum taper length of Eq. (5 — 59b) we deduce from 
Eq. (5-59a) that for meridional rays 

2(Q/0 C ) = 2{p-(6 0 /6 c )p 0 }/(p 0 -p). (5 — 62b) 

If p 0 > P, then Q<£d c / 2 regardless of the value of 9 0 , which agrees 
qualitatively with Eq. (5-6 2a) when 0 z (z) = 6 C . However, if p 0 £ p then 6 0 = 0 
and Eq. (5-62a) is not satisfied. 


DISCONTINUOUS NONUNIFORMITIES 
AND SCATTERERS 

We now turn attention to nonuniformities associated with abrupt, or 
discontinuous changes from the uniform cylindrical fiber, concentrating on 
the effects of small, isolated scatterers distributed throughout the core. The 
dimensions of each scatterer are assumed small compared with the wavelength 
of light. When a bound ray hits one of these scatterers, its power is 
redistributed, in general, in all directions, as shown in Fig. 5-7 (a) for a step- 
profile fiber. The fraction of incident power scattered into a particular 
direction depends on the nature of the scatterer. Some power will be scattered 
into leaky rays, and the rest will be redistributed among bound rays. Since this 
occurs at each scatterer, it is clear that the initial power distribution will be 
modified along the fiber, some being lost as radiation. Obviously, the greater 
the density of scatterers the more rapidly this modification occurs. 

When the scatterers are randomly distributed along the fiber, each ray 
entering the fiber is uncorrelated with each ray at the end of the fiber. These are 
the conditions, discussed in Section 5-4, which lead to a pulse spread 
proportional to z 1 /2 . Our purpose here is to derive an equation which describes 
the distribution of light intensity among the various ray directions [1 1]. This 
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(a) (b) 

Fig. 5-7 (a) Scattering of bound-ray power in the core of a step-index 
fiber and (b) angular directions of incident and scattered rays at an isolated 
scatterer relative to the fiber axis. 


equation reduces to a diffusion equation when the scattering is forward 
directed, as we show in Section 5-22. 


5-21 Distribution of bound-ray power 

Starting from the redistribution of ray power due to a ray incident on an 
isolated scatterer, we derive an integral equation which governs the distri- 
bution of bound-ray power when many scatterers are present in the fiber. For 
convenience we assume a step profile, but the derivation is readily extended to 
graded-profile fibers [11], 


Scattering cross-section 

Consider the isolated scatterer S in Fig. 5-7 (b), and a ray incident on it. 
Scattering is usually described in terms of a differential scattering cross-section 
<x d , which determines the distribution of scattered power when a plane wave is 
incident on the scatterer [12], To relate <r d to scattering in terms of rays, we 
recall our concept of a ray as a local plane wave, discussed in Section 35-3. We 
regard the local plane wave associated with the incident ray in Fig. 5— 7(b) as 
part of an infinite plane wave propagating in the same direction. Accordingly 
we may set 

ray power scattered per unit solid angle 

= : r”. : — . (5—63) 

incident ray power per unit area 

The incident ray direction is defined by the angles 9$ and 0 Z relative to the 
azimuthal and axial directions, as indicated in Fig. 5-7 (b), and each scattering 
direction by 6'$ and 9' z . Since <r d depends only on the angle between the incident 
ray directions, <r d = <r d (0^ — 0^, 0 Z — 01 ), in addition to any spatial dependence 
and its variation with the wavelength X of the incident light. 
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Intensity distribution 

We define an intensity distribution function I s to be the ray power per unit 
solid angle of ray directions, per unit area of core cross-section, by analogy 
with Eq. (4-1). Accordingly, the power incident per unit area of the scatterer in 
Fig. 5— 7(b) is IJ cos 9 Z , where 9 Z is the angle between the incident ray and the 
axial direction. The power scattered into rays with directions 0 ^ 0' z is 
<x d / s /cos 9 Z . If the density of scatterers per unit volume is N, then there are 
NdAdz scatterers in a volume of length d z and cross-section d A. The total 
power scattered into rays with direction angles 9\ 9' z is given by 

i sad (e,-e'„e z -G' z ), (5-64) 

per unit solid angle. 


Governing equation 


We define 1(0 0 Z , z) to be the total power per unit solid angle of all rays with 
direction angles 0#, 0 Z over the whole core cross-section at position z. Hence I 
is related to / s by 


i(0+,e „z) = 


'p [2n 

rdr d(f>I s (r, <t>,z, 6#, 9 Z ), 
Jo Jo 


(5-65) 


where r and <£ are cylindrical polar coordinates in the fiber cross-section. The 
equation satisfied by / is found by examining the components of power change 
over length dz. First, there is the total power scattered out of direction 9 9 Z 
into all directions 6^, 9' z , including bound, tunneling and refracting rays. This 
power change is given by dF s , where 


d P, 


iVdz 

COS0, I<Tto1 ’ 


*2 n rn 

d 9\ tx d (0^ - 9’^, 9 Z - 9 ' z ) sin Q' z d9' z . 
o Jo 


(5-66) 


The total scattering cross-section <r tot is by definition independent of 0# and 9 Z 
and we have assumed <r d independent of position for simplicity. Second, there 
is a gain from power scattered into direction 9$, 9 Z . Ignoring contributions 
from leaky rays, the total contribution is from bound rays, whose range of 9' z 
values satisfies Eq. (2-6a). Thus the power gained, dP g , is found by integrating 
Eq. (5-64) over the cross-section 


1*2 n 


dP„ = Ndz 


d 9\ 


m t, d' z , z)o d (9't - 9 t , 9' z - 9 Z ) tan 9' z d6' z . (5-67) 


o 


0 
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The change in / is the sum of d P s and dP g . Assuming a weakly guiding fiber, 
then 9 Z , 9' z 4 1, and / satisfies the integro-differential equation [11] 


dl f 2 * 

— + N<7 tot / = AM d9’ <t> lo d 9' z dfli. 


(5-68) 


where 1(9$, 9., 0) is prescribed at the beginning of the fiber. The total bound- 
ray power at any position is given by 


= 



(5-69) 


in terms of the solution of Eq. (5-68). 


Pulse propagation 


The derivation of Eq. (5-68) assumes steady-state excitation. To describe pulse 
propagation, we must include the dependence of I on time. This is achieved by 
replacing djdz in Eq. (5-68) with the total derivative d/dz, where 


d _ d d t d __ 8 n co d 

dz dz dzdt dz c cos 9 z 8t’ 


(5-70) 


from Eq. (2-12). Accordingly, Eq. (5-68) is replaced by [11] 


dl n, n dl f 2n 

fe c 

^ + —^-— + No tot I = N\ d9't 
dz c cos 9 Z dt ’ ' Jo 9 % 

I<J d 0’ z d9' z . 

0 


(5-71) 


We must not suppress the 1/cos 9 Z multiplying the time derivative, since it is 
precisely this variation in 9 Z that gives rise to ray dispersion, as we showed in 
Section 3-1. We give examples of the application of this result. 


5-22 Example: Diffusion equation 

Here we examine the effect of scatterers which concentrate scattered power into 
directions close to the incident-ray direction in Fig. 5— 7(b). Under this condition 
virtually all bound-ray power is redistributed amongst bound rays, and a negligible 
fraction of total power is lost to radiation from those bound rays propagating at angles 
0 2 = 0 C . If x is the angle between the incident-ray direction 6$, 6. and the scattered-ray 
direction 6’^, 6' z , then the differential scattering cross-section <r d (x) is highly peaked 
about x = 0. We model this dependence by the Gaussian distribution 

<7 = <r 0 exp( —bx 2 )', b> 1, 


(5-72) 
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where er 0 and b are constants. By geometry we deduce 


cos x = cos 9 Z cos O'. + sin 9. sin' 9' z cos (8# — 8'#), (5-73) 

so that in the region x = 0 we have approximately 

X 2 ^(9 z -9' z ) 2 + 9 2 (9#-9'#) 2 ; (5-74) 


within the weak-guidance approximation. Since a is highly peaked about 9 Z = 0' z , 
9$ = 9'#, we can extend the ranges of integration of 6^ and 9' z to ( — oo, oo) without any 
significant loss in accuracy. Thus, Eq. (5-71) is replaced by 


81 t " CO 81 

8z c cos 9 Z 8t 


= Na 0 


rcc 


d 9'# 


exp ( - bx 2 ){ I (9'#, 9' z ,z)-I (6#, 6 Z , Z)}e' z d9' z . 


(5-75) 


We write the terms in the curly brackets as { 1(9 '#, Q' z , z) — I (8#, 9' z , z)} + {1(8#, 8' z , z) 
— I ( 9 #, 8 Z , z)} and Taylor expand in powers of 8 '# - 8# and 9' z — 9 Z about 8# and 8 Z . 
Substituting for x from Eq. (5-74) and using the integrals of Eq. (37-126), we find 
correct to order b~ 2 that 


51 n Q0 81 { 1 8 2 I 8 2 I 2 81 1 

1 — = n < 1 1- — V; 

5z c cos 9 z 8t (8 2 89# 89\ 9 z 89 z y 


D = 


7 lNo 0 
4 b 2 ‘ 


(5-76) 


Elence, I satisfies a diffusion equation, where the diffusion coefficient D is constant, and is 
proportional to the density of scatterers. When / is independent of 9#, this equation has 
been derived to describe the continuum limit of nearest-neighbor coupling of modal 
power on weakly guiding, multimode fibers [13], It is possible to derive the z lt2 
dependence on pulse r.m.s. width from this equation in the steady state as z -> oo; details 
are presented elsewhere [14]. 


5-23 Example: Rayleigh scattering 

We have already introduced the notion of an ideal fiber, free from absorption and all 
nonuniformities. In practice, however, fibers are made from materials which are slightly 
absorbing. Further, the molecular granularity of the materials gives rise to Rayleigh, or 
dipole, scattering. Here we examine propagation on a step-profile fiber, ignoring 
absorption, so that we can determine the effect of Rayleigh scattering in isolation [15]. 

In the weak-guidance approximation, the differential scattering cross-section cr d and 
the total cross-section c tot have the forms [16] 

ff d (x) = K (1 +cos 2 x); ff tol = 16 tik:/3; k<0, (5-77) 

where x is related to ray directions by Eq. (5-73). The constant k determines the total 
scattered power and includes the X~ 4 dependence on the wavelength of light. Since 
k < tr d < 2k, it is clear that the scattering is close to isotropic. In particular, cr d = 2k for 
all bound-ray directions. Accordingly, we can integrate out the 9# dependence in 
Eq. (5-71) by defining 

G(9 Z , z, t ) = jj 


1(8#, 9 Z , z, t) 69#. 


(5-78) 
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Integration of Eq. (5-71) within the approximations 9 Z , 9' z < 1, leads to 


5G n dG 3a 

| CO _j_ __ 

dz c cos 9, dt 4 


° G(9' z ,z,t)9' z d9' z , 
Jo 


(5-79) 


where a = Nu tot . Given the initial form of G at z = 0, we can solve this equation by 
iteration for small values of a and 9,. 


On-axis beam 

We assume that at z = 0 the pulse is composed of a uniform collimated beam of on-axis 
rays, with unit total power. Using Eqs. (5-69) and (5-78), we deduce that 

G(0 2 ,O,£) = <5(f)<5(<y/0 z ; P br (0) = 1/ (5-80) 

where 6 is the Dirac delta function. The lowest order solution of Eq. (5-79) corresponds 
to a = 0. Hence 


G(9 Z , z, t) = S (t - znjc) 6 (9 Z )/9 Z . (5-81) 


In other words, when scattering is ignored, the pulse propagates unattentuated and 
undistorted along the fiber with speed c/n co . To first order, we can consider the 
scattering effects due to the two terms in a in Eq. (5-79) separately. The term aG on the 
left of the equation gives rise to an overall attenuation of G by the factor exp ( — az), 
while the term on the right accounts for dispersion. The contribution from the latter is 
found by substituting for G from Eq. (5-81), multiplying by exp ( — az), and integrating 
with respect to z with t — n^z/c cos 9 Z . Putting the two contributions together we 
obtain correct to first order 


G(9 z ,z,t) 


3a c cos0 z 

c ) 9 z 4 n m 1 -cos0 2 


jexp(-az), 


(5-82) 


for (zn m /c) < t < (zn C0 /c cos 9 Z ), and G = 0 otherwise. The first term within the curly 
brackets represents the undistorted pulse and the second term the distribution of 
scattered power, while the overall attenuation is due to scattering into leaky rays. 
Secondary scattering from these rays back into bound rays is ignored in this 
description. 


Attenuation of pulse power 


The impulse response Q(z,t) is the integral of G over all ray directions. Noting the 
limitations on Eq. (5-82), we deduce that for (zn C0 /c) < t < (zn C0 /c cos 9 Z ) the impulse 
response is given by 


G(*.0- 


| C G9 Z d9 z = exp( — az) {<5 ( t — 7^2^ + In 
e t V c / 2 n m 


f I h (5-83) 


since 0 C <? 1, where cos 9 m = zn^/ct and 9 m = ^/2(1 —zn co /ct) 112 . A plot of Q (z, t) is 
shown in Fig. 5-8. Finally, the pulse power P br (z) is found by integrating the impulse 
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Fig. 5-8 Impulse response of Eq. (5-83) plotted as a function of t, where 
t 0 = ztico/c and 6 C = 0.1 [15], 

response with respect to time 

P br (z) = ^ Q{z,t)dt. (5-84) 

However, it is simpler to replace Q(z,t) by the integral over G in Eq. (5-83) and reverse 
the order of integration. Hence 

f«c 2nco /«os0, r 3a , 1 

P br( z ) = J M0 2 J Gdt = j 1 + — jexp( — az), (5-85) 

where, to lowest order, we have multiplied the term inside the curly brackets of Eq. 
(5-82) by the temporal pulse width ( znjc ) (1 /cos0 z — 1). Thus the result is valid only if 
z is not too large. 

In conclusion, the effect of Rayleigh scatterers on an initially on-axis pulse is to 
redistribute power among all bound-ray directions and distort the pulse through ray 
dispersion. Simultaneously, power is lost from the pulse by scattering into radiation. The 
power loss is significant whenever the pulse spread is significant. 
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The ray analysis thus far has assumed that fibers are nonabsorbing, and 
consequently bound rays will propagate indefinitely on an infinitely long 
uniform fiber. The materials which constitute the core and cladding of fibers 
used for communication purposes are, however, slightly absorbing. Thus, as a 
bound ray propagates, its power slowly attenuates due to absorption by the 
fiber, and, on a sufficiently long fiber, virtually all the initial power will be lost. 
The purpose of this chapter is to show how to calculate this attenuation and to 
determine how attenuation modifies pulse shape. 

The power loss due to an absorbing core is described directly as an 
integrated effect along each ray path, and thus fits naturally into a treatment by 
classical geometric optics. On the other hand, the power loss due to an 
absorbing cladding cannot be described directly by geometric optics, because 
this loss occurs beyond the ray path where the ray power is zero, and must 
therefore be described by a different mechanism. The absorption of light 
power beyond the ray path is a diffraction, or wave, phenomenon since it 

120 
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depends on the wavelength of the light in the core. Accordingly, we must now 
build a wave effect into our ray description. The philosophy behind the analysis 
uses a building block approach, whereby (i) we retain the ray trajectories of 
geometric optics, and (ii) describe the attenuation of ray power along the 
trajectory by a power attenuation coefficient [1,2]. 

For fibers with parameters of practical interest, the dominant effect of 
material absorption is the attenuation of total pulse power, together with a 
slight modification of pulse shape. The change in pulse shape is due to the fact 
that rays with larger inclinations to the fiber axis on step-profile fibers or with 
turning points closer to the interface of graded-profile fibers lose relatively 
more of their power to the cladding. 

6-1 Absorbing media and attenuation 

When a dielectric material is absorbing, it is mathematically convenient to 
describe absorption by ascribing an imaginary component to the refractive 
index at each position. Hence, for slight absorption, we have 

n(r) =n T (r)+ in' (r); n'(r) < n r (r), (6- 1 ) 

where superscripts r and i denote real and imaginary parts. Throughout this 
chapter we consider only circularly symmetric fibers, so that n T (r) and n'(r) are 
functions of the cylindrical polar radius r, or are constants. We shall also make 
use of the power absorption coefficient a(r). This is the fraction of power 
absorbed per unit length and is defined by 

a(r) = 4nn'(r)/X = 2kn'(r), (6-2) 

where A is the free-space wavelength. This coefficient is identical to the power 
attenuation coefficient for a plane wave propagating in an unbounded, 
uniform medium with uniform refractive index defined by Eq. (6-1) for a 
particular value of r. This may be verified by setting n = n T +in' in Eq. (35-la), 
whence the definition of power density in Eq. (35-2) gives rise to an 
attenuation factor exp( — 2n'k.r). 


Power attenuation coefficient 


To describe attenuation, we define P(z ) to be the power flowing within a 
narrow ray tube of rays, such as those illustrated in Fig. 4-1 and discussed at 
the beginning of Chapter 4. We then introduce the power attenuation coefficient 
y(z) of a ray defined by 

1 dP(z) 

= - w-dT 1 (fr - 3 ’ 


where dP(z) < 0 is the change in ray power due to absorption in distance dz 
along the fiber. Hence y(z) is the rate of power loss per unit length. On 
integrating, the power at any position is given in terms of the initial power 
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P(0) by 
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f 

fr 'j 

P(z) = P(0)exp < — 

y(z)dz >, 

l J 

o J 


(6-4a) 


when the power attenuation coefficient varies along the fiber, and by 


P(z) = P(0)exp{-yz}, 


(6— 4b) 


when the power attenuation coefficient is constant. The first form is useful for 
slowly varying or bent fibers that are absorbing. 


ABSORPTION IN THE CORE 


We first consider fibers which have an absorbing core and a nonabsorbing 
cladding. In this case, the power absorption coefficient is zero in the cladding 
and in the core it is denoted by a co (r), which is related to ri (r) through Eq. (6-2). 
The power absorbed over differential length ds of the ray path follows from the 
definition of a^, (r). It is also expressible in terms of the corresponding distance 
dz along the fiber by using the ray invariant jS of Eq. (2-16), which is defined in 
terms of n r (r ) instead of n(r). Hence 

-dP(z) = <x co (r)P(z)ds = {a m {r)n r (r)P(z)/j}} dz, (6-5) 

where r = r(s) and z = z(s) are evaluated along the ray path in the middle 
expression, and similarly r = r(z) in the right-hand expression. On comparing 
Eqs. (6-3) and (6-5) we obtain the power attenuation coefficient y co (z) due to 
core absorption. Thus 

)’co ( Z ) = a co ( r K ( r )/ft (6-6) 


where r = r(z) along the path. We then deduce from Eqs. (6-3) to (6-5) that the 
ray power at distance z along the fiber is given by 


P(z) = P(0)exp -i j 


«co( r ) nr ( r ) dz f = -P(°)exp< - 


“co( r ) ds K 


where the integrands are evaluated along the ray path. 


(6-7) 


Cylindrical symmetry 

The power absorption coefficient a co (r) does not vary along a cylindrically 
symmetric fiber. Thus, provided z is large compared to the ray half-period z p , 
we can make an accurate approximation to the integrals in Eq. (6-7) by 
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following the reasoning of Section 1-9. This leads to 



1 

f zp 

P(z) = P(0)exp ( -y co z); 

y co a co 

“coWds, 

Z P Jo 


where the constant y co is an effective power attenuation coefficient, defined by 
the average value a co of the power absorption coefficient over a half-period 
following the ray path. 


6-2 Example: Uniformly absorbing core 

When the power absorption coefficient is uniform, i.e. oi co (r) = a co , the power 
attenuation coefficient of Eq. (6-6) is proportional to the real part of the profile. Ray 
power attenuates according to Eq. (6-8), which has the form 

P(z) = P(0) exp { -a co (L p /z p )z}, (6-9) 

where L p is the path length of Eq. (2-26). For the step profile we deduce from Table 2-1, 
page 40, that L p /z p = 1/cos 9 Z , and hence 

P(z)= P(0)exp { — a co z/cos 0. }; a co = 2kn' co , (6-10) 

where 0 Z is the inclination of the ray path to the axial direction. Thus, although ray- 
power attenuation is independent of skewness, it increases with increasing 9 Z . 
Consequently, bound rays propagating at the complementary critical angle 9 C suffer the 
highest attenuation. 


Clad power-law profiles 


The ratio L p /z p for the clad power-law profiles is given by Table 2-1, page 40, in the 
weak-guidance approximation. If we set n = n'(r) + in‘ co , where n T (r) denotes the profile 
n(r) of Table 2-1 and n' m is a constant, then [3] 


P(z) = P(0) exp 


q + 2 


u+4+4- 

P "co 


Mi, 


( 6 - 11 ) 


where a co = 2kn' co and n T C0 denotes the on-axis value of n(r). This expression reduces to 
the step-profile result of Eq. (6-10) when q -* oo, and is also independent of skewness. It 
is readily verified that the ray path which suffers highest attenuation is the one which 
just reaches the interface, i.e. when fl — n d = n£ 0 (l — 2A) 1/2 . 


6-3 Example: Nonuniformly absorbing core 

In general, the integration in Eq. (6-8) must be performed numerically when a^fr) 
varies across the core. However, an analytical solution is possible for one case of 
practical interest [4], when the power absorption coefficient is proportional to the real 
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part of the profile, i.e. 


«coW = a co(°)” r ('')/4o. 


( 6 - 12 ) 


where n ^ is the on-axis value of n' (r). The integral in Eq. (6-8) is proportional to the 
optical path length L 0 of Eq. (2-26). Thus for clad power-law profiles we deduce from 
Table 2-1, page 40, that 


P(z) = P(0) exp 


a co(°) 

4 + 2 




(6-13) 


A second example with an analytical solution arises when the power absorption 
coefficient varies inversely with the profile, i.e. 


a c>) = a co(0)" r (0)/« r (r). (6-14) 

On substituting into Eq. (6-8) and using the invariant of Eq. (2-16)-now defined in 
terms of n r (r)-to transform the integration to the z-direction, we find that the integral 
is proportional to the ray half-period. Hence 

P(z) = P(0)exp{ — a co (0)n r (0)z//)}, (6-15) 

and attenuation is independent of the variation in profile. 


ABSORPTION IN THE CLADDING 

Unlike core absorption, the power loss due to an absorbing cladding cannot be 
described directly by geometric optics, because this loss occurs beyond the ray 
path and is, therefore, a diffraction, or wave, effect dependent on the 
wavelength of the light in the core. This is the first occasion where we have to 
contend with wave effects and ray power. Our approach is to retain the ray 
paths of geometric optics and to assume that a ray loses power only at 
reflection or turning points. The rate of power loss is then simply related to the 
separation, or density, of reflection or turning points along the fiber. We 
determine the fraction of ray power lost at each reflection or turning point by 
treating the ray locally as a plane wave. Using the theory of local plane waves, it 
is then straightforward to derive expressions for power loss on step- and 
graded-profile fibers [1, 2], For the step-profile fiber, the expression for power 
loss is identical to the expression first derived by Fresnel for plane-wave 
reflection from a planar interface [5], Given the expressions for power loss at a 
reflection or turning point, the attenuation of ray power along the fiber due to 
cladding absorption requires only the separation, or density, of reflection or 
turning points, which is determined by geometric optics. 


6-4 Evanescent fields 

To gain insight into the mechanism responsible for cladding absorption, we 
treat the ray as a plane wave in localized regions about a reflection or turning 
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point. Such a view is justified for reasons discussed in Section 35-3. In the 
region beyond the ray path, i.e. beyond the interface within a step-profile fiber 
and beyond the turning point within a graded-profile fiber, the fields 
associated with the local plane waves become evanescent and decrease 
exponentially with increasing distance from the axis. This decrease is very 
rapid for virtually all rays, and varies exponentially with the inverse of the free- 
space wavelength X of the light in the core, e.g. Eqs. (35-22a) and (35-32c) for 
step- and graded-profile waveguides. The fields are plotted qualitatively in Fig. 
6-1. In the limit of classical geometric optics, 2 = 0, the fields are zero beyond 
the ray path. 



n cl 


Fig. 6-1 The electric field intensity | E| decreases exponentially beyond 
(a) the interface of a step-profile waveguide and (b) the turning-point 
caustic of a graded-profile waveguide. 


6-5 Power transmission coefficient 

For the finite values of X for light, the evanescent fields lose some of their power 
to the absorbing cladding. This loss in turn leads to a loss of power from the 
ray path. Ray power flows along narrow ray tubes, as discussed at the 
beginning of Chapter 4, from which loss can occur only at reflection or turning 
points, i.e. at positions where there is an abrupt discontinuity in the tube or its 
cross-sectional area is zero. At these points, we express the loss in terms of a 
power transmission coefficient T, also known as a loss coefficient, defined by the 
dimensionless ratio 

i power in the reflected ray (6-16) 

power in the incident ray 

In other words a fraction T of ray power is transmitted across the interface or 
turning point to the evanescent field, as shown schematically in Fig. 6-2, and 
absorbed in the cladding. 

The power attenuation coefficient y d for cladding absorption is found either 
by averaging T over the ray half-period z p between successive reflections or 
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(b) 

Fig. 6-2 Squiggly lines denote the fraction T of ray power lost to the 
absorbing cladding from a bound ray at (a) the reflection points on a step- 
profile waveguide and (b) the turning points of a graded-profile waveguide. 


turning points, or by summing the loss at the N such points in unit length of the 
fiber. Either way we have 


7d = T / Z P = NT - 


(6-17) 


On a cylindrically symmetric fiber, the power attenuation coefficient is 
constant and is related to the power of a ray by Eq. (6-3) with y replaced by y cl . 
If jP( 0) is the ray power at the beginning of the fiber, then 


P(z) = E(0)exp ( —y a z). 


(6-18) 


To calculate y cl , we use the expressions for the ray half-period and the power 
transmission coefficient derived in Chapter 2 and Section 35-13, respectively. 
Examples are given below. In most cases of practical interest the cladding 
index is uniform, and we therefore assume n cl = n T c] + inj., is constant. The 
cladding power absorption coefficient a cl is also constant, where by analogy 
with Eq. (6-2) we have 

a ci = 4 ™dM = 2/tnj.,, (6-19) 


in terms of the free-space wavelength A. A further simplification is possible by 
assuming the absorption is slight, i.e. nj., nj,. 


6-6 Example: Step profile 

Consider a step-profile fiber with a nonabsorbing core of index n co and radius p, and an 
absorbing cladding of index n cl = mJ, + n' cl . When n co and n T c] are arbitrary, power 
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absorption depends on the polarization of the ray, i.e. on the orientation of the electric 
and magnetic fields in the local plane-wave description of Section 35-3, but if the fiber is 
weakly guiding, i.e. n co = n T cl this dependence is negligible. Under these conditions, a 
simple form of the power transmission coefficient is derived in Section 35-13. If we set 
n' co = 0 in Eq. (35-52), then 


2 a cl n/2— a 

^h^^el-W-a) 2 } 1 ! 2 ' 


( 6 - 20 ) 


where a cl is the power absorption coefficient of Eq. (6-19), the complementary critical 
angle 0 C = {1 — (nj, ) 2 /n£, and a is the angle between the ray path and the normal in 

Fig. 2-3. This expression is a limiting form of the Fresnel transmission coefficient of 
Eq. (35-24) for reflection at a planar interface between unbounded uniform media of 
refractive indices n m and n d [5]. It depends only on a, regardless of whether the ray path 
is skew or meridional, and is accurate provided that n/2 — a is not too close to 0 C . In the 
weak-guidance approximation 6 C 1 and consequently Eq. (6-20) covers the narrow 
range of bound-ray directions satisfying n/2 —0 C £ a < n/2. Finally, we note that T -* 0 
in the classical geometric optics limit A -► 0, or k = 2 n/2 -» oo, thereby verifying that 
cladding absorption is a wavelength-dependent phenomenon. 


Power attenuation coefficient 

To obtain the power attenuation coefficient, we substitute Eq. (6-20) and Eq. (2-1 1) for 
z p in Eq. (6-17). The angle a in the denominator of Eq. (6-20) is expressed in terms of the 
angles 0 2 and 0* by Eq. (2-3). By setting n/2 - a S sin (n/2 — a) = cos a, the numerator 
can be expressed similarly. Furthermore, we can use the definition of the fiber 
parameter inside the front cover to set k = V/(pn c0 sin 0 C ) S V/(pn d 0 C ) since 0 C <| 1 and 
”co = n li ■ If we P ut a H these facts together, we deduce that the power attenuation 
coefficient is given by 




1 

{1 — (0z/0 c ) 2 sin 2 0$} 1/2 ’ 


0 «: d 2 < 0 C . 


( 6 - 21 ) 


This result is accurate for all bound rays, with the exception of those few rays whose 
directions are close to 0 Z = 0 C and 0^ = n/2. For a fixed value of 0 Z , attenuation is a 
maximum when the ray is meridional, i.e. 0 0 = w/2, and decreases with increasing 
skewness. Although a skew ray makes more reflections than a meridional ray over a 
given fiber length, this is more than offset by the smaller value of the transmission 
coefficient for skew rays. 


6-7 Example: Graded profiles 

We now consider a graded-profile fibre, with nonabsorbing core of index profile n(r) 
and radius p, surrounded by a uniform cladding with index n c] = n ! cl + in‘ d . For 
convenience, we also assume that n(0) is the maximum profile value, denoted by zi c0 ,and 
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that the fiber is weakly guiding, i.e. n co = n T d . Under these conditions, the power 
transmission coefficient is derived in Section 35-13, where Eq. (35-51) gives [2] 


2kfi 2 +T 2 — (n',) : 


-exp 


-ik f P ; 

J r tn - 


P 2 +T 2 ^j — n 2 (r) 


1/2 


dr 


( 6 - 22 ) 


in terms of the ray invariants p andTof Table 2-1, page 40, which define the bound-ray 
path, and the radius of the turning-point caustic, r tp , which denotes the farthest 
departure of the path from the fiber axis. This expression is valid for all bound rays, 
with the exception of those few rays whose turning points virtually coincide with the 
interface, i.e. r tp = p, or, equivalently, (P 2 +T 2 ) 112 = n r d . Because of the exponential 
factor in Eq. (6-22), it is clear by comparison with Eq. (6-20) that/or most of the rays on 
graded-profile fibers, the fraction of power lost to the cladding is much smaller than for 
rays of step-profile fibers with the same values offi and l. This is attributable to the rapid 
decrease in the evanescent field amplitude between the turning point and the interface, 
which accounts for the exponential factor. Only those rays whose turning points are 
very close to the interface, i.e. r tp = p, suffer absorption losses comparable with rays on 
the step-profile fiber. The power attenuation coefficient follows from Eq. (6-17), 
where we use the general expression of Eq. (2-28) for the ray half-period on graded 
profiles. 


Linear approximation 


The expression for the transmission coefficient given by Eq. (6-22) is unnecessarily 
complicated if we are only interested in rays which suffer significant loss of power over 
finite distances, as is often the case in practice. For such rays, the turning points are near 
the interface and we can evaluate the integral in Eq. (6-22) approximately by making a 
Taylor expansion about r = r tp of the expression in the square brackets within the 
exponent, and then retaining only the lowest order term. Thus 


r+i 2 


-n 2 (r)S(r 



dn 2 (r) _2Pj 
dr e P )’ 


(6.23) 


since r tp = p and on substituting into Eq. (6-22) we obtain 



(6-24) 


which requires only the slope of the core profile at the interface. 
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6-8 Example: Clad parabolic profile 

To determine the transmission coefficient of Eq. (6-22) for the clad parabolic profile of 
Table 2-1, page 40, we recall from Eq. (2-19) that the radii of the inner and turning- 
point caustics are roots of the integrand. Hence the integrand is expressible as 

K o ejp)(r 2 — r?)*'V -r t 2 p )‘' 2 /r, (6-25) 

where r ic and r tp are given in terms of the ray invariants by Eq. (2-35). With the help of 
the integral in Eq. (37-123) we deduce that 

where g is expressed in terms of the normalized radii a = r lp /p and b = r K /p by 

g = (1 — a 2 ) 1/2 (l -b 2 ) ll2 - “ +b In (p + p_ ) — ab In | ^ (6— 26b) 

2 [l+p - a — b) 


and p + = {(1 — a 2 ) 1/2 + ( 1 -b 2 ) ll2 }/{a±b). As the turning-point caustic approaches 
the interface, this expression reduces to the linear approximation of Eq. (6-24), in which 
case g of Eq. (6-26a) is given by 


9 = 



(6-27) 


which is sufficient for many cases of practical interest. 


Power attenuation coefficient 


The ray half-period is given in Table 2-1, whence we deduce from Eqs. (6-17) and 
(6— 26a) that the power attenuation coefficient can be expressed in the form 


7ci = 


«d n co 

2VnP ft 2 +T 2 — (n r d ) 2 


exp ( - Vg), 


(6-28) 


where V= kpn c0 9 c and 9 C = {1 —(n r d ) 2 /n 2 0 } 1/2 . The form of g appropriate for the 
particular problem is taken from Eq. (6— 26b) or (6-27). 


6-9 Example: Clad power-law profiles 

With the exception of the parabolic profile, the transmission coefficient of Eq. (6-22) 
cannot be expressed in closed form for the clad power-law profiles of Table 2-1, page 
40. However, within the linear approximation, T is given by Eq. (6-24) with 
— pdn 2 (r)/dr| p replaced by qn 2 0 0 2 , where 6 C = (2A) 1/2 in the weak -guidance approxi- 
mation. Furthermore, the ray half-period is given explicitly only for the parabolic 
profile. 
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Step-profile limit 


In the limit q -* oo, the clad power-law profiles approach the step profile, but the 
graded-profile transmission coefficient of Eq. (6-24) does not approach the step-profile 
expression of Eq. (6-20). To demonstrate this fact, we substitute these profiles into Eq. 
(2-19) and determine r t . If we set r tp = p(l — e) and retain only terms linear in e, it is 
straightforward to show that 


r !E : 


g 2 + / 2 ~K ) 2 
2(i&*A-P) ’ 


(6-29) 


assuming n 2 0 (1 — 2A) = (ii^) 2 .Thusr tp -> pasq-+ oo for given values of/? and/, and the 
exponential factor in Eq. (6-24) approaches unity. It is then clear from Eq. (2-7a) that 
the remaining factors in Eq. (6-24) do not reduce to Eq. (6-20). The reason for this 
difference, as discussed in Section 35-11, is due to the method of derivation. We use 
local plane-wave results to derive the transmission coefficients for graded profiles. This 
requires the profile to vary slowly over a wavelength, but, as q increases, the profiles in 
Fig. 1-10 become progressively steeper until this requirement is violated and the 
transmission coefficients are no longer accurate. 


ABSORPTION IN BOTH CORE AND CLADDING 


When both the core and cladding materials of a fiber are absorbing, the power 
attenuation coefficient y for a ray is given by the sum of the core and cladding 
absorption coefficients. Hence 


y(z) = 7co + 7ci» 


(6-30) 


and the power of the ray attenuates according to Eq. (6-4). This combination is 
justifiable because the attenuation coefficients are calculated over a differential 
length dz of the fiber. The core attenuation coefficient y co is determined by 
geometric optics following the ray path, as we showed earlier in the chapter. 
The cladding attenuation coefficient y cl is expressed in terms of the power 
transmission coefficient T for an absorbing cladding, assuming that the core is 
nonabsorbing . 


INFLUENCE OF ABSORPTION ON PULSE SHAPE 

When a fiber is very slightly absorbing, the absorption of ray power has no 
effect on ray transit times, so that the pulse width discussed in Chapter 3 is 
unaffected. However, the pulse shape, or impulse response, introduced in 
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Chapter 4, describes the distribution of power within a pulse, and this is 
modified by absorption. If the fiber is weakly guiding and there is little 
variation in absorption over the core, then, regardless of the profile, all bound 
rays suffer approximately the same attenuation exp( — a co z) in propagating 
distance z, as is clear from Eq. (6-10) when 0, <| 1. Consequently, pulse shape is 
not significantly affected by core absorption, although total pulse power is 
reduced by a factor of approximately exp(— a co z) [3], 


Cladding absorption 

On the other hand, attenuation due to cladding absorption is sensitive to the 
particular ray path, as we showed in Sections 6-6 and 6-7. For rays satisfying 
0 Z = 0 or P ~ n c0 on step- or graded-profile fibers, respectively, attenuation is 
very small, but it increases rapidly as 0 2 6 C or /? -* n cl . The increase is most 
dramatic for meridional rays. If the pulse is excited with the diffuse source, the 
small values of 9 Z mean that each bound ray initially carries about the same 
power. However, as the pulse propagates and disperses, the differing attenu- 
ation rates will modify the pulse shape. As we verify in the examples below, the 
rays with 6, SO or /J = n c0 are attenuated least and the rays with 
= 0 C or /j 3 n d are attenuated most. However, unless cladding absorption is 
so severe as to remove virtually all pulse power, the effective narrowing of pulse 
r.m.s. width is insignificant compared with the spread due to ray dispersion. For 
these reasons, we ignore core absorption and determine quantitatively the 
effect of a uniformly absorbing cladding in the following examples. 


6-10 Example: Step profile 

Consider a weakly guiding step-profile fiber with an absorbing cladding, described by 
the uniform power absorption coefficient a c | of Eq. (6-19). A diffuse source excites 
pulses at z = 0. When a ci = 0, we recall from Eq. (4-55) that the impulse response Q(t) 
depends only on the invariant /?, or equivalently on the ray angle 9 Z , since the.ray transit 
time is independent of skewness. However, when a c | > 0, the power attenuation 
coefficient y c i for each ray of the pulse is given by Eq. (6-21), and depends on both ray 
angles, or equivalently on both j? and l through Eq. (2-7a). Accordingly, the impulse 
response is now found from Eq. (4—64), where the distribution function F ( f! , l ) is 
multiplied by the factor exp ( — y c iz) to account for absorption [6]. Since the ray transit 
time is independent of /, we deduce from the prescription below Eq. (4-64) that 

F (fi, /)exp(— y cl z)d/, (^31) 

J 0 

where the distribution function F (fi, l ) is given by Eq. (4-48), and / max fi?) = (fi 0 — jB 2 ) 1/2 . 
The relationship /? = /? (f) is found in Eq. (4-58), and the range of values of t for which 
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Q(t) is nonzero is expressed by Eq. (4-59). The total power in the pulse at position z is 
given by 


= 


dp 


r> maxU» 


F(P, /) exp ( — y d z)d/, 


(6-32) 


or, equivalently, by the integral of Q{t) over the range t min *£ t < t max . 

The integrals in Eq. (6-31) are performed numerically [6], and the normalized 
impulse response is plotted in Fig. 6-3 (a) for a fiber with parameters V = 70, n co = 1.5 
and A = 0.01. As the imaginary part of the cladding refractive index increases, more 
power is lost from the slower rays propagating at larger angles to the fiber axis. The 
r.m.s. pulse width is only significantly reduced when either n‘ d is large or the fiber is very 
long, and in either case there is a drastic reduction in total pulse power. 



zn co 

C 



(b) 



10 5 (ct/zn co - 1) 


Fig. 6-3 The normalized impulse response for a fiber with an absorbing 
cladding and (a) a step profile or (b) a clad parabolic profile. Fiber 
parameters in both cases are V = 70, A = 0.01 andn co = 1.5. Curves are for 
differing values of the product n' cl z/p [6]. 
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6-11 Example: Clad parabolic profile 

We can repeat the calculation of the previous example when the core has the clad 
parabolic profile given in Table 2-1, page 40. The impulse response and total power are 
given in Eqs. (6-3 1 ) and (6-32), except that F (/?, l) is no w expressed by Eq. (4-52) and y d 
by Eq. (6-28) using g of Eq. (6-27). The upper limit l max (fi) of the integral is given by Eq. 
(4-53) with q — 2, and [i = ji(l) by Eq. (4-61). When evaluating the impulse response, 
Q(t) is given either by the integral in Eq. (6-31) or by the sum of two such terms for 
reasons explained below Eq. (4-61). 

The integral in Eq. (6-31) is evaluated numerically [6], and Fig. 6—3 (b) shows the 
normalized impulse response for a fiber with the same parameter values as for the step- 
profile above. The slowest propagating rays suffer the highest attenuation, but, 
compared with the step profile, the loss of pulse power for particular values of z and n' cl is 
very much reduced. This is because only ray paths with turning points close to the 
interface are significantly attenuated, whereas all rays reach the interface of the step- 
profile fiber. 
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So far in our ray description of light propagation we have concentrated mainly 
on bound rays, which convey power without loss along nonabsorbing optical 
waveguides, and have assumed that refracting and tunneling rays are 
associated with a loss of power by radiation. In this chapter we describe the 
physical mechanisms of power loss by refraction or tunneling, and derive 
expressions for the rate of loss of power. 

We recall from Chapters 1 and 2 that Snell’s laws and the ray-path equation 
tell us that certain rays within the core of a waveguide will undergo refraction 
at the core-cladding interface. These are the refracting rays. The ray equation 
further tells us that other rays within the core of a fiber have an associated path 
in the cladding which extends indefinitely from some finite radial position 
beyond the core-cladding interface. These are the tunneling rays [1, 2], In 
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addition to these rays, there are the tunneling-refracting rays which propagate 
on noncircular fibers [3], These three types of rays are also described by the 
more general term leaky rays, since geometric optics indicates that each type 
will radiate power and attenuate, i.e. some power will be lost by radial 
transmission. However, geometric optics does not provide information on the 
rate of loss of power. 

Radiation loss is a wave phenomenon which explains why it cannot be 
quantified by geometric optics. Thus, we again have a situation, similar to the 
cladding absorption of Chapter 6, where wave effects must be built into the ray 
treatment. Accordingly, we follow the strategy of Chapter 6, retain the ray 
paths of geometric optics and assume that ray power losses to radiation occur 
only at reflection or turning points. The rate of power loss is then simply 
related to the separation, or density, of reflection or turning points along the 
fiber. We determine the fraction of ray power lost at each reflection or turning 
point by treating the ray locally as a plane wave. Then, by using the theory of 
local plane waves, it is straightforward to derive expressions for radiation loss 
on step- and graded-profile waveguides [4,5]. On step-profile planar wave- 
guides, the expression for radiation loss from a refracting ray at each reflection 
from the interface is identical to the expression first derived by Fresnel for 
refraction of plane waves at a planar interface [6]. The derivation of the loss at 
reflection or turning points by local plane-wave theory is given in Chapter 35. 
Given this loss, the attenuation of ray power along the waveguide requires only 
the separation, or density, of reflection or turning points, which is determined 
by geometric optics. 

When fibers are illuminated by sources which emit light over a wide range of 
directions, such as the diffuse source of Section 4-1, both bound and leaky rays 
will be excited. Sufficiently far along the fiber from the source each leaky ray 
will have radiated away virtually all of its power and bound rays will carry 
nearly all the remaining power in the fiber. However, in the intermediate region 
leaky rays - predominantly tunneling rays on circular fibers -can contribute 
significantly to total light power. This chapter prepares us for the analysis of 
the intermediate region to be discussed in the next chapter. We find that 
refracting rays and tunneling-refracting rays attenuate very rapidly, but 
tunneling rays may have arbitrarily low attenuation rates and behave almost as 
bound rays when the fiber parameter V is sufficiently large. 

REFRACTING RAYS 

In Chapters 1 and 2 we identified refracting rays within the cores of planar 
waveguides and circular fibers. The important feature of such rays is the 
bifurcation of the path at each reflection from the core-cladding interface. 
Here we determine the effect of this on power flow along the path. We consider 
the simplest example first to emphasize the concepts involved. 
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7-1 Step-profile planar waveguide 


Refracting ray paths on the step-profile planar waveguide of core and cladding 
indices n co and « cl , and core half-width p were discussed in Section 1-2. Such a 
path is illustrated in Fig. 1— 4(b), which shows the bifurcation at each reflection, 
one part being reflected back into the core and the other part being refracted 
into the cladding. Light power propagating along the path is similarly affected, 
and the power transmitted into the cladding is lost as radiation from the 
waveguide. This loss is conveniently described by a power transmission 
coefficient T, or loss coefficient, which has the same definition as Eq. (6-16), 
introduced to describe losses due to cladding absorption. 


power in the reflected ray 
power in the incident ray ' 


(7-1) 


Thus a fraction of T of ray power is lost at each reflection. The ray power 
attenuation coefficient y is found either by averaging T over a ray half-period 
z p , between successive reflections, or by summing the loss at the N reflections 
in unit length of the fiber. Either way we have [7] 



(7-2) 


and the ray power distance z along the fiber follows by analogy with Section 
6-1. This is given by Eq. (6-4b) as 


P(z) = P (0) exp ( — yz), 
assuming that y is constant. 


(7-3) 


Power transmission coefficient 

The transmission coefficient T is found by using the local plane-wave 
description of a ray. We regard the local plane wave as part of an infinite plane- 
wave incident on a planar interface between unbounded media, whose 
refractive indices coincide with the core and cladding indices n co and n d of the 
waveguide, as shown in Fig. 1—3 (b). For the step interface, T is identical to the 
Fresnel transmission coefficient for plane-wave reflection at a planar dielectric 
interface [6]. In the weak-guidance approximation, when n co = n cl , the 
transmission coefficient is independent of polarization, and is derived in 
Section 35-6. From Eq. (35-20) we have [7] 

_ 4 sin fl z (sin 2 6 Z — sin 2 0 C ) 1/2 

{sin 0 Z + (sin 2 0 z — sin 2 0 C ) 1/2 } 2 ’ 


(7-4) 
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where 9, is the angle between the ray and the axial direction, and 9 C is the 
complementary critical angle defined inside the front cover. This expression 
holds for all refracting rays with 6 C ^ 9 Z ^ n/2. 


Power attenuation coefficient 

The ray half-period z p for refracting rays is the same expression, used for 
bound rays, in Eq. (1-10). Substituting Eq. (7-4) into Eq. (7-2), the power 
attenuation coefficient is given by 


2 sin 2 9 Z (sin 2 0 z -sin 2 0 c ) 1/2 
p cos 0 Z {sin 9 Z + (sin 2 9, — sin 2 9 C ) 112 } 2 ' 


As 6 Z 7t/2 attenuation becomes arbitrarily large and as 9 Z 9 C it can be 
arbitrarily small. In other words, if 0 Z is sufficiently close to 6 C , a refracting ray 
can propagate for large distances along the planar waveguide before most of its 
power is lost to radiation. 


7-2 Graded-profile planar waveguides 


Consider a graded-profile planar waveguide whose core profile n(x) decreases 
monotonically from the axis to the interface and takes the uniform value 
n cl = n(p) in the cladding. In Section 1-6 we showed that a refracting ray has 
the representative path illustrated in Fig. 1— 7(b). Thus all ray power is 
transmitted across the interface and the power transmission coefficient of Eq. 
(7-1) satisfies T = 1. This conclusion is based on classical geometric optics 
which assumes that the wavelength is zero. However, for the finite values of X 
for light, not all the ray power is transmitted and a fraction of the incident ray 
power is reflected back into the core because of the abrupt change in the slope of 
the profile at the interface, i.e. the change from dn(x)/dx to zero at x = p. The 
situation is illustrated in Fig. 7-1 (a), which shows the incident, reflected and 
transmitted rays all making the same angle 9 t with the interface. By analogy 
with Fig. 1-8, a refracting ray path along the waveguide has the characteristic 
shape shown in Fig. 7-1 (b). 

The transmission coefficient for reflection at the interface is derived in 
Section 35-9. Within the weak-guidance approximation, Eq. (35-36) gives [8] 


T = 


1 + 


8 knl \ sin 3 9 t 


d n 2 (x) 
dx p _’ 


(7-6a) 


S 1 



1 

sin 6 9 t ’ 


(7-6b) 


which is valid for all transmission angles provided that 9 t is not too close to 
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Fig. 7-1 (a) Incident, transmitted and reflected rays at a discontinuity in 

slope of a graded profile, and (b) the characteristic path of a refracting ray 
along a graded-profile planar waveguide. 


0, = 0. The derivative is evaluated on the core side of the interface, and Eq. 
(7— 6b) holds when the second term is small compared with unity. 

Clad parabolic profile 

It follows from Table 2-1, page 40, that k — 4A n^/p for a fiber with this 
profile. Curve (ii) in Fig. 7-2(a) plots T of Eq. (7— 6a) as a function of both 0, and 
the angle 0 Z (O) the path makes with the fiber axis in Fig. 7-1 (a). For comparison 
we include curve (i), which is valid for small values of 0 t . Its derivation is given 
elsewhere [8]. Clearly the geometric optics result T = 1 is sufficient for all 
transmitted ray directions with the exception of very small values of 0 t . 
Conversely, a refracting ray with a sufficiently small value of 0 t , or, 
equivalently, f < n cl , can propagate for large distances along a graded-profile 
planar waveguide before most of its power is lost as radiation. The ray half- 
period for refracting rays is found by modifying Eq. (1-33) so that the limits of 
integration are ±p, as is clear from Fig. 7-1 (b). The attenuation coefficient 
then follows from Eqs. (7-2) and (7-6). 

7-3 Step-profile fiber 

On planar waveguides with the profiles discussed in the previous two sections, 
only bound and refracting rays can propagate. However, as we showed in 
Section 2-7, on fibers with the same profile forms, there are tunneling rays, in 
addition to bound and refracting rays. Here we derive expressions to describe 
refracting ray attenuation on fibers. Tunneling rays will be considered later 
below. These expressions are simple generalizations of the corresponding 
planar waveguide expressions given above, and account for both skew and 
meridional rays. 

In Fig. 2-3, a skew refracting ray is incident on the curved interface of a step- 
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(a) 9C © z (0) W (n co - P )/n co 


Fig. 7-2 (a) Power transmission coefficient T for refracting rays on a 
clad parabolic-profile planar waveguide with p — 50 pm, X = 1 pm, 

A = 0.0056, n m = 1.504, 0 C = 0.106 and V = 50. Curve (i) is found in Ref. 

[8], curve (ii) is given by Eq. (7-6), and 6 , is in degrees. Rays cut the axis at 
angle 0 Z (O), and are bound for 0 ^ 0 Z (O) < 0 C . (b) Power transmission 
coefficient T for skew leaky rays with 7 = 0.032 on a clad parabolic-profile 
fiber with the parameter values of (a). Curve (i) is found in Ref. [8], curve 
(ii) is given by Eqs. (7-6) and (7-9), and curve (iii) by Eq. (7-18). The angle 
0, is in degrees, and the dashed line corresponds to j? = (n 2 , — P) 1/2 .To the 
right of this line rays are refracting, and to the left are tunneling. For 
meridional rays (/ = 0), T is given by (a). 

profile fiber at angle a to the normal. If a. lies in the range of Eq. (2— 6b) then the 
ray is a refracting ray. It is intuitive that if the core radius p is large compared 
with the wavelength of light in the core, 2/n co , then the curved interface will 
appear locally plane to the ray. It then follows from Section 7-1, that the 
transmission coefficient T is given by the classical Fresnel coefficient of 
Eq. (35-50). The transmitted ray makes angle n/2 — 0, with the normal, where 
0, is related to a by Snell’s law, and to the angles 6$ and 9 : by Eq. (2-3). Hence 

n d cos 0 t = n co sin a; sin 0, = (sin 2 0 Z sin 2 0^, — 0 2 ) 1 12 , (7-7) 

where n co = n d and 0 C = (1 —n d /n* 0 ) 112 < 1, assuming the fiber is weakly- 
guiding. Substituting into Eq. (35-50), we deduce from Eqs. (7-2) and (2-11) 
that the power attenuation coefficient is 



(7-8) 
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For meridional rays, 6$ = n/2, this reduces to Eq. (7—4) for the planar 
waveguide. A more rigorous analysis, which takes into account curvature 
of the interface, shows that the above expression is highly accurate for all 
refracting-ray directions except extremely close to the critical angle 
a c = 7t/2-0 c [9]. 

7—4 Graded-profile fibers 

The refracting-ray transmission coefficient for skew rays on graded-profile 
fibers is given by Eq. (7-6) within the local plane-wave approximation, except 
that 0 t = n/2 — a, where a is the angle between the incident, reflected or 
transmitted rays and the normal at the interface. We deduce from Eqs. (2-14), 
(2-16) and (2-17) that 

n cl sin0 t = (n 2 d -/3 2 -l 2 ) 112 , (7-9) 

where ft and / are the ray invariants and n c] the uniform cladding index. When 
/ = 0 we recover the planar waveguide relationship, namely f — n cl cos0 t . 

Clad parabolic profile 

We substitute Eq. (7-9) into Eq. (7-6) and plot T as a function of 0 t in Fig. 
7— 2(b) for a skew ray with T = 0.032 on the clad parabolic profile fiber with the 
same parameters as Fig. 7-2(a). This generates curve (ii) provided 0 t is not too 
small, and curve (i), which is valid for small values of 0 t , is derived elsewhere 
[8], The power attenuation coefficient follows from Eqs. (7-6) and (7-2), and 
the ray half- period is given by Eq. (2-28) with r tp replaced by p in the limits of 
integration. 


Skew and meridional rays 

It follows from Eq. (7-8) and Fig. 7-2 that as 0, — > 0, the transmission 
coefficient T -* 0 only for meridional rays. For every skew ray, T approaches a 
finite limit as 0, — > 0, and, consequently, virtually all skew refracting rays lose 
power very rapidly as they propagate. Since meridional rays constitute a 
negligible fraction of refracting-ray directions, we conclude that, in general, all 
refracting-ray power is rapidly lost over very short lengths of fiber [10]. Those 
rays which can contribute significantly to total ray power over long distances 
along fibers are the tunneling rays, which we now discuss. 


TUNNELING RAYS 

In Section 2-7, we found from the ray-path equation of geometric optics, that 
there are certain rays within the core of a circular fiber which have an 
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associated ray path in the cladding which extends indefinitely from a position 
at a finite radial distance from the interface. This arrangement suggests that 
power is lost to radiation, and rays with this property are called tunneling rays 
because power appears to tunnel from the core into the cladding [1,2]. 
Tunneling rays do not exist on planar waveguides with the profiles discussed in 
Chapter 1. The mechanism for radiation loss by tunneling is a form of 
frustrated total internal reflection [11], caused in this instance by the curvature 
of the core-cladding interface. Here we describe the physical attributes of these 
rays and derive their power attenuation coefficient [5,12,13]. 


7-5 Graded-profile fibers 

We first recall from Section 2-7 the discussion of tunneling ray paths on 
monotonic graded-profile fibers with minimum index n d in the cladding and 
maximum core index n co on the axis. Part of the trajectory of a narrow tube of 
identical tunneling rays is illustrated in Fig. 7-3 (a). Each ray touches the 
turning-point caustic at radius r rp , where r t is the larger root of Eq. (2-19) in 
the core. The continuation of the path in the cladding originates at the 
radiation caustic, whose radius r rad is given by Eq. (2-23). Since the cladding is 
uniform, the path is a straight line tangent to the caustic as shown. 

A tunneling ray loses power each time it touches the turning-point caustic. 
The lost power reappears at the radiation caustic and is radiated away along 
the path in the cladding, as shown in Fig. 7-3(a). In the region between the two 
caustics, the local plane-wave fields associated with the tunneling ray are 
evanescent. The evanescent fields transfer power from the turning point to the 
radiation caustic across the darkly shaded region between the dashed lines of 




(a) (b) 

Fig. 7-3 (a) Tunneling ray on a graded-profile fiber. The turning-point 
caustic is at r = r tp , the interface at r = p and the radiation caustic at 
r = r rad . (b) Tunneling ray on a step-profile fiber. The interface is at r = p 
and the radiation caustic at r = r rad . 
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Fig. 7-3(a), which connect the boundaries of the ray tubes. As light cannot be 
seen between the caustics, we refer to the transfer process as electromagnetic 
tunneling, or, simply, tunneling. On planar waveguides with the same form of 
profile, i.e. decreasing monotonically from the axis to the interface, there are no 
tunneling rays. Thus tunneling on the fiber is due solely to curvature of the 
interface for such profiles, which includes the step profile. Nevertheless, it is 
possible to propagate tunneling rays on planar waveguides by suitably 
choosing the profile. Such an example is the multilayered planar waveguide, 
discussed elsewhere [14]. 

Classification of leaky rays 

The range of values of ray invariants for tunneling rays was established in 
Eq. (2-24c), and includes both graded and step profiles which decrease 
monotonically from the fiber axis to the interface 

ftnin<?< M d and «d“? 2 <T 2 <TL X $), (7-10) 

where /? min and Z max (/?) depend on the profile. The two conditions cannot be 
satisfied by meridional rays (l = 0), so every tunneling ray must be skew. 

An alternative way of expressing these conditions, which provides a simple 
physical interpretation, is to examine the corresponding values of the radiation 
caustic radius r rad . From Eq. (2-23) we have 

rrad = P(/("cl— F) 1/2 - (7-11) 

It is straightforward to show that at its minimum value r rad -> p, when )? 2 +7 2 
->n 2 ], and at its maximum value r rad -*oo, when P -*• n cl . Thus, every 
tunneling ray has a value of r rad in the range p < r rad < oo. In the limit r rad 
-* oo, there is no path in the cladding and the tunneling ray becomes a bound 
ray. At the opposite extreme when r rad -> p, the path in the cladding originates 
on the interface and r t — *■ p, as is clear from Eq. (2-19), so that the tunneling 
ray becomes a refracting ray. The delineation of ray types according to the 
values of r tp and r rad is summarized in Table 7-1. 


Rotation of the transmitted ray 

According to Snell’s laws, when a ray is refracted at an interface, the incident 
ray, transmitted ray and normal are coplanar. However, this does not hold for 
tunneling rays. If we define a plane of incidence in Fig. 7-3 (a) as the plane 
containing the normal, or radial direction, and the tangent to the ray path at 
the turning point, then the transmitted ray in the cladding does not lie in this 
plane [9]. To determine the direction of the path in the cladding, we recall that 
the azimuthal angle O^lr), defined by Eq. (2-14), is zero at the two caustics in 
Fig. 7-3(a) because the ray paths are perpendicular to the normal. The plane of 
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Table 7-1 Delineation of ray types according to the value of the radiation caustic 
radius r rad in the cladding. The corresponding values of the turning-point caustic r tp are 
included for step- and graded-profile fibers. 


Ray type 

r n» 

**rad 

Step 

Graded 

Bound 

P 

0 < r tp < p 

00 

Tunneling 

P 

0 < r tp < p 

P < r rad < 

Refracting 

P 

P 

P 


incidence and the transmitted ray make angles 0,(r tp ) and 0 z (r md ), respectively, 
with the axial direction. By taking the ratio of the invariants defined by Eqs. 
(2-16) and (2-17), these angles satisfy 

| = tan 02 M = ^ tan 01 (r rad)- ( 7 ~ 12 ) 

All tunneling rays are skew (T f 0) and r rad > r tp . Hence 0 Z (r rad ) < 9 Z (r tp ) and 
the transmitted ray is rotated towards the fiber axis through angle 9 Z (r tp ) 
~9 z (r rad ), where from Eq. (7-12) we deduce that 

tan 0-13) 

In the refracting-ray limit r rad -> r tp and the rotation is zero, while in the 
bound-ray limit r rad -> oo ,Q Z (r ai ) -* 0 so the rotation is precisely 9 Z (r tp ). Thus, 
for sufficiently large values of r rad , the transmitted ray direction is virtually 
parallel to the fiber axis. 

7-6 Step-profile fiber 

Tunneling-ray paths on step-profile fibers of core and cladding indices n co and 
n c | were discussed in Section 2-2. Part of the trajectory of a narrow tube of 
tunneling rays is shown in Fig. 7— 3(b). The only difference from the trajectory 
of Fig. 7-3(a) for graded-profile fibers is that the core path reflects from the 
interface, rather than from the turning point. Consequently the local plane- 
wave fields are evanescent between r = p and r = r rad . 

Classification of leaky rays 

The range of values of invariants for leaky rays is given by Eq. (2-8). However, 
if we recall the ranges of ray angles for bound, refracting and tunneling rays in 
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Eq. (2-6), they can be conveniently represented pictorially as in Fig. 7-4. At P 
on the curved interface, bound-ray directions occupy the solid angle within a 
cone whose axis is parallel to the axial direction through P and whose angle 8 C 
is the complementary critical angle. Refracting-ray directions occupy the solid 
angle within a second half-cone of angle a c = n/2 — 9 C whose axis is along the 
normal, or radial direction, NP. The two half-cones touch along a common 
generator, and tunneling-ray directions occupy the solid angle between the 
cones, as shown. In terms of the value of r rad , the delineation of ray types is the 
same as for graded profiles, and r tp is replaced by p in Table 7-1 

,N 



Fig. 7-4 Classification of rays on a step-profile fiber according to the 
angle of incidence at the interface. 


Rotation of the transmitted ray 


Tunneling rays on step-profile fibers undergo the rotation phenomenon 
discussed in Section 7-5. The cladding path rotates away from the plane of 
incidence of the incident ray and normal towards the axial direction. At the 
radiation caustic, 0 Z (r rad ) is given by Eq. (7-12), while P = n co cos9 z at the 
reflection point on the interface. Using Eq. (7-11) to replace r rad , the rotation 
can be related to the difference 6, — 9 Z (r rad ), which satisfies 


tan {9, — 9 Z (r rad )} 


(n 2 co -P 2 ) U 2 -rt~P 2 ) 112 

F + (»c 2 .-F) 1/2 (« c 2 0 -F) 1/2 P ’ 


(7-14) 


and is independent of ray skewness. In the limit of refracting rays, ft 2 +7 2 -> n d 
and 6, (r rad ) -» 9,(p), where P = n cl cos 9 z (p). The difference between 9 , and 
9 z {p) is then consistent with the incident ray, refracted ray and normal being 
coplanar, i.e. Snell’s law. In the limit P -» n d , the rotation is precisely 9 : . Hence, 
when r rad p, radiation is nearly parallel to the fiber axis. 
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7-7 Attenuation of tunneling rays 

The power of a tunneling ray at distance z along a fiber, P(z), is given by 
Eq. (7-3) in terms of the power attenuation coefficient y. The latter is related to 
the transmission coefficient T and the ray half-period by Eq. (7-2). The 
transmission coefficient determines the fraction of incident-ray power which is 
conveyed across the evanescent regions in Fig. 7-3 by tunneling. In contrast to 
refracting rays, the half-period z p is given by the same expressions for bound 
rays in Table 2-1, page 40, and the values of [i lie in the range of Eq. (2-24c) 
rather than Eq. (2-24a). Expressions for the transmission coefficient are 
derived within the local plane-wave approximation in Chapter 35. We now 
consider examples. 

7-8 Example: Graded profiles 

We consider weakly-guiding fibers whose profiles decrease monotonically from a 
maximum index n co on the axis to the uniform cladding index n c , at the interface. Within 
the local plane-wave approximation, the transmission coefficient for tunneling rays is 
given by Eq. (35-45) as [5,12,13] 

(7-15) 

where k = 2n/X, the free-space wavelength is A and the ray invariants are defined in 
Table 2-1, page 40. The core radius is p, the turning-point caustic is the larger root of 
Eq. (2-19) and the radiation caustic is given by Eq. 0—23). This expression is valid 
provided r tp and r rad are not too close to one another. As the width r rad — r tp of the 
evanescent region in Fig. 7-3 (a) increases, T decreases very rapidly and approaches zero 
as r rad -> oo. Thus, tunneling rays can contribute significantly to total ray power over 
long distances, as we anticipated at the end of Section 7—4. 

Weakly tunneling rays 

Rays which have very small values of the transmission coefficient are known as weakly 
tunneling rays and, following the discussion above, have values of r rad -> oc, or, 
equivalently, p 5 n cl according to Eq. (2-23). Thus the radiation caustic is much further 
from the interface than the turning-point caustic, i.e. r rad -p$> p- r tp . In this situation, 
we can approximate r, p by p in the lower limit of integration of Eq. (7-15), and generate 
an accurate expression for T for all weakly tunneling rays. Since n (r) = n d in the 
cladding, we obtain with the help of Eq. (37-118) the explicit form 

r=exp|-2kpl In {p+ (p 2 — l) 1 ' 2 } — — — ~ — j, (7— 16a) 

_ _ r rad T 

p p K-F) 1 ' 2 ' 



(7-1 6b) 
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This result is independent of the core profile, since it requires only the ray invariants 
describing the core path. 


Linear approximation 

Most tunneling rays have turning points and radiation caustics which are not far from 
the interface, i.e. r tp = p, r rad = p. We can then make an expansion about the interface 
by linearizing the expression within the square root of the integrand in Eq. (17-15) for 
r < p and for r > p, respectively. This is carried out in Section 35-12 and leads to Eq. 
(35-48) where [5] 


T = exp 


f 2, K pn 2 (l 2 + F-n>) 3 ' 2 } 

I V P Kpn 2 d ~2T 2 n d (n 2 -J 2 ) J’ 


K = 


1 d/i 2 (r) 
”d 4r 


(7-17) 


in terms of the slope of the profile on the core side of the interface. Rays satisfying the 
condition r tp = r rad have transmission coefficients that are significantly larger than 
those for the weakly leaky rays described above. 

Whichever of the above forms is used to derive the transmission coefficient, the 
power attenuation coefficient follows from Eq. (7-2), where the ray half-period is 
determined from the general expression of Eq. (2-28) for graded profiles. 


7-9 Example: Clad parabolic profile 

We can obtain the transmission coefficieni of Eq. (7-15) in closed form for the clad 
parabolic profile of Table 2-1, page 40. In the exponent, the contribution to the integral 
from the cladding, i.e. p < r < r rad , follows from Eq. (7-16), whilethe core contribution, 
i.e. r tp < r ^ p is deduced from the exponent of Eq. (6-26). Thus T is expressible as 

T = exp {—kp (n co 6 c I i + 27/ 2 )}, (7-1 8a) 

where and I 2 are functions of the normalized radii of the caustics a = r lp /p, b = r ic /p 
and p = r mi /p defined by 

= (1 — a 2 ) 112 (1 ~b 2 ) ll2 - a +b In ( d+d-)-ab In { !"*' ~ (7— 18b) 

2 (l+d% a-b) 

1 2 - In {p+ (p 2 - 1) 1/2 } - (p 2 - 1 ) ll2 /p, (7-1 8c) 

where d ± = {(1 — a 2 ) 1 ' 2 + (1 — b 2 ) il2 }/(a ±b). The radii of the core caustics are given in 
terms of the ray invariants by Eq. (2-35) and the radius of the cladding caustic is given in 
Eq. (7-16). A plot of T against 1 -/I/n^for a skew tunneling ray with l = 0.033 is given 
by curve (iii) in Fig. 7— 2(b). The vertical dashed line is the division between tunneling 
and refracting rays when r rad = r tp = p, or, equivalently, when = (n 2 ,— 7 2 ) 1/2 . As /J 
increases above this value the transmission coefficient decreases rapidly, but very close 
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to this value Eq. (7-18) is invalid. The appropriate values of Tin the latter case are given 
by curve (i), whose derivation is discussed elsewhere [8], The ray half-period is given in 
Table 2-1, which together with Eq. (7-18) leads to the power attenuation coefficient 
through Eq. (7-2). 


7-10 Example: Step profile 

The transmission coefficient for tunneling rays on a weakly guiding, step-profile fiber 
with core and cladding indices n c0 and n d is derived in Section 35-12 within the local 
plane-wave approximation. Thus Eq. (35— 46a) gives [9,14] 



(7— 19a) 


where r rad is given in Eq. (7-16) and T f is the analytic continuation of the classical 
Fresnel transmission coefficient to angles less than the complementary critical angle 9 C 
of Fig. 1— 3(b), i.e. to rays which would be bound on a planar waveguide. In terms of the 
ray invariants, Eq. (35— 46c) gives 

\T t \ = K-F -V) 112 (P +V — «gi) 1/2 , (7— 19b) 

"co — "cl 

where the ranges of values of [i and l for tunneling rays are in Eq. (2— 8c). The factor 1 7} | 
accounts for the jump in profile at the interface, and the exponential factor is due to the 
evanescent field in the region between the interface and the radiation caustic. The 
integral in the exponent is evaluated using Eq. (37-118), so that the transmission 
coefficient has the closed form 


T = |7f| exp{-2kpT[ln{p-t-(p 2 -l) 1/2 }-(p 2 -l) 1/2 /p]}, 


(7-20) 


where p is defined by Eq. (7— 16b). Only rays whose radiation caustics are very close to 
the interface are inaccurately described by this expression. 

It should be noted that Eq. (7-19) cannot be deduced from the graded-profile result of 
Eq. (7-15) in the limit r, p ->p. As explained in Section 6-9, the local plane-wave 
derivation requires that the profile vary slowly over a distance equal to the wavelength 
of light. If the profile steepens and approaches the step profile, this condition is violated 
and Eq. (7-15) is no longer accurate [15]. 


Linear approximation 

For those tunneling rays whose radiation caustics are not too far from the interface, 
we can obtain a simpler, approximate transmission coefficient by linearizing 
the expression within the square root of the integrand in Eq. (7— 19a). This 
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is carried out in Section 35-12 and leads to Eq. (35 — 49b), where 


T = 1 7} | exp 



(F+V-, «y /2 ] 

nl-W y 


(7-21) 


where 1 7^- 1 is defined by Eq. (7— 19b). 

7-11 Transition from tunneling to refracting rays 

The transmission coefficients of Eqs. (7-15) and (7-19) apply to all tunneling 
rays on graded- and step-profile fibers, except in the limit where a tunneling 
ray becomes a refracting ray, i.e. when r rad -* p. In this limit, the value of the 
transmission coefficient is relatively large compared to its value for tunneling 
rays close to the bound-ray limit, i.e. when r rad -» oo. Consequently, for certain 
excitation problems involving all or nearly all leaky-ray directions, the 
assumption that Eqs. (7-15) and (7-19) hold for all tunneling rays will 
introduce negligible error into the calculation of total ray power at positions 
sufficiently far along the fiber. This assumption is adopted in the following 
chapter when discussing spatial transients. 

For situations where the above assumption cannot be adopted, ex- 
pressions for the transmission coefficient in the transition region between 
tunneling and refracting rays are available [4, 8]. The values of Tare plotted as 
curve (i) in Fig. 7— 2(b) for a skew leaky ray with / = 0.033 on a clad parabolic 
fiber. To the left of the vertical dashed line, the curve corresponds to tunneling 
rays and coincides with the local plane-wave expression of Eq. (7-18) as /? 
increases [8], Similarly, to the r'ght of the vertical dashed line, the curve 
corresponds to refracting rays and coincides with the local plane-wave 
expression of Eq. (7-6) as (l decreases. A similar transition occurs for skew 
leaky rays on a step-profile fiber [16]. 

7-12 Universal transmission coefficients 

In earlier sections, we presented separate local plane-wave expressions for the 
transmission coefficients of refracting and tunneling rays on both step- and 
graded-profile fibers, and, in the previous section, indicated that a third 
expression is required to provide a transition between them. This description 
of leaky-ray attenuation not only gives physical insight into the differences 
between refracting and tunneling rays, but also leads to the simplest forms for 
T. Alternatively, we can use the method of uniform approximation [17] and 
derive a single expression forTthat is valid for all leaky rays, i.e. refracting rays, 
tunneling rays and the transition. This expression, whilst lacking the 
simplicity of the above expressions, is of considerable benefit for compu- 
tational purposes. Details of the derivation for graded and step profiles are 
given elsewhere [16], 
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NONCIRCULAR AND NONUNIFORM FIBERS 

So far in this chapter we have considered leaky rays only on planar waveguides 
and circular fibers. Here we extend the analysis to leaky rays on noncircular 
fibers, such as elliptical fibers, and nonuniform fibers, such as bent fibers. We 
showed in Chapter 2 that noncircular fibers give rise to tunneling-refracting 
rays, where a ray loses power by tunneling at turning points along its 
trajectory and by refraction at the interface. Here we show that the concept of 
leaky rays is applicable to these more general waveguides provided the trans- 
mission coefficient depends only on the local geometry. We derive express- 
ions for the transmission coefficients of tunneling rays which require only the 
two principal radii of curvature of the turning-point caustic or interface. 

7-13 Locally valid transmission coefficients 

The ray analysis of multimode fibers -regardless of their symmetry or 
uniformity properties -assumes that we can trace a ray path along the fiber, 
and that each time the path reflects from a caustic or interface at which power 
is lost, we can ascribe a transmission coefficient to predict the fraction of 
incident power radiated away. The ray path is defined by the direction of the 
local wave vector, as we show in Section 35-3, and thus, for consistency, the 
transmission coefficient depends only on the local geometry. This require- 
ment is automatically satisfied on planar waveguides and circular fibers, 
because the transmission coefficient has the same value anywhere on the 
interface or turning-point caustic. There is also a set of noncircular profiles 
which has this property [18]. For an arbitrary cross-section, it is intuitive that 
if the radius of curvature of the interface or turning-point caustic is large 
compared with the wavelength of light, and if the radiation caustic is not too 
far from the interface, then the transmission coefficient will depend only on the 
local geometry. However, if the radiation caustic is very far from the interface, 
the transmission coefficient will depend on the geometry of the whole core 
cross-section, and, apart from the cases mentioned above, will not be locally 
valid. Only those tunneling leaky rays with extremely small attenuation 
coefficients have radiation caustics very far from the interface. Consequently, 
radiation loss from fibers of arbitrary cross-sections can be described by leaky 
ray transmission coefficients for many problems of practical interest. We now 
give these localized transmission coefficients. 

7-14 Interfaces and caustics of arbitrary curvature 

Following the above discussion, the loss of leaky-ray power on noncircular 
and nonuniform fibers is described by local transmission coefficients for 
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interfaces and turning-point caustics of arbitrary curvature, provided that the 
curvature is large compared to the wavelength, and the radiation caustic is not 
too far from the interface. These coefficients can be derived formally by 
expanding the fields in the neighborhood of the interface of turning-point 
caustic [4, 19]. However, for many problems of practical interest, it is sufficient 
to know the transmission coefficients for tunneling rays alone. These 
coefficients can be found either as a limit of the more general results [4, 19], or, 
intuitively, as a generalization of the coefficients for tunneling rays on circular 
fibers. The latter approach is adopted in Section 35-14. 

There we show that the dependence of the transmission coefficients on the 
local geometry of a circular fiber involves only the radius of curvature p in the 
plane of incidence of the ray, i.e. the radius of curvature of the interface or 
turning-point caustic in the plane defined by the ray path or the tangent to the 
ray path, respectively, and the normal. We then claim that the locally valid 
transmission coefficients for interfaces or turning-point caustics of arbitrary 
curvature have the same functional dependence on p. In these cases p depends 
on two principal radii of curvature instead of the single radius of curvature of 
the circular fiber. 

Reflection at an interface - step profile 

Consider an interface of arbitrary curvature between media of uniform 
refractive indices n co and n cl as shown in Fig. 7-5(a). Cartesian axes P y and Pz 
lie in the tangent plane at P and are orthogonal to the normal, or radial, 
direction. Their orientation is such that the two principal radii of curvature, p y 
and p z , lie in the r-y and r-z planes, respectively. The local transmission 



Fig. 7-5 (a) A ray path reflects from the arbitrarily curved interface 
between uniform media of refractive indices n co and n d . (b) A ray path 
touches the arbitrarily curved surface n = n(r tp ) of the turning point 
caustic in a graded medium. 
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coefficient for a tunneling ray incident at angle a to the radial direction is 
derived in Section 35-14. We deduce from Eqs. (35-53) and (35-54) that [4] 


(7-22a) 


where 7} is the analytic continuation of the Fresnel transmission coefficient, 
and 

|7}| = 4cos a (sin 2 a — sin 2 a c ) 1/2 /cos 2 a c . (7-22b) 

The critical angle a c = sin” 1 (« cl /n co ), and the radius of curvature in the plane 
of incidence at P is given by 

p = p y p z sin 2 ct/(p y cos 2 9 Z + p z cos 2 9 y ), (7-22c) 

where 9 y and 9, are the angles between the incident ray direction and the P y- 
and Pz-axes, respectively, in Fig. 7-5(a). The expression for T is valid provided 
that kpn co P 1/cos 3 a [4,20], 


r f ]exp 


2 _ (sin 2 a — sin 2 a 
3 ^"“ — 


Reflection at a caustic - graded media 


A turning-point caustic of arbitrary curvature is illustrated in Fig. 7-5(b), and 
is defined by the surface n = n(r tp ), where r tp is the position of the turning point 
in the radial direction. We assume that the turning point is not too far from the 
intersection of the radial axis with the interface at r = p, beyond which the 
profile is uniform, i.e. n = n(p) = n cl . The tangent to the ray path at P lies in the 
tangent plane at P and makes angles n/2—9 z and 9 Z with the y- and z-axes, 
respectively. Otherwise the notation is identical with Fig. 7-5 (a). In this 
situation, the local transmission coefficient is given by Eq. (35-55) [19] 

f 2 _ Kp 
T = exp < - - kpn d ■■ 

[ 3 Kp —2 


where k involves the profile slope at the interface and p of Eq. (35-56) is the 
radius of curvature in the plane of incidence. These are defined by 


jl 

3/2 -j 
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(7-23a) 


1 dn 2 (r) _ p y p z 

= ' Q = i 

»ci dr r ~ p~ p y cos 2 0, + ^sin 2 9 Z ' 

The expression for T is valid provided that kpn co p 1 [19]. 


(7-23b) 


ABSORBING FIBERS 

When a leaky ray propagates along a fiber that is absorbing, it is intuitive that 
the total attenuation is simply the sum of the power attenuation coefficients for 





152 Optical Waveguide Theory 

core absorption, cladding absorption and radiation loss. If these are denoted 
b y Vco- y cl and y lr , respectively, then the power of the ray distance z along the 
fiber is given by [21] 

p ( 2 ) = P (O)exp ( - yz)\ y = y co + y c! + y k , (7-24) 

where y lr denotes the attenuation coefficient of Eq. (7-3), and the core and 
cladding absorption is related to y c0 and y cl in Chapter 6. The localized 
transmission coefficient for an absorbing cladding beyond an interface of 
arbitrary curvature can be derived in an analogous manner to Eq. (7-22) [22], 
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Our main concern in the first six chapters was with the behavior of bound 
rays, which propagate without loss of power on nonabsorbing fibers. Bound 
rays provide a complete description of light propagation on nonabsorbing 
fibers sufficiently far from the source, when virtually all leaky-ray power has 
been lost. We call this the spatial steady state. In this chapter our attention is 
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Section 8-1 


Spatial transient 155 


turned to the region intermediate between the source and the onset of the spa- 
tial steady state, where light propagation is described by the spatial transient. 

8-1 Spatial transient and spatial steady state 

Consider an ideal, nonabsorbing fiber of arbitrary profile and cross-section, 
illuminated by a source at its endface, as shown in Fig. 8-1. In general, the 
source excites both bound and leaky rays. The power in the bound rays 
propagates indefinitely along the fiber without loss. As each leaky ray 
propagates, its power attenuates exponentially according to Eq. (7-3), so that 
total leaky-ray power decreases very rapidly away from the source, as indicated 
schematically by the radiation in Fig. 8-1. Sufficiently far along the fiber, total 
leaky-ray power is arbitrarily small, but is only completely lost from the core 
when z ->■ oo. For practical purposes, however, it is convenient to divide the fiber 
into two regions about z = z 0 , so that for z > z 0 leaky-ray power is a 
prescribed, negligibly small fraction of total bound-ray power. Propagation in 
the region z 0 < z < oo is virtually in a spatial steady state, accurately described 
by bound rays alone. The region 0 ^ z < z 0 corresponds to the spatial 
transient, where propagation is described by both bound and leaky rays. 

We begin by determining the power exciting leaky rays on fibers illuminated 
by a diffuse source, and then show that the spatial transient is accurately and 
simply described in terms of a single dimensionless parameter which embraces 
all the physical quantities of the problem. The effect of leaky rays on pulse 
dispersion is also expressible in terms of this parameter. We then show how 



Fig. 8-1 Qualitative description of radiation loss along a fiber. Darker 
regions correspond to higher light intensity and thicker arrows to higher 
radiation losses. 
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leaky rays account for the black-band phenomenon on step-profile fibers, and 
a similar phenomenon on graded-profile fibers. Following a brief discussion of 
leaky-ray effects on asymmetric fibers, we conclude by examining the interplay 
of radiation and absorption losses. 

Duration and characteristics of the spatial transient 

The main objective in the first eleven sections is to determine an effective 
length, or duration, of the spatial transient, as well as pulse shape. Because the 
conclusions are both simple and important, we summarize them here for ready 
reference and also to provide perspective for their derivation. 

The spatial transient on fibers is composed mainly of bound and tunneling 
rays, as refracting rays attenuate very rapidly [1,2]. Thus, except very close to 
the source, total light power in the core is the sum of the power of bound rays 
P br and the power of tunneling rays P tr (z) at distance z along the fiber. 
Assuming a diffuse source, the powers of bound and tunneling rays are 
approximately equal at the beginning of a weakly guiding step-profile fiber, i.e. 
P br = P tr (0) [3], while for a clad parabolic profile P br = 3P tr (0) [4], 

In Sections 4-21 and 4-22, we showed that the shape of the impulse response 
on step and clad parabolic profiles is virtually rectangular. This conclusion is 
valid only in the spatial steady state. In the spatial transient, the power in 
tunneling rays manifests itself by adding a tail to the pulse. The power in the 
tail is large close to the source but becomes negligible at the onset of the 
spatial steady state [5], 

The duration z 0 of the spatial transient depends on wavelength, or, 
equivalently, on the fiber parameter V, since the attenuation of tunneling rays 
is a wavelength-dependent phenomenon. Taking z 0 to be the position where 
tunneling ray power has decreased by 90 %, we shall show in Section 8-8 that 
[6, 7] 

z o ^(p/20 c )exp(K/2), (8-la) 

for diffuse illumination of a step-profile fiber of core radius p, where V and 8 C 
are defined inside the front cover. For a typical multimode fiber with 
p — 25 pm, 8 C = 0.14 and V = 30, we have z 0 = 300 m, while for the same fiber 
with V < 10 the transient extends only a few centimeters. For a clad para- 
bolic fiber, we shall show in Section 8-9 that the corresponding expression 
is [6, 7] 

z 0 = (np/8 c )ex p(F/2), (8-lb) 

so that the transient extends a factor or 2 n further than for the step 
profile. 
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RADIATION FROM FIBERS ILLUMINATED BY A 
DIFFUSE SOURCE 

In Sections 4-6 and 4-17 we discussed light-acceptance properties of fibers 
illuminated by a diffuse source by considering the power entering bound rays. 
Here we examine the power entering leaky rays and its variation along the 
fiber. For convenience we consider step and graded profiles separately. 


8-2 Leaky-ray excitation on step-profile fibers 

The diffuse source of Fig. 4-3 (a) illuminates the endface of a step-profile fiber 
in Fig. 4-4. This source excites all tunneling and refracting rays, as well as 
bound rays. In order to determine the power entering the tunneling rays, we 
must first determine the distribution function. 


Distribution function 


In Section 4-17 we introduced the distribution function F Q9, /) of Eq. (4-39) to 
describe the power carried by bound rays, and showed that for diffuse 
illumination it is proportional to the ray half-period, as expressed by 
Eq. (4-4 5a). Thus F (/?,/) depends only on the ray path within the core. Since 
tunneling rays differ from bound rays only in their behavior in the cladding, 
we deduce that the distribution function for tunneling rays has the same 
functional form. If we follow the procedure in Section 4-17, this result can be 
obtained formally, starting from Eq. (4-41) with the limits on (i and / replaced 
by those in Eq. (8— 4b) below. Thus, for the step profile, we have from Eq. (4-48) 
that 


F (?,/) = 


Snp 2 I 0 0«-/J 2 -P) 


T2U/2 


«0 


-P 2 


(8-2a) 


and Eq. (2-8c) gives the ranges of values of invariants for tunneling rays 

(8— 2b) 


0^(t< n d ; («|i — /S 2 ) 1/2 SC / (n 2 m -p 2 ) 


2U/2 


where n co and n cl are the core and cladding indices, respectively. 

It is often helpful to integrate out the dependence on skewness, i.e. /. In 
Section 4-18 we introduced the distribution function G (ft), which is defined to 
be the integral of F {fS, l ) over the range of values of l. For bound rays, G(/i) is 
given by Eq. (4.47a), and for tunneling rays, we integrate Eq. (8— 2a) over the 
range of l given by Eq. (8— 2b). By making the following substitution 
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for the range 0 ^ ft < n cl . 


Invariants and power distribution on the endface 

The range of values of invariants for bound rays at each point on the endface of 
a step-profile fiber is independent of position and is given by n cl < /J ^ n co . In 
the case of tunneling rays, however, this range varies across the endface, and 
can be obtained by simultaneously deriving the power P (r) exciting tunneling 
rays at each point on the endface. We recall that Eq. (4-41) gives the total 
bound-ray power, and hence, by symmetry, the power entering bound rays at 
each point on the endface is given by the right side of Eq. (4-41a) with the 
radial integration omitted and a multiplicative factor l/2nr included. In 
analogy, P (r) is given by the same expression with the upper limit of the ft 
integral and the lower limit of the l integral determined from Eq. (2-24c). 
Hence „ _ _ 

I n p f n ci fU'-.?) d l 

P(r) = 4-|- ?d p\ (8-4a) 

where g(r ) and T m (r, //) are defined in Eqs. (4-40) and (4-41 b), respectively, with 
n(r) replaced by n co . Since the lower limit of the l integral cannot exceed the 
upper limit, the P integral has the lower limit p mm ( r ) Js 0, which is the value of /J 
when the limits on l are equal. Hence the ranges of invariant values for 
tunneling rays at radius r on the endface satisfy 


Lm (r)^P< n c | ; («ci - P 2 ) 1 12 l < L (r, P ). 


^min W = Uiax S 0, 


P ln cl -r 2 n 2 o 
p 2 —r 2 




(8— 4b) 
2 , (8-4c) 


as may be verified. A schematic representation of these regions is presented in 
Fig. 8-2 for (a) P min (r) = Q and (b) j? min (r)>0. Bound-ray invariants lie 
within the triangular areas and refracting-ray invariants lie within the hatched 
areas. These domains are subsets of the domains in Fig. 2-7(a) for the whole 
fiber. 


Refracting rays 

In Chapter 7 we showed that refracting rays attenuate so rapidly that they 
contribute significantly to total ray power only extremely close to the source. 
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Fig. 8-2 Domains of ray invariants for bound rays (BR), tunneling rays 
(TR) and refracting rays (RR) at radius r on a step-profile fiber illuminated 
by a diffuse source. In (a) r > pn cl /n co and p mm (r) = 0, and in (b) 
r < pn d /n co and 

Z^min (r) > 0. 


We can, therefore, ignore their presence when determining the spatial transient 
at distances along the fiber well away from the source. A quantitative analysis, 
based on a similar approach to that of the present section, fully justifies their 
omission [8], 


Initial tunneling ray power 

The total tunneling ray power excited on the endface, P tr (0), is found by 
integrating Eq. (8-3) over the range 0 ^ p < n cl . This is facilitated by integrat- 
ing the second term within the curly brackets by parts in order to remove the 
inverse sine function, and then amalgamating with the integral of the third 
term. The substitution P = n cl (1 — w 2 )‘ ,2 reduces the combined integral to the 
form of Eq. (37-116). If we normalize with the total bound-ray power of 
Eq. (4-16) then 


(8— 5a) 
(8— 5b) 


where sin0 c = {1 — n 2 [/n 2 0 } 1/2 . In the weak-guidance limit, bound and 
tunneling ray powers are equal to lowest order in 9 C . However, total bound 
and tunneling ray powers are of order 0 2 smaller than the total power emitted 
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by the source, as is clear from Eq. (4-10). Consequently, virtually all diffuse 
source power excites refracting rays, which is rapidly radiated away from the 
core in a very short distance along the fiber. 


8-3 Spatial transient for step-profile fibers 


The extent of the spatial transient depends on the variation of total ray power 
along the fiber. We ignore refracting rays, for reasons given above, and define 
P s (z) to be the sum of bound and tunneling ray power at distance z. Bound-ray 
power is conserved along a nonabsorbing fiber, consequently 


P s (z) = P br + P tr (z); P s (0) = P br + P tr (0). (8-6) 


The ratio P s (z)/ P s (0) determines the radiation loss and the duration of the 
spatial transient. At distance z, the total tunneling ray power is obtained by 
integrating the product of the attenuation factor and the distribution function 
of Eq. (8-2a) over the range of invariants in Eq. (8-2b). Thus 


= 


r»ci _ n n co -? 2 >‘' 2 

dp F (P, /)exp { —y(P,T)z} dl, 

Jo J(^-/F)‘' 2 


(8-7) 


where the attenuation coefficient given by Eq. (7-2) is the ratio of the 
transmission coefficient of Eq. (7-20) and the ray half-period of Table 2-1, 
page 40. The integration is performed numerically and leads to the curves in 
Fig. 8-3 (a), which plot P s (z)/P s (0) of Eq. (8-6) against the normalized distance 
z/p along the fiber for various values of the fiber parameter V and 9 C = 0.1 [9]. 
To help interpret these curves, we plot the initial distribution of bound and 
tunneling ray power in Fig. 8— 3(b) as a function of P/n Q0 for the same value of 
9 C . This uses the distribution of Eqs. (4-49) and (8-3) in the normalized form 
nlG(fi)/(2n 2 p 2 / 0 n C0 ). As P decreases from p = n co , bound-ray power 
remains virtually uniform, but tunneling-ray power decreases rapidly for 
P < n el , i.e. for rays making larger angles 9 Z with the fiber axis. Furthermore, the 
attenuation coefficient increases as 8 Z increases. This means that rays with the 
smaller values of 9 Z carry the major portion of tunneling-ray power and have 
the lowest attenuation. In the classical geometric optics limit X ->0, or, 
equivalently, V -* oo, there is no attenuation, corresponding to the horizontal 
line in Fig. 8— 3(a). As X increases, or V decreases, total ray power at a given 
position z decreases, and as z -*■ oo only bound-ray power remains. In this limit 
we deduce from Eqs. (8-5) and (8-6) that provided 8 C 1 


W i 

P s (0) _ 2 + 3ft c ’ 


Z — ► 00 . 


( 8 - 8 ) 


The spatial transient can extend over considerable distances for larger values 
of V before approaching this limit. In other words, bound rays alone are 
insufficient to describe propagation, even on long fibers, as V -* oo. 
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Fig. 8-3 (a) Fraction of initial bound- and tunneling-ray power 
remaining on a step-profile fiber illuminated by a diffuse source, 
(b) Distribution of bound-ray (BR) and tunneling-ray (TR) power as a 
function of /J/n co where G((i) denotes the normalized function 
G(fi)nl/(2n 2 p 2 1 0 n C0 ). 


8-4 Leaky-ray excitation on graded-profile fibers 


Here we consider clad graded-profile fibers and parallel the discussion of 
Section 8-3, again ignoring refracting rays. We recall from Section 2-7 that the 
ranges of invariant values for tunneling rays depend on the profile, and are 
expressed by Eq. (2-24c). The upper limit on / for the clad power-law profiles 
of Table 2-1, page 40, was obtained in Section 4-19, and Eq. (4-53) gives 
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We showed in Section 8-2 that the minimum value of /? follows by equating the 
upper and lower limits of /, whence 

-n f°; «co ^n^(q + 2)/q, (8- 10a) 

min 1 [«ci - (q/ 2 )(«co - "cl )] 1 12 ; «co «ci(4 + 2 )/4- (8— 10b) 

For practical fibers n co = n cl and q = 2, so that Eq. (8-1 Ob) is normally 
satisfied, as we shall assume from hereon. The distribution of ray types in the 
P, / plane is shown in Fig. 2-7(b). 


Initial tunneling ray power 


The range of values of the invariants for tunneling rays at each position on 
the endface are given by Eq. (8-4b), where, by paralleling the derivation of 
Eq. (8-4c) for the graded fiber, we now have 


/^minW = max 1°< 


p 2 nl\ —r 2 n 2 (r) 
p 2 —r 2 


r 


Z m(^i S ) = ^{" 2 ('')-i S2 } 1/2 > 


( 8 - 11 ) 


and the power exciting tunneling rays at each position is expressed by 
Eq. (8~4a) in terms of these limits in the integrals. 


Distribution function 


We showed in Section 4-19 that the distribution function F (/?,/) for both 
bound- and tunneling-ray power is given analytically for the clad parabolic 
profile fiber by Eq. (4-52), where 


F (/?,/) = 4n 2 p 2 


Iq P 

«o ("co-«cl) 1/2 ’ 


(8-12a) 


If we integrate over the range («1, — )S 2 ) I/2 < / < / max ()9) using Eq. (8-9) with 
q — 2, the distribution of tunneling-ray power corresponding to Eq. (8-3) for 
the step-profile fiber is given by 


2t i 2 p 2 1 ° 


P 


K n co- 


G(P ) 

over the range /? mjn /? < n cl . 


{« 2 o -P 2 - 2 ("co - "cl) 1 ' 2 («ci - P 2 ) 1 ' 2 }• 


(8- 12b) 


Initial tunneling-ray power 

The total tunneling-ray power excited over the endface is obtained by 
integrating Eq. (8-12b) over the range of p with p given by Eq. (8—1 Ob) for 
q = 2. If we normalize with the total bound-ray power of Eq. (4-18) for 
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P tr (0)/P bl = 1/3. 


(8-13) 


Accordingly, we deduce from this result and Eqs. (4-16), (4-1 8) and (8-5b) that 
the diffuse source excites twice as much bound-ray power on a step-profile fiber as 
on a parabolic-profile fiber, while six times as much power goes into tunneling 
rays on a step-profile fiber as on a parabolic-profile fiber within the weak- 
guidance approximation. 


Clad power-law profiles 


The ratio of initial tunneling-ray power to bound-ray power can be 
determined for the clad power-law profiles of Table 2—1, page 40. Details are 
presented elsewhere [4] and lead to 


P n (0)_g + 2 fg + 4 , T[(g + 2) /2] | 

P br 4 U + 2 V7t r[( 9 + 3)/2]J 


(8-14) 


where P br is given by Eq. (4-18), and T is the gamma function defined by 
Eq. (37-104). This ratio increases monotonically from 0.288 at q = 1 to 0.333 
at q = 2 and to 0.370 at q = 3. We emphasize that the step-profile result of 
Eq. (8-5a) is not the limit q -* oo, since Eq. (8-14) assumes j? min > 0, whereas 
Jl mm = 0 for the step profile. 


8-5 Spatial transient for clad parabolic-profile fibers 

The situation is identical to that in Section 8-3, with the step profile replaced 
by the clad parabolic profile. The total tunneling-ray power, P u (z), is given by 
Eq. (8-7) in terms of F (/?, I ) of Eq. (8— 12a), with the upper limit of the 7 
integral and the lower limit of the P integral replaced by / max (/i) of Eq. (8-9) 
and fl mm of Eq. (8-10b), respectively. The attenuation coefficient y(j 3, l) is the 
ratio of the transmission coefficient of Eq. (7-18) and the ray half-period of 
Table 2-1, page 40. We evaluate Eq. (8-7) numerically, and plot the ratio 
P s (z)/P s (0) of Eq. (8-6) in Fig. 8-4 as a function of the normalized distance z/p 
for various values of the fiber parameter V and 9 C = 0.1 [10]. Each curve 
approaches 0.75 as z/p -> oo, and the deviation from the classical geometric 
optics result at a given position increases with decreasing V. For sufficiently 
large V the spatial transient can persist for large distances. Thus, the 
characteristic behavior of Figs. 8-3(a) and 8-4 is similar, although the 
tunneling power ratio P tr (z)/P u ( 0) decreases more slowly on the clad 
parabolic fiber. This is in keeping with the fact that on graded-profile fibers the 
attenuation coefficients for rays with turning points well away from the 
interface are very much smaller than on step-profile fibers, where every ray 
reaches the interface. 
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z/p 

Fig. 8—4 Fraction of initial bound- and tunneling-ray power remaining 
on a clad parabolic-profile fiber illuminated by a diffuse source. 


GENERALIZED PARAMETERS 

If we extend the analysis of the spatial transient in Sections 8-3 and 8-5 to 
arbitrary sources of illumination and fiber profiles, the total tunneling-ray 
power will always be given by a double integral which differs from Eq. (8-7) 
only in the limits of integration. Consequently, the spatial transient depends 
on three dimensionless parameters associated with the fiber: the normalized 
distance z/p along the fiber, the fiber parameter V, and the complement of the 
critical angle 6 C . For each set of values of this triad the double integral must be 
evaluated numerically. However, it is possible to derive an approximate 
expression for the fraction of initial tunneling-ray power remaining within the 
core at position z, which depends on one parameter only, called the generalized 
parameter G. This parameter is a simple combination of z/p, V and 9 C , 
determined by the profile, and is derived from a qualitative examination of 
tunneling-ray attenuation coefficients. 


Attenuation of tunneling-ray power 

At distance z along a fiber, the initial power of each tunneling ray has been 
attenuated by the factor exp{— yz) of Eq. (7-3), where y is the power 
attenuation coefficient. The product yz for each ray depends on both the 
parameters p, 0 C , V of the fiber and the ray invariants )?, /. If, for a particular 
ray, yz p 1, then virtually all of its power has been lost to radiation, but if 
yz <4 1, the initial power has been nearly conserved along the fiber. In other 
words, the attenuation is effectively infinite or zero for the respective cases. 
We approximate the power of every tunneling ray by assuming it is either zero, if 
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1, or equal to the initial power if yz ^ 1. The division between the two 
categories corresponds to yz = 1 and leads to the combination of parameters 
of the fiber which defined the generalized parameter. The precise value of yz 
which defines the demarcation is obtained by expressing yz in dimensionless 
form as we show in the following examples. 


8-6 Generalized parameter for step-profile fibers 


The attenuation of tunneling-ray power in Eq. (7-3) depends on the product 
y(f, l)z, where the attenuation coefficient is the ratio of the transmission 
coefficient T to the ray half-period z p . For the step profile, the latter is given in 
Table 2-1, page 40, and we use the linear approximation of Eq. (7-21) for T, 
which is an excellent approximation for all but the most weakly tunneling 
rays. If we express k in terms of the fiber parameter using the definition inside 
the front cover, then 


y(P, i)z = 


2z " 2 0 - /? 2 (/G+ P-n 2 ) 1 ' 2 
P P »co-”cl 


2V QP+P-" 2 ,) 3/2 
3 (n c 2 ,— F)K 2 0 — "ci) 



We rearrange this expression so that the term multiplying the exponential does 
not depend on V, z or p, and is dimensionless. The variation in y(f, l)z will then 
be dominated by the exponential factor, where 




2 0/2 


P "co-«cl Ko-"cl) 

2 (P 2 +T-n 2 c ,) 3/2 

3 ("cl — ? 2 ) ("co — "cl ) 1 /2 


expsG 


and the generalized parameter G is defined by [6, 7] 


G=ilnj 2 ^ 


(8-16) 


(8-17) 


where 9 C g (1 — " 2 i/"^,) 1/2 in the weak-guidance approximation. 

As the fiber is multimoded, we can make quantitative statements about the 
value of y (/?, l)z. When a tunneling ray has parameters /J and l which make the 
exponent of Eq. (8-16) positive, y (/?, l)z will be very large for nearly all such 
rays since V 1. We approximate this high attenuation rate by setting y (/?, /)z 
= oo. Conversely, when the values of and T make the exponent of Eq. (8-1 6) 
negative, y (/?, l)z will be extremely small for nearly all such rays. The very low 
attenuation rate is approximated by setting y ()S, l)z = 0. In other words, given 
z/p, V and 6 C , and hence G, we attribute either infinite or zero attenuation to 
each tunneling ray, depending on whether the values of /( and / make the 
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exponent of Eq. (8-16) positive or negative, respectively. The division 
between the two classes occurs when the exponent is zero, i.e. when j8 and 7 
satisfy _ _ , , „ 

3 G(n 2 -p)(n 2 0 -u 2 ,) 1 ' 2 = 2(P 2 +l 2 -« c 2 ,) 3/2 , (8-18) 

and lie within the tunneling-ray range in Eq. (2-8c). 


8-7 Generalized parameter for graded-profile fibers 


One of the simplest examples of a generalized parameter for graded-profile 
fibers is provided by the clad parabolic profile. The attenuation coefficient is 
the ratio of the transmission coefficient T to the ray half-period z p of Table 2-1 , 
page 40. We use the approximation of Eq. (7-16) for T and express k in terms 
of V through the relationship inside the front cover. Thus 


V(P, l)z = 


*co °c - 

npP 


-exp< - 


2 VI 


(«, 


"ci ) 1 ' 2 


In {p + (p 2 ~ l) 1 


/ 2 1 


(P 2 - 1) 


■ 12 


( 8_1 9 ) 

where p = / / (mJ) ~ P 2 ) 1 12 and >/2A = 0 C assuming weak guidance. We rear- 
range this equation in a similar manner to Eq. (8-16) and obtain 


y(/U)z = -Jr ex P 


21 


(”co-"ci ) 1/2 


In {p + (P 2 — 1) 1/2 } — 


{p 2 — 1 ) 1 / 2 


where the generalized parameter G is defined by [6, 7] 


( 8 - 20 ) 



( 8 - 21 ) 


and 9 C S (1 — n^/n^ 0 ) 1/2 . The classification of tunneling rays according to 
whether the attenuation is effectively infinite or zero follows the discussion 
below Eq. (8-17). The division between the two classes is defined by values of jS 
and / satisfying 

G(" 2 o - « 2 i) 1/2 = 2T{ln [p + (p 2 - 1) 1 ' 2 ] -(p 2 - l)‘' 2 /p}, (8-22) 

within the domain of Eq. (2-24c) for tunneling rays. 


Clad power-law profiles 

The generalized parameter for the remaining clad power-law profiles in Table 
2-1, page 40, cannot be obtained so readily as there is no simple expression 
for the ray half-period. However, by suitably approximating the ray half- 
period and working with the transmission coefficient of Eq. (7-16) it may be 
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shown that [7] 


1 


G = — In 


ft. 




2 


^(«)=^T72 



(8-23) 


This reduces to the parabolic profile result of Eq. (8-21) for q = 2. We now 
consider applications of the generalized parameters. 


8-8 Example: Diffuse illumination of step-profile fibers 

Here we repeat the spatial transient calculation of Section 8-3 using the generalized 
parameter of Section 8-6. The total tunneling-ray power is given by Eq. (8-7), where 
now only those rays with effectively zero attenuation contribute. The values of ft and 7 
for these rays must both satisfy Eq. (2-8c)and ensure that the right side of Eq. (8-18) is 
not smaller than the left side. Hence 


a„(/J) = («c 2 o-P) 1/2 ; ft g <^»d> (8-24a) 


where /(ft) denotes the solution of Eq. (8-18), and ft g is found by setting / (ft) = / max (ft). 
This leads to 


/? g = «co i-di + 


3 G 



(8— 24b) 


since 6 C < 1. The integrand of Eq. (8-7) is zero unless ft andlsatisfy Eq. (8-24a), when 
yz — 0. If we normalize with the initial tunneling-ray power P lr (0), which is 
approximately equal to the bound-ray power P bl of Eq. (4-16) when ft, <| 1, and 
substitute for the distribution function from Eq. (4 48), then 


E, ,fr) 

PJ 0) 


i- W f-%. -r 


-7 2 ) 1,2 dl 


(8-25) 


The Integration is performed by setting / = (n 2 0 — ft 2 ) 1/2 sins. It is then convenient to 
change variable, from ft to u, where n 2 a — ft 2 = u 2 (n 2 m — n 2 ,), so that the final integral is a 
function of G alone 


where 


JMf) = 4 

Ptr(0) JC 
2 


u{cos 1 w(n) — w(u)[l — w 2 (w)] 1/2 }du, (8-26a) 


u = 7 1 + 


3G 


1/2 


1 


w(u) = - < U 2 - 1 + — (u 2 - 1) 


3G 


2/3 ■) 1/2 


(8— 26b) 


This integral is evaluated numerically and is given as a function of G by the solid curve 
in Fig. 8— 5(a). The ratio of total power at position z to total initial power follows from 
Eqs. (8-6) and (4-16), and is plotted as the solid curve in Fig. 8-5(b). Direct numerical 
evaluation of the same ratio from Eq. (8-7) for sets of values of z/p, V and ft. produces 
sets of points which all lie on or close to the dashed curve. The relatively small difference 
between the two curves confirms the accuracy of the generalized parameter method 
[6,7]. 
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Duration of the spatial transient 

We can now quantify the duration of the spatial transient, as discussed in Section 8-1 . If 
we assume that the spatial steady state begins when the tunneling-ray power has fallen 
to 10% of its initial value, then Fig. 8-5(a) shows that this corresponds to G S 0.5. We 
can then relate G to the duration of the spatial transient through Eq. (8-17), and deduce 
that 

z o = (p/20 c )exp( F/2). (8-27) 


as given in Eq. (8-la). 



0 0.2 0.4 0 0.2 0.4 


(a) G (b) G 

Fig. 8-5 (a) Fraction of initial tunneling-ray power remaining on a 
fiber illuminated by a diffuse source as a function of the generalized 
parameter G. The solid curve corresponds to the step profile and the 
dashed curve to the clad parabolic profile, (b) Fraction of initial bound- 
and tunneling-ray power remaining on the step profile. The solid curve is 
the exact numerical result and the dashed curve is the generalized 
parameter value. 


8-9 Example: Diffuse illumination of clad parabolic-profile fibers 

We use the generalized parameter of Eq. (8-21) to repeat the spatial transient 
calculation of Section 8-5. The development is similar to that of Section 8-8. The 
values of ]} andTlie in the ranges given by Eq. (8-24a), except that / max (/?) is given by Eq. 
(8-9) with q = 2,1 (/?) denotes the solution of Eq. (8-22), and /J g is the smallest value of /? 
such that T(]S) = 7 max (/J). The initial tunneling-ray power is given by Eq. (8-13), and 
F(p, /) by Eq. (4-52). By analogy with Eq. (8-25), we obtain 


PJO) 



(8-28) 


It is helpful to change variables from /?, I to u, w where 

»ci -r t 

“ «c 2 o-"cV * («lo-«c 2 .) 1/2 ’ 


w = 


(8-29a) 
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so that Eq. (8-28) is a function of G only expressed by 

P t ,(*) 

Px r(0) 



\ 


12 

d u 

dw = 6u g + 3i*g — 12 

- 

o 

W(u) w 


w(«)du. 


(8— 29b) 


where w(u) is the solution of the transformed equation corresponding to Eq. (8-22), i.e. 

G — 2 w(u) In [w(u) + {w 2 (u) — u} 1 ' 2 ] — w(u ) In u — 2{w 2 (u) —u} 1 ' 2 , (8— 30a) 

and u is the solution of this equation when l(j3) — / max (iS), or w = (1 + u )/2. Thus 


2G = 2u — 2 - (1 + u ) In u . 


(8— 30b) 


g ' ’ g> 

Numerical evaluation of this integral leads to the dashed curve in Fig. 8— 5(a). If the ratio 
of total power at position z to total initial power is calculated from Eqs. (8-6) and (4-1 8) 
with q = 2, then for practical values of G there is an error of the order of 1-2% 
compared with exact numerical evaluation of Eq. (8-7) [7], 


Duration of the spatial transient 

To quantify the duration of the spatial transient, we assume, as for the step profile, that 
the spatial steady state begins when tunneling-ray power has fallen to 10 % of its initial 
value. This corresponds to G S 0.5 in Fig. 8-5 (a), and we deduce from Eq. (8-21) that 


z 0 = (np/6 Q ) exp ( V/2). 


(8-31) 


Thus the spatial transient is a factor of2n longer on the clad parabolic profile than on the 
step-profile fiber as anticipated in Eq. (8-lb). 

In the present and previous sections we have demonstrated the considerable 
simplification which results from using generalized parameters to describe the spatial 
transient when a fiber is illuminated by a diffuse source. A similar simplification occurs 
when the generalized parameters are used to describe the spatial transient due to 
collimated-beam excitation [11], 


PULSE SPREAD 

In Chapter 3 we analysed pulse spread in terms of the variation in transit times 
between rays propagating at different angles 9 fir) to the axial direction. Our 
analysis was limited to bound rays, whose directions lie in the range 
0 ^ dfir) < 9 c (r), where 6 c (r) is the local critical angle of Eq. (2-29). However, 
we assumed a diffuse source of illumination which also excites leaky rays 
propagating at angles in the range 6 c (r) < 9 fir) ^ n/2. The transit time t for 
leaky rays propagating in a cross-sectional plane, i.e. 9 fir) = n/2, is infinite. 
Thus, when leaky rays are included, ray dispersion becomes very large 
compared with the dispersion due to bound rays alone. However, the majority 
of leaky rays which propagate at larger values of 9,(r) attenuate extremely 
rapidly and in practice cannot be detected over long lengths of fiber. Since 
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these rays are responsible for nearly all of the increase in dispersion beyond 
that due to bound rays, it follows that the effective increase in pulse spread due 
to leaky rays is very much smaller. 

We can quantify the leaky-ray contribution to ray dispersion by using the 
generalized parameter G of Sections 8-6 and 8-7 to divide the rays on the basis 
of their effective attenuation being infinite or zero. First we consider step- 
profile fibers and then power-law profiles; the effect is most significant for the 
optimum profile of Eq. (3-8). 


8-10 Example: Ray dispersion on step-profile fibers 


The dispersion due to bound rays on step-profile fibers is given by Eq. (3-3) in the weak- 
guidance approximation. If we include leaky rays, then only those tunneling rays with 
effectively zero attenuation are included. Since transit time is independent of skewness, 
i.e. independent of l, this is equivalent to reducing the lower limit on j5 from n a to /f g , 
defined by Eq. (8~24b). Thus the difference in transit times between the fastest, on-axis 
bound ray (/? = nj and the slowest tunneling ray (/? = ]5 g ) follows from Table 2-1, 
page 40, as [7] 






£!k 

c 2 



(8-32) 


for A 1, and reduces to Eq. (3-3) when G -* oo. Recalling the definition of G from 
Eq. (8-17) we see that Eq. (8-32) gives a simple indication of the effects of leaky rays on 
pulse width for given values of z/p, V and 0 C . 


Pulse shape 

Although tunneling rays can significantly increase pulse width, the distribution of 
power within the pulse, or impulse response, shows that for practical fibers, very little 
power is conveyed by tunneling rays. To see this, we follow the procedure used in Section 
4-20 to determine the impulse response Q(t) from the distribution function G(jJ). For 
bound rays G(P) is defined by Eq. (4— 47b), and for tunneling rays with effectively zero 
attenuation it is proportional to the right side of Eq. (8-25) with the integral 
suppressed. Since G()3) is continuous at )3 = n d , we deduce that for tunnelling rays 

G(/?) = — — ^ — f {cos -1 w(w) — w(«) [1 — w 2 (w)] 1/2 }; s£ j? < n cl , (8-33) 

""co-Xl 

where w(u) is defined by Eq. (8— 26b), u = (n^ — p 2 ) 1 12 / (n^— n^) 1 12 and p g is defined in 
Eq. (8— 24b). We replace [i by the transit time t through Eq. (4—58) and substitute into 
Eq. (4-55). The resulting expression is plotted in normalized form Q(t)/Q(t 0 ) in 
Fig. 8-6 (a) against (t-t 0 )/t b , where t 0 = znjc and t b = zn^in^-nj/cn^ is the 
bound-ray pulse width of Eq. (3-2) [5]. As G increases both the pulse width and the 
fraction of pulse power in tunneling rays decrease. When G = — oo all tunneling rays 
carry power, and when G = oo only bound rays carry power. 
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Fig. 8-6 Normalized impulse response Q(t) = Q(t)/Q(t 0 ) as a function 
of the normalized transit time (t—t 0 )/t b for various values of the 
generalized parameter G. For (a) the step profile t b = zn co (n co — n cl )/cn cl , 
t 0 = ™jc and for (b) the clad parabolic profile, t b = z(n^ 0 + nj,)/2ai c „ 
t 0 = zn c Jc. When G = — oo all tunneling rays are included, and when 
G = oo only bound rays are included. 


8-11 Example: Ray dispersion on clad parabolic-profile fibers 


The effects of tunneling rays on pulse broadening and impulse response on clad power- 
law profile fibers can be found quantitatively following the approach of the previous 
section. A simple example is the clad parabolic profile, for which the effective pulse 
broadening follows from Table 2-1, page 40, as [5] 


t d = I (?,) - 1 (O £ iHs. A 2 (1 + Ug f s 10*. (1 + Ug f 0* 


(8-34) 


when A <? 1. Here G is defined by Eq. (8-21), u g by Eq. (8— 30b) and is given in terms of 

u g by Eq. (8-29a). When G -> oo, u g -» 0 and t d reduces to the bound ray result of 
Eq. (3-7a). The normalized dispersion 2ci d /(zA 2 rc c0 ) is plotted in Fig. 8-7. There is an 
increase in broadening of the order of 20 per cent for practical values of G in the range 
0.3 < G 0.5. 


Optimum profile 

For the optimal profile with exponent <j opt of Eq. (3-8), the effective pulse broadening 
follows from Eq. (3-7) and Table 2-1, page 40, as [5] 


t d = t(&)-t(/U = 


c 8 


-A 2 (l +2u g ) 2 e* --^-(1 + 2u g ) 2 9*, 


(8-35) 


where P m is given by Eq. (3-6). Since q opt = 2, we use the values of p g and G for the 
parabolic profile. This is justified because of the weak dependence of G on q in 
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Fig. 8-7 Pulse width 7 d normalized to the bound-ray pulse width as a 
function of the generalized parameter G. The solid curve is for the clad 
parabolic profile, when T 6 = 2ct d /zA 2 n co , and the dashed curve is for the 
optimum profile, when‘s = 8ci d /zA 2 n C0 . 


Eq. (8-23). The normalized dispersion 8cr d /(zA 2 n C0 ) is plotted as the dashed curve in 
Fig. 8-7, and shows a 40-50 % increase due to leaky rays. It is intuitive that leaky rays 
maximize the increase in pulse broadening for the optimum profile, because of the rapid 
variation in pulse width about q opl in Fig. 3-3. 


Impulse response 

The impulse response for the clad parabolic profile can be found using the method of 
the previous section, and is plotted in Fig. 8— 6(b) [5]. The fraction of pulse power in 
tunneling rays is much smaller than it is on the step profile. This is in keeping with the 
fact that the diffuse source excites only one-third as much tunneling-ray power on the 
parabolic profile fiber, as we showed in Section 8^1. 


NONCIRCULAR FIBERS 

The spatial transient on noncircular fibers can be determined by summing the 
power of leaky rays at each position z, but, in general, the noncircular cross- 
section makes the analysis very complicated. The paths no longer have the 
fixed periodicity of the axisymmetric fiber, so that, in particular, the ray half- 
period z p will vary from reflection to reflection. In Chapter 2 we showed that a 
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leaky ray on a noncircular fiber may be either a tunneling ray or a refracting 
ray or a mixed tunneling-refracting ray. The latter behaves as either a 
tunneling or refracting ray at reflections from the turning-point caustic or 
interface. On fibers where only refracting or tunneling-refracting rays are 
excited, the spatial transient will be quite short compared with a circular fiber, 
because of the loss of a large fraction of a ray’s power each time it refracts. 

The power transmission coefficient T will generally vary along a leaky-ray 
path. It is therefore convenient to introduce an average attenuation coefficient 
7, so that the power P(z) of the leaky ray will attenuate according to 
P(z) = P( 0) exp (— yz).If T, denotes the fraction of ray power lost at the ith 
reflection and z ■ is the corresponding half-period, then 7 = Z7]/Z z ■ . Since T i 
depends on the path parameters and on the fiber profile in the neighborhood 
of the caustic or interface, we employ the local transmission coefficients 
introduced in Section 7-14. 

There is a general class of noncircular graded profiles where the fraction of 
power lost at each reflection does not vary, i.e. T is constant along a given ray 
path [12]. The power attenuation coefficient is then given by 77 <z p ), where 
<z p ) is the average value of the ray half-period along the fiber. 

When the asymmetry is slight, it is sometimes possible to simplify the above 
analysis by treating the noncircular fiber as a small perturbation of a circular 
fiber. Thus, for example, the ray invariant Tof the circular fiber can be replaced 
by an approximate invariant l(z) which varies very slowly along the 
noncircular fiber. The spatial transient on the elliptical, clad parabolic-profile 
fiber can be determined within this approximation. Details are given elsewhere 

[13]- 


INTENSITY DISTRIBUTION AT THE END OF THE FIBER 

If a fiber is illuminated by a diffuse source, light power is distributed amongst 
all bound and leaky rays -both tunneling and refracting -at the beginning of 
the fiber. The power in each bound ray remains constant along the length of 
the fiber, but each leaky ray radiates power as it propagates. Here we consider 
the distribution of light intensity after it leaves the far end of the fiber and is 
viewed by a distant observer. 

The observer at angle 6 0 to the fiber axis in Fig. 8-8 sees an elliptical beam of 
parallel rays originating on the core cross-section. If we ignore the small 
reflection losses from the fiber end, then the rays in the beam which correspond 
to bound rays on the fiber will have the same intensity as at the beginning of the 
fiber. However, the rays in the beam which correspond to leaky rays will have a 
lower intensity than at the beginning of the fiber. Accordingly the observer will 
see a pattern of lighter and darker areas on the fiber end. The shape of this 
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Fig. Jt-8 A distant observer O at angle 9 0 to the axis views the output 
from a fiber of length z, illuminated by a diffuse source S. 


pattern depends on the refractive-index profile of the fiber, its length and 6 It 
is not necessary to determine the attenuation of each leaky ray; all we require is 
the distribution of rays over the core. We consider simple examples. 


8-12 Example: Step-profile fiber 

In Section 4-9 we determined the relationship between the angle of incidence 6 0 of a 
collimated beam on a step-profile fiber and the types of rays excited in the core. Clearly 
this relationship is unaffected if we reverse the direction of propagation of every ray of 
the beam. We then have the situation in Fig. 8-8, with n{r) = n Q0 , and we can use the 
results of Section 4-9. Thus, if 0 ^ 8 0 < 6 m , where n o sin0 m = n co sin0 c and sin0 c 
= {1 -«ci/”co} 1/2 , every ray of the emergent beam is bound and the whole core cross- 
section appears bright to the observer, as in Fig. 8— 9(a). If 0 m < 6 0 ^ n/2, then every ray 
of the beam is leaky. The division between tunneling and refracting rays is given by Eq. 
(2-24) as ft 2 +T 2 = n 2 t . If we substitute for the invariants from Eqs. (2-16) and (2-17) 



Fig. 8-9 Intensity pattern over the endface of a step-profile fiber, 
showing (a) a bright circle due to bound rays and (b) a dark band due to 
refracting rays, and lighter regions due to tunneling rays. 
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with n(r) = n co , 9 z (r) = 0,, and rearrange, we obtain 
r f sin 2 6. ] 1 12 

- cos 0^ (r) = < 1 - r > ; n co sin 6 Z = n 0 sin 6 0 . (8-36) 

p v [ sin 2 9 Z j 

We recall that 0^(r) is the angle between the projection of the path onto the cross- 
section and the azimuthal direction in Fig. 2-4(c). Thus Eq. (8-36) denotes two straight 
lines a distance 2p{l —sin 2 0 c /sin 2 0, } 12 apart, as shown in Fig. 8— 9(b). The lines are 
parallel to the plane defined by the fiber axis and the beam direction. 

The region between the two lines denotes refracting rays and the two regions on 
either side denote tunneling rays. Since refracting rays have attenuation coefficients 
which on average are much larger than those for tunneling rays, then provided the fiber 
is not too long, the observer will see a much darker region between the lines since 
virtually all refracting-ray power will have been radiated away However, on average, 
tunneling rays will have lost little of their power and the observer will see a nearly 
uniform and relatively bright illumination in the two adjacent regions. The divisions 
between the lighter and darker regions will not be sharp, because tunneling and 
refracting rays in the neighborhood of /J 2 +P ~~ n lb or a = a c , will have nearly equal 
attenuation coefficients. This effect is known as the black band phenomenon [14, 15]. As 
the fiber length increases, the tunneling ray intensity diminishes and eventually the 
whole endface will appear dark. 


8-13 Example: Clad power-law profile fibers 


By repeating the argument at the beginning of the previous example, we can use the 
results of Section 4-10 to determine the beam pattern in Fig. 8-8 when the fiber has a 
clad power-law profile, as defined in Table 2-1, page 40. If 0 m (O) < 0 Q < rc/2, where 
0 m (O) = 0 m defined above, the beam contains no bound rays, and if 0 < 6 0 < 0 m (O), 
bound rays alone occupy a circle of radius r br on the fiber endface, defined by Eq. (4-26). 
If we ignore the ellipticity of the beam, due to viewing the endface obliquely, the 
observer will see a bright region within the dashed circles in Fig. 8-10. The division 
between tunneling and refracting rays is given by Eq. (2-24) as Jl 2 +T 2 = n 2 Q ,. If we 
substitute for the invariants from Eqs. (2-1 6) and (2-17) and for the profile, we find with 
the help of the relationship n(r) sin 9 z (r) = n o sin0 o that [11] 



ni sin 2 9 0 


cos 


e„(r)+- 


- 1 = 0 . 


(8-37) 


For the parabolic ( q = 2) profile the curve is an ellipse. When q < 2 and 0 < 9 0 < 9 m , 
this curve defines the boundary between the black regions, denoting refracting rays, and 
the hatched regions, denoting tunneling rays, in Fig. 8-10. We assume that the fiber 
length is not too large so that there is a sharp distinction between average refracting- 
and tunneling-ray intensities, as explained in the previous section, and between bound- 
and average tunneling-ray intensities. If 9 m ^ 0 O s£ njl and q < 2, there is no solution 
to Eq. (8-37) and the beam contains only refracting rays, corresponding to the black 
circles in Fig. 8-10. When q > 2, the beam contains both tunneling and refracting rays 
unless the value of 6 0 exceeds the value of the solution of [11] 

2/igsin 2 0 o = g(/j^-/i 2 ), 

when Eq. (8-37) has no solution and the beam contains only refracting rays. 


(8-38) 
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Fig. 8-10 Intensity patterns for the clad power-law profiles as a 
function of the exponent q and the angle of observation 8 0 . Black areas 
denote refracting rays, hatched areas tunneling rays and the white areas 
within the dashed circles bound rays. 


RADIATION AND ABSORPTION LOSSES 

So far in this chapter we have assumed that the fiber is nonabsorbing, and that 
all power loss is due solely to radiation from leaky rays. Here we examine the 
combined effects of loss due to radiation and material absorption. The most 
significant effect is that there is no longer a spatial steady state, since every 
bound ray loses power as it propagates. On a sufficiently long fiber, any power 
that is not lost by radiation will eventually be absorbed. 

The power in each ray attenuates as exp ( — yz), where z is the distance along 
the fiber and y is the power attenuation coefficient. For bound rays, Eq. (6-30) 
gives y = y co + y d , where y co and y cl are the attenuation coefficients describing 
core and cladding absorption, and for leaky rays, Eq. (7-24) gives y = y co + y cl 
+ y lr , where y h is the leaky-ray attenuation coefficient. We ignore refracting 
rays because of their rapid attenuation, which is equivalent to assuming that 
y lr = oo. The total ray power distance z along the fiber, P s (z), is found by 
integrating the distribution function of Eq. (4-45a), weighted by the attenu- 
ation factor, over all ray directions. Hence 

n co _ _ _ 

P s (z)= dp F (P, Z)exp (— yz)d/, (8-39) 

Jo Jo 
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where T max (fi) is defined in Eq. (2-24). We now consider examples when the 
illumination is due to a diffuse source. 


8-14 Example: Step-profile fiber 

On a step-profile fiber, the tunnelling-ray attenuation coefficient y lr is given by the ratio 
of the transmission coefficient of Eq. (7-19) to the ray half-period of Table 2-1, page 40. 
Assuming uniform core and cladding power absorption coefficients and a d , the 
corresponding attenuation coefficients are given by Eqs. (6-10) and (6-21), where the 
angles 6, and 0^ are related to /? and l by Eq. (2-7). Numerical integration of Eq. (8-39) 
leads to the middle curve in Fig. 8-1 1(a) for the ratio P s (z)/P s (0), where V = 70, 
0 C = 0.1, p = 70^m, a co = 5 dB/km and a d = 50 dB/km [16]. All ray power is lost after 
about 4 km. The top curve ignores radiation loss, which is equivalent to setting y lr = 0 in 
Eq. (8-39), and the dashed curves are for the nonabsorbing fiber, when y co = y cl = 0 in 
Eq. (8-39). The bottom curve includes only bound rays, i.e. P s (z) = Pbr( z l 




Fig. 8-11 The fraction of initial bound- and tunneling-ray power 
remaining on an absorbing fiber illuninated by a diffuse source, for (a) the 
step profile and (b) the clad parabolic profile. The bottom curves 
correspond to ignoring all tunneling-ray power and the top curve y tr = 0 
in (a) corresponds to zero tunneling-ray attenuation. Dashed continu- 
ations of the curves are for the nonabsorbing fiber. 


8-15 Example: Clad parabolic-profile fiber 

On a clad parabolic-profile fiber, the tunneling-ray attenuation coefficient y lr is given by 
the ratio of Eq. (7-18) to the ray half-period z p of Table 2-1, page 40. We assume a 
nonabsorbing core and uniformly absorbing cladding for which y cl is given by 
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Eqs. (6-26b) and (6-28). Numerical evaluation of Eq. (8-39) for a fiber with V = 50, 
0 C =O.14 and a d =100dB/km leads to the curves in Fig. 8-1 1(b) [10]. The 
characteristic behavior of the curves is similar to that for the step profile, but the effect 
of the cladding absorption is very much reduced because most ray paths have turning 
points well away from the interface. 
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In this chapter w.e study the radiation loss from optical waveguides due to 
bending. As we show from the ray-path equation, there are no bound rays on 
bent waveguides. Accordingly every ray is leaky and radiates power through the 
mechanisms of tunneling or refraction, as described in Chapter 7. In other 
words, total internal reflection on a straight waveguide is frustrated by 
bending. To calculate the radiation loss, we use geometric optics to determine 
the leaky-ray path within the core of the bent waveguide, and then attribute the 
appropriate power transmission coefficient to find the loss at turning or 
reflection points [1]. The total radiation loss is the sum of the losses along each 
leaky-ray path [2], For practical multimode waveguides, we find that bending 
losses are negligible since the bend radius is generally enormous compared 
with the core dimensions [3,4], 

On bent planar waveguides, radiation loss is described by leaky rays which 
are either tunneling or refracting. Sufficiently far around the bend tunneling 
rays alone are adequate to determine the loss. The analysis is simplified by 
recognizing that propagation of rays on a bent planar waveguide is identical to 
propagation in the cross-section of a circular waveguide. Accordingly, the 
transmission coefficients are just particular cases of those for fibers [5]. 

A bent fiber can be thought of as a segment of a ring, or torus, and the leaky- 
ray paths are either refracting, tunneling or tunneling-refracting. Compared 
with the calculations for bent planar waveguides, the determination of 
radiation loss involves ray tracing in a more complicated core geometry and 
uses the localized transmission coefficients for interfaces or turning-point 
caustics defined by two radii of curvature, discussed in Sections 7-1 3 and 7-14. 
The situation is analogous to the determination of radiation loss from 
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noncircular fibers, as discussed in Chapter 8. 

We first consider bent planar waveguides and show that all rays are leaky. 
Then we find their trajectories and attenuation. 

BENT PLANAR WAVEGUIDES 

In Fig. 9-1 a planar waveguide has a straight section of length d leading into a 
curved section of fixed radius R. A diffuse source S illuminates the waveguide 
at z = 0 and excites all bound and refracting rays. We assume d is sufficiently 
large for the spatial steady state to be reached. On the bend we need then 
consider only rays which are bound on the straight waveguide. Any ray which 
is leaky on the straight section has a much higher attenuation around the bend 
and can be neglected. 



Fig. 9-1 A straight planar waveguide or fiber of length d is illuminated 
by a diffuse source S, and leads into a bend of radius R. The core half-width 
or radius is p. 

9-1 Classification of rays on the bend 

Here we show that all rays on the bent planar waveguide are leaky, regardless 
of the profile. We regard the bend as part of a circular fiber whose axis is 
orthogonal to the plane of the bend in Fig. 9-1 and passes through C. There are 
two interfaces at r = R + p, where r is the cylindrical radius from C, and we 
assume the core profile shape n(r) is unaffected by bending, i.e. n(r) = n(x), 
r = x + R. The azimuthal symmetry of the bend ensures that every ray follows 
a curved sinusoidal-like path. If the core is graded, the path has the 
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characteristic shape shown in Fig. 9-1, and if the core is uniform, the path has a 
similar zig-zag shape or a polygonal shape, as shown in Fig. 9— 2(a). These paths 
lie in the cross-section of the fiber and thus the longitudinal ray invariant /? 
satisfies /? = 0 for every ray. 


Ray invariant for the bend 

There is an invariant l b associated with each path around the bend. By analogy 
with Eq. (2-17), we set 9 z (r) = n/2 and define 

7 b = (r/(l?-t-p)}n(r)cos^(r), (9-1) 

where R + p is the radius of the outer interface and 9^,(r) is the angle between 
the tangent to the path and the azimuthal direction in Fig. 9-1. We relate / b to 
the invariant /f s on the straight waveguide, defined by of Table 1-1, page 19 
in terms of the profile n{x) and the angle 0.(x) between the path tangent and the 
axial direction. At the beginning of the bend 9 z (x) = 0^, (r 0 ), where r 0 is the 
value of r at 0 = 0, so on the straight waveguide 

P s = n(x) cos Q z (x) = n(r 0 ) cos 9^(r 0 ). (9-2) 

If we substitute from Eq. (9-1) with r = r 0 , we deduce that on the bend 

l^{r 0 /(R + p)}p s . _ (9-3) 

On the straight waveguide, bound -ray invariants satisfy n cl < s$ n co . Hence 

for any profile the values of / b are bounded by 

n cl (R-p)/(R + p)^T b ^n co , (9-4) 

since r 0 must lie between R — p and R + p. 


Radiation caustic on the bend 

For a tunneling ray on the bend, the position of the radiation caustic r rad and 
the paths in the cladding are shown in Fig. 9-1. The value of r rad is given by 
Eq. (2-23) with = 0,1 = l b and p replaced by R + p for reasons given above 

r rad = (R + p)T b /n d . (9-5) 

Since / b of Eq. (9-4) is finite, r rad must be finite and, therefore, every ray on the 
bend in leaky. Tunneling rays have r rad > R + p and refracting rays originate 
on the interface, i.e. r rad = R + p. On a slight bend virtually all rays are 
tunneling rays. 

9-2 Attenuation of light power 

Every ray on the bend radiates power either by tunneling or by refraction. To 
describe the attenuation of the power in each ray, we follow the description of 
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Section 7—1, but replace z with the angular displacement cp in Fig, 9-1. If P(cp) is 
the power at angle cp and y is the power attenuation coefficient, then, by 
analogy with Eq. (7-3), we have 

P{4>) = F(0) exp( —y<p), (9-6) 

where P(0) is the bound-ray power on the straight waveguide. To relate y to the 
power transmission coefficient T of Eq. (7-1), we define (p p to be the angular 
separation between successive turning points or reflections at which power is 
lost, e.g. <p is the angle between CP and CQ in Fig. 9-1. Then, by analogy with 
Eq. (7-2), we have 

y = T/<P p . ( 9 - 7 ) 

The total ray power P s ((p) at angle (p around the bend is found by integrating 
Eq. (9-6) over all ray directions and over the core cross-section. If we assume 
weak guidance, the initial power P(0) on the straight waveguide is virtually the 
same for all rays. Then by analogy with Eq. (4-12), and allowing for the planar 
geometry and ray attenuation, we have 

[R+P fe c (r> 

P s (<l>) = P(f>) I dr exp ( — }></>) d(E, (9-8) 

JR-P J-e c (r) 

where 6 c (r) <| 1 is the complement of the local critical angle defined by 
Eq. (2-29) and referred to the centre of curvature. Since T and <p p depend on 
profile, we consider specific examples. 


9-3 Example: Step profile 

On a bent step-profile planar waveguide, the ray paths follow straight lines between 
reflections from the inner and outer interfaces, as shown in Fig. 9— 2(a). Path (i) reflects 
alternately from the inner and outer interfaces, and path (ii) reflects only from the outer 
interface and is known as a whispering-gallery ray [6]. For either path, the invariant of 
Eq. (9-1) reduces to 

k = ”co cos e t> = {(K-p)/(K + ?)}«„, cose;, (9-9) 

where 6# and 6' 4 are the angles between the path and the tangent to the outer or inner 
interface, respectively. Hence whispering-gallery rays satisfy 

cos 0 4 > (R-p)/(R + p). (9-10) 

Since R P p in practice, only a few rays close to d 4 = 0 satisfy this condition. 

The delineation between tunneling and refracting rays on the bend is found by 
substituting Eq. (9-9) into Eq. (9-5), whence 

r ^i/(P+P) = («co/”cl) COS0 «- (9~11) 

From the discussion of the radiation caustic in Section 9-1, we deduce that if 0 4 > 0 C , 
where 0 C = cos " 1 { n d /n co } is the complement of the critical angle, the ray refracts at the 
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Fig. 9-2 (a) Ray paths on a bent step-profile planar waveguide and 
(b) the fraction of initial power remaining along the bend when V = 50 
and 8 C = 0.1. 

outer interface, and if 8 # < 8 C it tunnels. At the inner interface there is refraction if 
84 > 8 C , but no power is lost if 8 '# < 8 C since the interface is convex to the incident ray 
[5]. Since O'# < 8 #, according to Eq. (9-9), only a few rays refract at either or both 
interfaces. These rays correspond to bound rays on the straight waveguide with 6 Z close 
to 8 C . Thus, virtually all rays on the bend are tunneling rays, which lose power only at 
the outer interface. 

Power attenuation 

To describe tunneling losses, we use the power transmission coefficient of 
Eq. (7-20) with /? = 0 and / = / b = n QO cos 8 #. For refraction losses, we use the classical 
Fresnel coefficient of Eq. (7-4), with 8 Z replaced by 8 i or 8 \ for the outer or inner 
interface, respectively. The angular separation <p p of Eq. (9-7) for the paths (i) and (ii) in 
Fig. 9-2(a) is given, respectively, by 

(i) <j> p = 2(8# — 8#); (ii) <j> p = 28#, (9-12) 

if the rays lose power only at the outer interface. For rays which refract at the inner 
interface, <t> p = 8# — 8'#. If R > p, we deduce from Eq. (9-9) that 8 # — 8'#= 2p/8#R and 
the transition angle from path (i) to path (ii) occurs when 8 # a 2 (p/R) 112 . The angle 8 # 
is related to 8 Z on the straight guide by Eqs. (9-2), (9-3) and (9-9), whence 

cos 8 # = r 0 cos 8 z /(R + p). (9-13) 

Since R - p ^ r 0 ^ R + p, we deduce that 8 # > 8 Z . Even though 8 . 1, we find that 9# 

can be very much larger than 8 Z . Only when R/p—> 00 can we assume 
8 # = 8 Z . 
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From the above information we calculate the attenuation coefficient of 
Eq. (9-7) and evaluate the total power numerically, using Eq. (9-8) with 6 c (r) = 8 C . The 
fraction of power remaining is plotted as a function of the normalized distance 
z/p = R<p/ p along the bent waveguide axis in Fig. 9— 2(b), for a waveguide with V = 50 
and 8 C = ^/2A = 0.1 [2, 3]. As the normalized radius of curvature R/p decreases power 
is lost more rapidly. Each curve shows the same characteristic behavior. Initially, there 
is a transition region of rapid power loss, dominated by refracting rays and tunneling 
rays with the largest attenuation coefficients. The curves then become effectively 
straight, corresponding to a steady state region where power decreases exponentially 
with z/p. In this region, loss is described by tunneling rays alone. We also find that loss 
increases as 0 c decreases, for a fixed value of V. Most importantly, however, for practical 
values of bending radius, when R/p > 10 3 , bending losses are negligible. 


9-4 Example: Clad parabolic profile 

We again consider the situation in Fig. 9-1. The straight waveguide has the clad 
parabolic profile of Table 1-1, page 19, and on the bend the core profile is defined by 

n 2 (r) = n 2 0 {l - 2A(r - R) 2 / p 2 }, (9-14) 

relative to the axis C. Each path is labelled by the invariant T b of Eq. (9-1), which is 
related by Eq. (9-3) to the invariant /? s of the corresponding bound-ray path on the 
straight section. 

It is clear from Eq. (9-1 ) that if l b < n d the path reaches the outer interface of the bend 
and refracts. However, there are few such paths, corresponding to /5 S £ n d . Each 
tunneling ray has an invariant in the range n d <1/ ^ n co , and follows the characteristic 
path shown in Fig. 9-3 (a). This path makes angle d^r) with the azimuthal, or z, 
direction, and lies between inner and turning-point caustics of radii r ]c and r tp relative to 
the bend centre C. If we substitute Eq. (9-14) into Eq. (9-1) and set dj,(r) = 0, we find 
that r ic and r tp are roots of the quartic equation 

(R + p) 2 7^ = r 2 n 2 (r). (9-15) 

Compared with the straight waveguide, the effect of the bend is to displace the caustics 
towards the outer interface in Fig. 9-3(a). 


Power attenuation 


We assume that all power is lost from a refracting ray when it reaches the interface, i.e. 
T = 1 . Tunneling rays lose power only at the turning-point caustic because the inner 
caustic is convex to the ray path. It is sufficiently accurate to use the linear 
approximation to the transmission coefficient given by Eq. (7-17), provided we set 
P = 0, / = / b and replace p by R + p. On substituting for the profile from Eq. (9-14), we 
obtain 


T = exp 


~-k(R + p) 


72 \ 3/2 

V 1 ) 

«ct J 


-£-l L)\ 

R+pnixJy 


(9-16) 
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Fig. 9-3 (a) Ray path on a bent clad parabolic-profile planar waveguide 
and (b) the fraction of initial power remaining along the bend when 
V = 50 and 0 C = 0.1. 


where 2A S 9 2 c . To determine the angular separation <p p between successive outer 
turning points in Fig. 9-3 (a), we note that when R > p, the corresponding axial distance 
is given approximately by twice the ray half-period z p for the straight waveguide. If we 
replace 7T by T b in the expression for z p in Table 2-1, page 40, and use the relation 
R<p p = 2z p , we deduce that 

0 P — 2ttpT b /R(n P0 — n Pt ) 1/2 . (9-17) 

The attenuation coefficient for each ray follows from Eq. (9-7), and, after changing 
variable in Eq. (9-8) from 8 Z to /? = n(x)cos0 z , the total power remaining is evaluated 
numerically. The fraction of power remaining is plotted in Fig. 9— 3(b) as a function of 
the normalized distance z/p = R<p/p along the bent waveguide axis, assuming V = 50 
and 9 C = (2A) 1/2 = 0.1 [2, 4], The characteristic behavior of each curve is similar to that in 
Fig. 9— 2(b) for the step profile waveguide. However, for a given bending radius, the loss 
is greater for the parabolic profile. This increase arises because the displacement of the 
turning-point caustic towards the outer interface in Fig. 9— 3(a) results in a higher loss 
compared with that for the corresponding path (with the same Rvalue as the straight 
waveguide) in Fig. 9—3 (b), whose angle of propagation increases from 6, to 6 t . The 
major conclusion is that bending losses are again negligible in practical waveguides. 


BENT FIBERS 

As we discussed at the beginning of the chapter, the philosophy for finding 
bending loss is the same for planar waveguides and fibers. There is, of course, 
the geometrical complication that, by the addition of an extra dimension, rays 
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in general follow a three-dimensional helical-like path around the bent fiber. 
More importantly, however, each ray touches or reflects from surfaces now 
defined by two radii of curvature, and this requires the more general 
expressions for loss discussed in Section 7-14. 



Fig. 9-4 Skew-ray path of varying half-period on a bent fiber. 

Ray classification 

The bent fiber is illustrated in Fig. 9-4 and can be thought of as a section of a 
ring or torus. Meridional rays propagate in the plane of the bend, defined by 
the bent fiber axis and the center of curvature C, and are identical to the rays on 
bent planar waveguides. In particular, they propagate along trajectories with 
fixed half-periods. All other rays are skew and, because of the asymmetry 
introduced by the bend, each skew ray propagates along a trajectory with a 
varying half-period „ as shown in Fig. 9-4. 

Attenuation of light power 

As we showed for bent planar waveguides, all rays on a bent fiber are leaky. 
Meridional rays are either tunneling rays or refracting rays, and skew rays lose 
power at successive reflections or turning points either by tunneling or 
refraction. The latter are analogous to tunneling-refracting rays on non- 
circular fibers, discussed in Section 2-14. 

With reference to Fig. 9-1, we assume that a diffuse source excites a 
sufficiently long straight fiber to enable the spatial steady state to be reached at 
the beginning of the bend. The analysis of ray paths around the bend depends 
on the profile. If the profile is a step, the trajectory is a straight line between 
successive reflections, involving the solution of cubic and quartic polynomial 
equations, whereas, if the profile is a clad parabola, a paraxial approximation is 
used [2], 
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The interface and turning-point caustic are curved surfaces. They are 
defined by two principal radii of curvature which depend on both the core 
radius p and the bend radius R. Under these conditions we use the localized 
transmission coefficients of Section 7-14 each time a ray loses power by 
tunneling. When power is lost by refraction, we employ the Fresnel coefficient 
of Eq. (35-50) for the step profile, and assume complete power loss for the clad 
parabolic profile, i.e. T — 1. 

By analogy with Eq. (9-8), the total power at any position around the bend is 
given by a fourth order integration of the power in each ray over the core cross- 
section and all leaky-ray directions. The evaluation of this integral is 
complicated by the fact that, unlike meridional rays, the attenuation coefficient 
for a skew ray varies along its trajectory. This means the complete trajectory 
must be determined in order to correctly specify the attenuation. 


9-5 Example: Step and clad parabolic profiles 

The calculation of ray power along bent fibers with these profiles is based on the 
procedure described above. Here we present results, and refer elsewhere for details [2], 
In Fig. 9-5 we plot the normalized power ratio P s (z)/P s (0) against normalized distance 
z/p along the bent fiber axis for (a) a step profile, and (b) a clad parabolic profile. Here 
P s (0) denotes the total bound-ray power on the straight fiber. In both cases V = 50 and 
6 C — 0.1, and the values of R/p correspond to those for the bent planar waveguides in 
Figs. 9-2(b) and 9-3(b). The qualitative behavior of the curves in Fig. 9-5 is similar to 
that for the planar waveguides, but the loss of power in the transient region is not as 
severe, since only the relatively few rays close to the meridional plane have large losses. 
Beyond the transient the attenuation is higher than for the planar waveguide. This is 
because skew rays can pass through regions of high attenuation, although they may 




Fig. 9-5 The fraction of initial power remaining along a bent fiber when 
V = 50, 6 C = 0.1 and the profile is (a) step and (b) clad parabolic. 
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initially have had a low attenuation. However, like the bent planar waveguides, losses 
from bent fibers are negligible for practical values of bending radius. 
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In the first five chapters we described light propagation in optical waveguides 
using only geometric optics, and, therefore, ignored all wavelength-dependent 
phenomena. As we show in this chapter, such a description is accurate for 
waveguides of comparatively large core cross-section, i.e. multimode wave- 
guides with V > 1. However, for waveguides with comparatively small core 
cross-sections and small values of V, the description of light propagation 
requires the electromagnetic theory approach of Part II. Our purpose here is to 
provide physical understanding for the failure of a geometric optics analysis 
when V is small and to anticipate new features of light propagation. The 
cardinal assumption of all previous chapters is that light power propagates along 
the trajectories of geometric optics, determined by the ray-path equation. Any 
deviation of this power flow from the geometric optics path is due solely to the 
wave nature of light, i.e. due to finite wavelength [1], In this chapter we 
investigate the influence of wave effects on propagation using the simplest 
models possible. Before beginning, we are reminded that the deviation of 
power flow from the geometric optics path is often negligible in practical 
situations involving multimode waveguides and can be ignored as is done in 
Chapters 1 to 5. Nevertheless, when considering losses due to cladding 
absorption or curvature, wave effects cannot be ignored, however small, as 
they give rise to the mechanism of power attenuation. In Chapters 6 to 9 we 
account for such wave effects by using a transmission coefficient derived from 
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local plane-wave theory but we retain the geometric optics trajectory. This 
chapter is primarily concerned with the error in using the geometric optics 
trajectory in common with all previous chapters. 

We first show qualitatively that, because of diffraction, it is impossible to 
confine light entirely within the core of any small- V waveguide. Thus, light 
must propagate in both the core and cladding if it is to be guided -a situation 
not described by classical geometric optics. By using the planar, step-profile 
waveguide, we can show quite simply how diffraction alters the classical ray 
picture of propagation. As a preliminary, we briefly review the diffraction of a 
beam propagating in free space, as this is the building block for the analysis. 


DIFFRACTION OF A LIGHT BEAM 

Within a geometric optics description, we would expect a finite beam of 
parallel rays to propagate indefinitely in a uniform medium without spreading. 
However, because of diffraction, the narrower the beam, the greater the spread 
in ray directions, and, consequently, the more the beam spreads out as it 
propagates. This is one reason why a guiding structure -the optical 
waveguide -is needed for long-distance transmission. To quantify this spread, 
we give a brief overview of the fundamental properties of beam diffraction, 
complemented by simple examples. 

10-1 Uniform and Gaussian beams 

In order to determine the diffraction of a beam, we decompose its electric field 
into plane-wave components by performing a two-dimensional Fourier 
transform. This decomposition is carried out in Section 36-3. The diffraction, 
or spreading, of the beam arises because these plane-wave components, or rays, 
propagate in different directions. The situation is analogous to diffraction by 
an aperture equal in area to the cross-section of the beam [2, 3]. As examples, 
we consider uniform and Gaussian beams of circular cross-section which 
propagate in the z-direction in a medium of uniform refractive index n. The 
beam fields are monochromatic with free-space wavelength X, and the 
variation of the axisymmetric electric field amplitude E(r) with cylindrical 
radius r is given in Table 10-1, where a and r s are arbitrary scaling lengths. The 
diffraction-pattern amplitude A(u) is the two-dimensional Fourier transform 
of E(r) normalized to unity for on-axis waves ( u = 0), where u gives the 
inclination 8 Z of the diffraction waves to the z-axis. This transform is often 
called the Hankel transform, for which tables are available [4]. 


Beam transform 

The transform of the Gaussian beam is Gaussian in shape, and the transform 
of the uniform beam is the cylindrical polar analogue of sin x/x. It is also useful 
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Table 10-1 Beam fields and transforms. Electric field intensity E(r) and 
diffraction pattern amplitude A(u), where J 0 and J t are Bessel functions of 
order 0 and 1. 



Gaussian beam 

Uniform beam 


exp ( - (r/a) 2 ) 

1, 0 < r < r s 

0, r>r s 


exp{ — (ua/2) 2 } 

2J 1 (ur s ) 




to note that the diffraction intensity pattern A 2 (u) of the uniform beam is 
nearly Gaussian for values of ur s smaller than the first zero of Jj (ur s ), and 
therefore can be expressed by 

A 2 (u) = exp( — 0.28(ur s ) 2 ). (10-1) 

Conversely, a Gaussian beam with a = 0.75r s has nearly the same diffraction 
intensity pattern as the uniform beam of radius r s . The situation is illustrated 
in Fig. 10-1. Clearly A 2 (u) is also approximately Gaussian for various 
smoothed-out beam profiles intermediate between the uniform and Gaussian 
cases, e.g. the profiles given by Eq. (15-9), so the results and conclusions for the 
Gaussian beam have wide applicability. 



Fig. 10-1 Electric field amplitude E(r) and diffraction intensity pattern 
A 2 (u) for (a) a Gaussian beam and (b) a uniform beam. The dashed curve is 
the Gaussian beam approximation of Eq. (10-1) for the uniform beam, 
and u d is defined by Eq. (10-2). 
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Characteristic angular spread 

It is helpful to describe the diffraction intensity pattern by a characteristic 
small angular spread 9 d in 9 Z . We relate this spread to the corresponding value 
u d of the transform variable when the diffraction pattern amplitude has fallen 
to 1/e of its peak value, i.e. A{u d ) — 1/e. This gives 

u d £ 2/a; 9 d £ X/(nna), (10— 2a) 

for the Gaussian beam, and 

u d £ 2.7/r s ; 6 d £ 0.43 X/nr s , (10-2b) 

for the Gaussian approximation to the uniform beam in Eq. (10-1). As the 
characteristic beam radius r s decreases, 9 d increases and light spreads more 
rapidly as it propagates in the z-direction. If r s (z) denotes the characteristic 
beam radius distance z along the beam, then by geometry r s (z) increases 
linearly with z, i.e. r s (z) = r s (O) + z0 d . 


10-2 Light containment by a fiber 

We can now provide insight into the role of diffraction in the propagation of 
light along fibers with comparatively small values of V, by using qualitative 
arguments involving beam diffraction and bound rays. Thus we consider a 
weakly guiding fiber of core radius p and otherwise arbitrary refractive-index 
profile. We assume that the electric field is x-polarized with amplitude E(r) at 
radius r, and E(r) has the Gaussian shape of Fig. 10-1 (a). The light intensity S 
across the fiber also has a Gaussian dependence, since it is proportional to 
E 2 (r). Thus the electric field of the fiber is just the electric field of the Gaussian 
beam discussed in the previous section. This enables us to determine the 
scaling length a of Table 10-1 which is associated with maximizing the 
concentration of guided light within the fiber core. In Section 10-1 we showed 
that the beam has an innate spread 9 d in ray directions due to diffraction. 
Accordingly it is intuitive that the narrowest beam which maintains the light 
intensity distribution along the fiber has a diffraction spread which is equal to 
the complementary critical angle 9 C , since all rays propagating within this angle 
are bound. Hence with the definition of Eq. (10-2a), we deduce that 

9 d = 0 C ; a = 2./nn6 c , (10-3) 

where 9 C is defined inside the front cover, and the uniform index n = n co . In the 
special case when the value of a coincides with the core radius p, we deduce 
from the definition of the fiber parameter inside the front cover that V = 2. 

Whilst the above argument is only qualitative, it is important because it 
shows that propagation involves a balance between the spread in ray directions 
due to diffraction and containment by the grading of the refractive-index profile. 
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A measure of this balance is given by the fiber parameter. If we set a = p in the 
definition of V, and substitute from Eq. (10— 2a), we deduce that 

V=29je d . (10-4) 

Thus, for multimode fibers with V 1 we have 9 d <^9 c , and diffraction plays 
an insignificant part in light propagation. However, for fibers with V < 2 we 
have 6 a > 9 C , and light propagation is strongly influenced by diffraction. This 
helps explain why it is impossible to concentrate light power within small 
radius fibers, i.e. within fibers with p <g a, where a is given by Eq. (10-3). 


10-3 Applicability of geometric optics 

The above discussion enables us to appreciate when geometric optics is valid 
for analysing propagation on optical waveguides. Classical applications of 
geometric optics, e.g. to ray tracing through a lens, require only that the 
refractive-index profile n be nearly uniform over a distance equal to the 
wavelength of light in the medium. For an optical waveguide this is satisfied 
when p X/n, where p is the core radius and X is the free-space wavelength of 
light. However, because of diffraction, this condition is insufficient when 
considering optical waveguides, and is augmented by the requirement that 
optical waveguides must be multimoded with V 1 for geometric optics to be 
valid, as we show below. Recalling the definition V = 2npn c0 9JX from inside 
the front cover, it is clear that pn c0 /X can be arbitrarily large yet V may be small 
provided 9 C is sufficiently small. For example, a typical single-mode fiber with 
V = 2.4 and 9 C — 0.01 has pn C0 /X = 38, yet the application of geometric optics, 
e.g. to pulse dispersion in Chapter 3, would be extremely inaccurate. 


Diffraction limitation 

According to geometric optics, all guided light follows the trajectories of 
bound rays, and is therefore confined entirely within the fiber core. However, 
because of diffraction, light confined to a region of radius p undergoes an 
angular spread 9 d , which by analogy with Eq. (10- 2a) is proportional to 
X/pn co . Obviously geometric optics is a poor approximation unless 9 d is small 
compared to the angular width for bound-ray propagation given by Eq. (2-6a), 
i.e. unless 9 d <? 9 C . Coupled with Eq. (10-4), this requirement leads to the 
condition V$> 1. 


Propagation in the cladding 

We anticipate from the above discussion that light power must be distributed 
far into the cladding if it is to be guided by a low-F fiber, since the angular 
spread due to diffraction increases as the beam width decreases. This 
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contradicts the assumption of geometric optics that power is confined entirely 
within the core. Diffraction also accounts for the failure of geometric optics in 
the more familiar examples of the focal point of a lens and the caustics 
bounding ray trajectories along a fiber. 


INFLUENCE OF DIFFRACTION ON TOTAL INTERNAL 
REFLECTION 

We now consider the step-profile planar waveguide to give a quantitative 
example of how diffraction alters the classical geometric optics analysis for 
small values of the waveguide parameter V. In Chapter 1 we showed that 
bound rays in the core of this waveguide follow a zig-zag path, such as that 
in Fig. 1— 4(a), and undergo total internal reflection at the core-cladding 
interfaces. We now re-examine this interpretation beginning with a closer 
examination of the mechanism of total internal reflection at a planar interface 
in order to better appreciate the physical mechanism for the penetration of 
light power into the cladding medium. This enables us to show how diffraction 
effects can be described within the ray picture. 


Total internal reflection 

When a plane wave undergoes total internal reflection at a planar interface 
between two semi-infinite, uniform dielectric media, as in Fig. 10-2, an 
evanescent field is set up in the rarer medium and the reflected wave differs in 



E; E r 

(a) 


PHASE CHANGE AT P 


$=-2 tan'' 

(sin 2 0 o -sin 2 0J 5 


g sin e z 


g = 1 ; E parallel to interface 


n 2 

g = “7 ; H parallel to interface 

"co 


(b) 


Fig. 10-2 Total internal reflection of a plane wave at a planar interface 
between semi-infinite media of refractive indices n co and n cl . When n cl 
= n co , the phase change <f> is approximately independent of the direction 
of E, i.e. independent of polarization. 
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phase from the incident wave. The formulae are taken from Section 35-6. The 
ray analysis of the first nine chapters ignores phase and assumes that power 
flows only along the geometric optics trajectories within the denser medium. 
However, some of the power associated with the ray is carried by the 
evanescent field, so that ‘total’ internal reflection might be more accurately 
described by the ray path shown schematically in Fig. 10— 3(a), which passes 
through the cladding. This path assumes a finite wavelength A, whereas the 
path in Fig. 10— 2(a) assumes A = 0 and is based on Snell’s law. We now 
investigate this question more closely by examining the influence of diffraction 
effects on total internal reflection. 


10-4 Lateral shift 

A plane wave is infinite in extent and therefore does not reveal the precise 
behavior of power flow along a ray occupying only a finite portion of space. 
For this reason we study the power flow in a beam which reflects from the 
planar dielectric interface in Fig. 10— 3(b). We showed in Section 10-1 that the 



Fig. 10-3 (a) Schematic ray path in the cladding, (b) lateral shift z s of a 
beam whose axis makes angle 6 0 with the interface, and (c) a beam incident 
at angle Q 0 = 0 C , whose shift is equal to its z-directed cross-section. The 
refractive indices on either side of the interface are n co and n cl < n co . 


beam is a superposition of a continuum of plane waves. If 0 2 is the angle 
between the direction of propagation of one such wave and the interface, then 
the z-dependence of the incident and reflected electric field amplitudes of 
Section 35-6 is expressible as 

£j(z) = A exp(i/?z); £ r (z) = A exp{ijlz + i<b{9J), (10-5) 

respectively, where A is a constant, ft = 2nn co cos 0 Z /A and A is the free-space 
wavelength of the beam. The change of phase upon reflection, <F(0 Z ), depends 
generally on the polarization of the fields, but if n co = n cl it is approximately 
independent of polarization, and is given in Fig. 10-2(b) with g = 1. As <t(0 z ) 
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varies with 9,, the plane-wave components of the beam undergo slightly 
different phase changes upon reflection. On summing the reflected waves, we 
obtain a reflected-beam field that differs from the incident-beam field on the 
basis of geometric optics. We now show that the beam shifts upon reflection. 

Derivation of the shift 

If the incident beam makes angle 9 0 with the interface, we know from Section 
10-1 that the beam is characterized by a small spread 9 d about 9 0 in the 
direction of the waves comprising the beam. Thus we could expand <t>(0 2 ) in 
powers of 9 z — 9 0 , but it is more convenient to expand in powers of yS — /? 0 , 
where /? 0 = 2nn Q0 cos Q 0 /X. Hence to first order 

<S(/J) = d>(/? 0 )+ (/? — (10-6) 

where 4>'(/? 0 ) denotes <9d>(/?)/(3/? evaluated at j8 0 . If we substitute into Eq. (10-5) 
the field of the reflected beam is expressible as 

E r (z) = C exp {ifilz + O' (ft,)] }, (10-7) 

where C is a constant independent of /?. We can then interpret the term 4>'(jS 0 ) 
as a shift z s in the position of the reflected beam, as shown in Fig. 10-3(b). 
When n c0 = n cl , it follows that 6 0 <g 1 for total internal reflection. By 
differentiating the expression in Fig. 10-2 we find that 



2 1 
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where k = 2n/X and 0 C = {1 —n^/n^} 112 . This shift is often called the Goos- 
Hanchen shift. Much of the extensive literature on this shift is reviewed in 
Ref. [5], and more recent studies include Refs. [6-10]. At optical frequencies 
the shift is very small, except for incidence close to 9 0 = 9 C . When 9 0 = 9 C the 
incident beam penetrates deeply into the rarer medium. 

Interpretation in terms of power flow 

The above derivation is based on phase and does not show directly that the 
shift is due to light power propagating within the rarer medium. An explicit 
proof requires power arguments [6-10]. To illustrate the relationship between 
the shift and power flow, consider a finite section of a plane wave of width 
z s sin 9 0 , incident at angle 9 0 to the interface, as shown in Fig. 10—3(c). Because 
of the shift, the incident and reflected waves do not overlap, and thus all the 
power in the reflected wave must flow from the rarer to the denser medium. 
Indeed, it is straightforward to show that the total, z-directed power flow in the 
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rarer medium is exactly equal to the power in the incident and reflected waves 
when 0 O = 0 C - Using the notation of Section 35-6, the latter is given by 
(z s /2)|^| 2 n co (e 0 //i 0 ) 1/2 and the former is the integral of ( v F 2 /2 )n cl (£ 0 //t 0 ) 1/2 
of Eq. (35— 22a) over 0 ^ x < oo. Using the relationship of Eq. (35-22b) 
between A and C, together with the approximations (sin 2 6 C — sin 2 0 O ) 1/2 <( 9 0 , 
and 9 0 = 0 C verifies the result. 

10-5 Transit time for the lateral shift 

We define a transit time t s for the beam to transverse the shift z s . The concept 
of transit time implies that we are considering a beam which exists for only a 
finite duration in time. This is dual to the concept of the shift, involving beams 
of finite (or nonuniform) extent in space. Hence the beam cannot be 
monochromatic, and has a small spread in frequency Sw about a central 
frequency co 0 . The phase function <fi(0 z ) depends on frequency through the 
relationship ft = 2nn co cos 9 Z /X. If we express A in terms of co using Aco = 2nc, 
where c is the free-space speed of light, then ft = con co cos 9,/c. We expand 
<t(ftj) aboui co 0 and, correct to first order, obtain 

®(a>) = <£(co 0 ) + (co -co 0 )<t'(coo), (10-9) 

where <S'(co 0 ) denotes c3®(co)/<3co evaluated at co 0 . The beam fields contain the 
implicit time dependence exp( — iwt), and, by analogy with Eq. (10-7), the time 
variation of the reflected-beam field is expressible as 

£ r (f) = D exp{ico[fl>'(co 0 ) — t]}, (10-10) 

where D is a constant independent of co. We then identify <P'(co 0 ) with the 
transit time t s . Substituting for ® from Fig. 10-2(b) with 9 Z expressed in terms 
of and co, and recalling that 0 O , 6 C 1, we obtain [9] 

( 10 - 11 ) 

where z s is defined by Eq. (10-8). 

It is interesting to note that the explicit form for the transit time in 
Eq. (10-1 l)can be determined directly from plane-wave theory. If we consider 
a plane wave incident as in Fig. 10-2, then the velocity with which power flows 
parallel to the interface in Fig. 10-3 (b) is given by the z-directed group velocity 
= dco/d/i = c/(n C0 cos 6 0 ), since j? = con co cos 9 0 /c. Hence t s = z s / v & , in 
agreement with Eq. (10-11). 

In this and the previous section, we have assumed nondispersive media. If 
material dispersion is included, n co and n c[ then depend on co. The shift z s is 
given explicity by Eq. (10-8) provided we take into account that n co and 0 c vary 
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with co. However, the transit time t s must be recalculated, starting from 
d<t>(co 0 )/da> 0 in Eq. (10-11) [9]. 

Summary 

Taken together, Eqs. (10-8) and (10-1 1) describe the effect of diffraction on the 
path and transit time for a ray undergoing total internal reflection at a planar 
dielectric interface. The physical origin of the shift is due to light propagating 
in the rarer medium. Our next objective is to use this single-interface result, 
derived from plane-wave theory, as a building block to study the effect of 
diffraction on ray propagation in planar waveguides. 


10-6 Lateral shift in planar waveguides 

In Chapter 1, we describe propagation along step-profile planar waveguides in 
terms of bound rays traveling along zig-zag trajectories and undergoing total 
internal reflection at each interface. Here we show how this description is 
modified for small- V waveguides by including the lateral shift. By allowing for 
the lateral shift z s at every reflection along a bound-ray path, the geometric 
optics path of Fig. l-4(a) is replaced by the path shown in Fig. 10-4(a). 




(b) 


Fig. 10-4 The lateral shift z s of the path in (a) is equivalent to an 
effective core half width p efr in (b), for the step-profile planar waveguide. 


Ray transit time 

If we define t g0 to be the geometric optics transit time over length z of 
waveguide, then Eq. (1-14) gives t g0 = zn co /c cos 9.. The transit time t over the 
same length with the shift included is found by considering the half-period 
PQR in Fig. 10-4(a). Along PQR the transit time is given by t p + t s , where 
t p = 2 pn C0 jc sin 9 Z is the transit time along PQ and t s is the transit time across the 
shift z s . The half-period is z p 4- z s , where z p is the geometric optics half-period 
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of Eq. (1-10). Assuming z > z p + z s we use the reasoning below Eq. (1-36) to 
deduce that t is accurately given by [9], 

1 = zO p + fs)/( z p + z s)- (10-12) 

Substituting from Eqs. (10-8) and (10-11) with 9 0 = 9, and rearranging [11] 

(10-13) 

where 9, = 9 C 1. In other words, the consequence of the lateral shift is to 
reduce the ray transit time from that of geometric optics, i.e. the smaller the value 
of V, the greater the reduction. On the other hand, for large- V waveguides, 
only rays with 9 Z = 6 C have transit times that differ significantly from those of 
geometric optics. However, in practice, only a small fraction of the total source 
power is directed into rays with 9 Z = 9 C so that the determination of pulse 
width is well approximated by geometric optics for large- V waveguides. 

Loss phenomena 

In Chapters 6 to 9 we included the effects of power loss from the core due to 
cladding absorption and radiation by using a power transmission coefficient, T, 
derived from local plane-wave theory. In the case of cladding absorption, T is 
the well-known Fresnel transmission coefficient for total internal reflection by 
a plane wave from an absorbing dielectric interface discussed in Section 35-7. 
Thus, by using T, we have already accounted for the presence of light power in 
the cladding. However, we have not previously accounted for the shift, z s , in 
the ray path that is associated with the mechanism for the light to penetrate 
into the cladding from the core. We confirm this relationship in Section 36-10 
using simple power attenuation arguments. The shift has the same effect as 
decreasing the number of reflections. It therefore is convenient for analysis to 
preserve the zig-zag path of geometric optics and incorporate the effect of the 
lateral shift by replacing the core half-width, p, with an effective half-width p efT . 
From the geometry of Fig. 10— 4(b), it is obvious that [8, 9] 

(10-14) 

where 9 Z is the angle between the ray path and the waveguide axis, 
V = kpn co 9 C and z s is substituted from Eq. (10-8) with 9 0 = 9, < 1. 

Effective half- width 

Thus, the effect of the lateral shift on cladding losses is equivalent to increasing 
the waveguide width. By substituting p efT for p in the expressions for power 
attenuation derived in Chapters 6 to 9, we find that the original expressions 
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which ignore the lateral shift overestimate the loss. For example, to account for 
the effect of the lateral shift on cladding absorption, we replace Kby Vp ef{ /p in 
Eq. (6-21), taking 0^ = n/2 so that the expression is applicable to the planar 
waveguide. The resulting expression for the power attenuation coefficient y cl is 
then found to approach a cl as V decreases for 9 Z = 9 C , where a cl is the 
attenuation coefficient of a plane wave in a lossy cladding. If we ignore the 
lateral shift, then Eq. (6-21) shows that y cl -* oo. Thus the expression for 
cladding absorption is highly inaccurate for low-K waveguides. It is also clear 
from Eq. (10-14) that only those rays with 0 Z = 9 C are effected by the lateral 
shift when 1. In practice, these rays normally carry an insignificant 
fraction of the total source power and can therefore be ignored. 

Finally, we emphasize that the lateral shift is not the only manifestation of 
diffraction on the step-profile planar waveguide. Taken alone, it is insufficient 
for describing propagation on low- V waveguides. We next investigate another 
diffraction phenomenon to better appreciate the departure of electromagnetic 
theory from the ray methods of Part I. 


10-7 Preferred ray directions 

The geometric optics analysis of the excitation of the planar waveguide by 
sources assumes that power may enter any bound ray whose direction belongs 
to the continuum of directions defined by Eq. (1— 5a). However, as a 
consequence of diffraction, power enters certain preferred directions only, and 
the smaller V, the smaller the number of preferred directions. If Fis sufficiently 
small, then there is only one preferred direction and all bound rays propagate 
with the same transit time. As V increases, the number of preferred ray 
directions becomes sufficiently large that it can be accurately approximated by 
a continuum. 


Consistency conditions 

The diffraction phenomenon that gives rise to preferred ray directions is a 
consistency condition on the phase of the local plane waves constituting the 
ray path, and arises because of the symmetry properties of the waveguide, i.e. 
translational invariance along the waveguide. Thus, preferred ray directions 
are a consequence of the geometry of the complete waveguide unlike the lateral 
shift, which is a localized phenomenon manifested through the change in phase 
accompanying total internal reflection. 

The determination of preferred ray directions for the step-profile planar 
waveguide follows by treating rays as local plane waves following the zig-zag 
trajectory of geometric optics in Fig. 10-5, and then examining their phase 
properties over a complete ray period 2z p [12, 13]. Over the path ABCD the 
phase change comprises two parts. First there is the phase change along the 
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n cl C 



Fig. 10-5 Section of a bound-ray on a step-profile planar waveguide, 
showing the complete ray period 2 z p . 

path, which is the product of the path length 4p/sin 6 Z and the local 
wavenumber /cn C0 , and second there is the phase change at B and C due to total 
internal reflection from the interfaces, given by d> in Fig. 10— 2(b). The 
translational invariance of the waveguide means that the change in phase due 
to the z-component of the local plane -wave vector at A progressing parallel to 
the waveguide axis a distance 2z p to D, i.e. (kn co cos 6 Z ) (2z ), should be equal to 
the phase change over the path to within an integer multiple of 2n. Hence 

4/cpn c0 /sin 6 Z + 2<t = 2kz p n co cos 0 2 + 2nn, (10-15) 

where n = 0, ± 1, . . . . We substitute for z p from Table 1-1, page 19, and for 
4> from Fig. 10— 2(b), assuming weak guidance so that g = 1. Hence 

(sin 2 6 C —sin 2 0 Z } 1/2 = sin0 2 tan (Fsin 0 2 /sin 0 C ), (10-16) 

when n is zero or an even integer, together with a similar expression when n is 
an odd integer. The important point here is that only certain ray directions, 
given by the solutions of the above equation for 6 Z , can carry power. For 
V < n/2, only one such direction is possible. In Section 36-7, we show how the 
preferred ray directions for more general waveguides are obtained. 


DIFFRACTION EFFECTS IN ARBITRARY WAVEGUIDES 

We have shown two ways in which diffraction manifests itself on ray 
propagation in the step-profile planar waveguide -the lateral shift and 
preferred ray directions. It is clear, from all our discussions, that as Fbecomes 
smaller a significant fraction of power propagates in the cladding and thus the 
local behavior of rays which we exploited in Chapters 1 to 9 is lost. By 
incorporating two diffraction effects into the ray picture we have derived exact 
expressions for the step-profile, planar waveguide. If we further account for 
diffraction by the source, we could then determine the distribution of power 
among the preferred bound rays. The fields of this waveguide are given exactly 
by the superposition of the fields of just two plane waves as we show in Section 
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36-1. Hence it is not surprising that ray methods can be easily modified to 
obtain exact electromagnetic results. However, all other waveguides must be 
multimoded with Vp l if ray, or local plane wave, methods are to be used. In 
other words, the nonuniformity of the core medium and the core cross-section 
introduces additional diffraction effects which, in general, are not easy to 
incorporate into a ray treatment when V is small. With the proviso that Vp 1, 
it is possible to apply the concepts of lateral shift and preferred ray direction to 
any waveguide, but we know that such waveguides are already well ap- 
proximated by the methods of Chapters 1 to 9. In general, the methods of Part 
II are most suitable for waveguides with small values of V. 
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Introduction to Part II 


In Part I, we described propagation within optical waveguides by classical 
geometric optics, together with a generalized Fresnel transmission coefficient 
to account for losses due to evanescent field effects, such as cladding absorption 
and radiation losses. As discussed in Chapter 10, this simple procedure is 
inaccurate unless the waveguide is multimoded, with the waveguide parameter 
obeying Vp 1. Now, in Part II, we present an electromagnetic analysis of 
optical waveguides by solving Maxwell’s equations. In general, these equations 
can be solved either by modal, i.e. eigenfunction methods, or by Green’s 
function methods. Both of these methods are implemented, although most of 
Part II is devoted to modal analysis. The modal method, which is also common 
to metal waveguides [1-3], represents the electromagnetic field by a sum of 
solutions to Maxwell’s source-free equations. In the Green’s function 
approach, we first determine the field due to a point dipole at an arbitrary 
position and then, by linearly superposing the fields of a distribution of dipoles, 
we represent the field due to a specific source. The Green’s function approach, 
which is common to antenna theory [2,3], is often more useful for deter- 
mining radiation losses from optical waveguides, as we show in Chapters 21 
and 23. 

Spatial transient and spatial steady state 

Only a portion of the total source power is guided without attenuation along 
an ideal, i.e. nonabsorbing, waveguide. The remaining portion is radiated. The 
portion that travels without attenuation is most conveniently represented by a 
class of modes, finite in number, here called bound modes analogous to the 
bound rays of Part I. There are various ways to represent the radiated portion, 
the most appropriate depending on the particular problem of interest. 
Sufficiently far from the source, the fields within the waveguide core are due 
mainly to bound modes, the remaining initial core power having been lost to 
radiation. Within this region, the waveguide fields are in what we call 
appropriately the spatial steady state, while in the region between the source 
and the steady-state region, the fields are in the spatial transient. The situation 
is depicted schematically in Fig. II— 1, and is discussed for multimode 
waveguides in Chapter 8. As we show in Chapter 8, the duration of the spatial 
transient can be kilometres long for multimode fibers but is typically less than a 
centimetre for single-mode fibers. 
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SPATIAL SPATIAL 

TRANSIENT STEADY STATE 

BOUND MODES 

+ BOUND MODES 

RADIATION FIELD 

Fig. II— 1 Qualitative representation of radiation from a waveguide 
excited by a source at its endface. Arrows denote power flow in the 
radiation fields and the darker shading denotes higher power densities in 
the core. 

Fundamental modes 

In Part II, we pay particular attention to single-mode waveguides that 
propagate one bound mode only -called the fundamental mode- since they are 
of great practical interest, both to the field of optical communications [4-6] 
and to the study of visual photoreceptors of animals [7,8]. At this point, we 
anticipate possible confusion associated with the nomenclature. When we refer 
to a waveguide that is single moded, we mean that it can propagate only the two 
polarization states of the fundamental mode. The adjective bound is usually 
omitted from this description. 

Historical development 

While the first theoretical investigation of optical fibers dates back to Hondros 
and Debye in 1910 [9], there was little subsequent interest until highly 
transparent materials became available in the late sixties and early seventies. 
The fabrication of optical fibers capable of transmitting light over distances of 
several kilometres stimulated rapid development of the theoretical analysis of 
their propagation properties. Whilst, in principle, Maxwell’s equations de- 
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termine propagation characteristics exactly, such solutions can usually be 
determined only by numerical techniques. The elucidation of the underlying 
physical processes was considerably simplified by taking advantage of the 
slight variation in profile normally found in practical fibers used for long- 
distance communication. This led first to the weak-guidance approximation, 
which enabled Maxwell’s equations to be replaced by the simpler scalar wave 
equation, and then the Gaussian approximation, which accurately quantifies 
virtually all aspects of propagation on arbitrary profile fibers in the simplest 
manner possible. Accordingly, much of Part II is concerned with the derivation 
and application of these approximations. 

We begin in Chapter 11 by discussing the fundamental properties of bound 
modes on optical waveguides, in order to build from a strong foundation and 
to better appreciate the nature and limitations of the many approximations 
introduced later on. Chapter 12 discusses the few waveguides for which 
Maxwell’s equations can be solved exactly. Then, in Chapters 13 to 19, 
approximation methods are given for finding the modes of various waveguides. 
Chapter 20 treats illumination, while Chapters 21 to 26 are primarily 
concerned with radiation from waveguides. In Chapters 27 and 28 we treat 
mode coupling, and in Chapter 29 we consider optical cross-talk between 
fibers. We also call attention to Part III, where extensive supplementary 
material is provided, from which many of the results of Part II are drawn. 
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The propagation of light along nonabsorbing optical waveguides in regions 
sufficiently far from any source of excitation, where the spatial steady state is 
reached, is most conveniently described by the bound modes of the waveguide. 
Bound modes are solutions of the source-free Maxwell equations, and, like the 
modes of vibration of a stretched membrane, are formed by resonance 
conditions in the waveguide cross-section. In the spatial steady state, bound 
modes are the building blocks for describing light propagation. The fields of 
the waveguide are represented by an expansion over these modes. 

This chapter discusses the fundamental properties of bound modes on ideal 
waveguides , i.e. nonabsorbing, dielectric structures, uniform along their length. 
The derivation of these results from Maxwell's equations is provided in Chapters 
30 and 31. Much of this chapter establishes definitions and conventions to be 
followed throughout the remainder of the book. While a thorough understanding 
is not mandatory at this stage, it is advisable to become familiar with Chapters 
11, 30 and 31 before continuing, as this material is referred to frequently. 

ELECTROMAGNETIC REPRESENTATION OF LIGHT 
PROPAGATION 


A representative waveguide is illustrated in Fig. 11-1 (a). The shaded region 
denotes the core with a cross-section of arbitrary shape. This is surrounded by 
the cladding which is assumed unbounded in extent. The surface between the 



(a) (b) 

Fig. 11-1 (a) Nomenclature and coordinates for describing optical 

waveguides, and (b) a representative graded profile n{x,y) which varies 
over the core and is uniform in the cladding, assumed unbounded. 
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core and cladding is called the core-cladding interface and lies at distance p{x, y ) 
from the axis of the waveguide. To describe the waveguide, we introduce 
cartesian axes aligned so that the z-axis coincides with the axis of the 
waveguide. The variation in refractive index over the waveguide cross-section 
is given by the profile n(x,y), which takes real values for nonabsorbing 
waveguides. 

All of the profiles appearing in this book fall into one of two classes. The first 
class consists of clad profiles which have a uniform value n d in the cladding, and 
an arbitrary variation in the core, such as the representative profile in Fig. 
1 1-1 (b). These profiles are characterized by a discontinuity in the profile or its 
slope at the core-cladding interface. The second class, as exemplified by the 
infinite parabolic profile, comprises profiles which vary smoothly over the 
infinite cross-section, and do not necessarily have a well-defined interface 
between core and cladding. For these profiles we define p to be a characteristic 
profile radius, which sets the rate at which the profile changes. We define 


n co = maximum refractive index in the core 
n cl = uniform cladding refractive index 


where n co > n d for the waveguide to provide guidance. 


Expansion of the fields 

The electric and magnetic field vectors E (x,y,z) and H (x,y,z) are each 
separated into two parts, one part representing power that is guided without 
attenuation along the waveguide, the remaining part representing power that is 
radiated from the waveguide. The guided, or bound, portion is expressed as a 
finite sum of bound modes, which are the source-free solutions to Maxwell’s 
equations for the waveguide. Electromagnetic modes can be regarded as 
transverse resonances of the fields of the waveguide, by analogy with the 
normal modes of vibration of a membrane fixed at its periphery. However, 
whereas the membrane has an infinite number of bound modes, an optical 
waveguide can only support a finite number of bound modes. Thus we set 

E (x,y,z) = Y d a J Ej(x,y,z) + Y J a-jE_j(x,y,z) + E nid (x,y,z), (1 1— 2a) 

J j 

H(x,y,z) = Y J ajH J (x,y,z) + Y J a„jH_j(x,y,z)+H rad (x, y, z ), (1 l-2b) 
j J 

where j = 1, 2, . . . , M. The first summation is over the forward-propagating 
modes which travel in the positive z-direction, and the second summation is 
over the backward-propagating modes which travel in the negative z-direction 
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of Fig. 1 1-1 (a). The subscript rad denotes the radiation fields, and the constants 
Oj and a_j are the modal amplitudes. The fields of the jth forward- and 
backward-propagating modes are E^, H ; and E ., H_j, respectively. It is a 
property of Maxwell’s equations, Eq. (30-1), that the same modal amplitudes 
appear in both expansions. The values of and a_ i depend on the source of 
excitation. 

We now examine the properties of bound modes and their fields. These 
results are derived from Maxwell’s equations in Chapters 30 and 31. 


11-1 Propagation constant and phase velocity 

The cylindrical symmetry, or translational invariance, of the waveguide enables 
us to express the modal fields in the separable form 


E j(x,y,z) = e;Cx,y)exp(i/3;z); H,-(x,y,z) = h ; (x,y) exp(i)3 ; z), 


(11-3) 


where is called the propagation constant or eigenvalue of the jth mode. 
Generally each mode has a unique value of /? ; . 

Throughout this hook, all fields contain the implicit time dependence 
exp( — icot), where co is the angular frequency. If we combine the longitudinal 
and temporal variations, the modal fields vary as exp (ipjz — icot), and, con- 
sequently, each mode propagates along the waveguide with phase velocity 
Vj = co/fij. To distinguish between modes with the same propagation constant 
that propagate in the forward and backward directions, we adopt the 
following convention. With reference to Eq. (1 1-2) we have 

(11— 4a) 
(1 1— 4b) 


where M is the total number of forward-propagating or backward- 
propagating modes. Thus, for example, the phase velocity v pj satisfies 


aj forward-propagating 

Pi > o, 

a_j backward-propagating 

P-i = ~ Pj < o, 

y=l,2,.. 

M, 


co 




'Vr 


(11-5) 


Given co, the values of /?, are determined from an eigenvalue equation. This 
equation is a consistency condition, or transverse resonance condition, 
resulting from the requirements that the field solutions of the source-free 
Maxwell equations (i) are bounded everywhere, (ii) go to zero sufficiently fast 
at infinity and (iii) satisfy all boundary conditions at the core-cladding 
interface. The formulation of the eigenvalue equation is discussed in Section 
11-13, and specific examples are given in the following chapter. 
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11-2 Symmetry properties of the field components 

Relationships between the fields of forward- and backward-propagating 
modes will be used frequently. We obtain these relationships by first 
decomposing the fields of Eq. (11-3) into transverse and longitudinal 
components, denoted by subscripts t and 2 , so that 

E j = e, (x, y) exp(ifijZ) = { e (J (x, y) + e zj (x, y) z } exp (i/^z), (1 1— 6a) 

H y = hy(x, y) expUPjZ) = {h tJ (x,y) + h zj (x,y)z}exp(iP j z), (11— 6b) 

where z is the unit vector parallel to the waveguide axis in Fig. 1 1-1 (a). Under 
the convention of Eq. (11-4), the forward- and backward-propagating modes 
with the same propagation constant have subscripts j and — j, respectively, 
where j > 0. In Section 30-5, we show that the fields of the two modes are 
related in either of two ways. We adopt the convention of Eq. (30-1 lb), namely 

(11-7) 

This convention is also valid for absorbing waveguides, when the refractive- 
index profile n(x, y) is complex. Absorbing waveguides are discussed later in 
the chapter. 

11-3 Field representation on nonabsorbing waveguides 

If the waveguide is nonabsorbing, so that the refractive index n(x, y) is real, we 
show in Section 30-4 that, among various delineations, it is always possible to 
choose the field components of each bound mode to satisfy the convention 

( 11 - 8 ) 

where subscripts t and z denote transverse and longitudinal components. This 
representation helps simplify the physical interpretation of many results. 

It is often necessary to use the complex conjugate of the fields of a mode. By 
combining Eqs. (11-7) and (11-8), these fields obey 

(11-9) 

on a nonabsorbing waveguide, where j > 0 and * denotes complex conjugate. 

11-4 Orthogonality relations and normalization 

In order to determine the amplitude cij of a bound mode in the expansion of 
Eq. (11-2), we require an orthogonality condition. This condition is derived 
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from the reciprocity theorem of Maxwell’s equations in Section 31-3. 
Assuming that the waveguide is nonabsorbing, the modal fields of the jth and 
kth forward-propagating modes obey the vector orthogonality condition of Eq. 
(31-14), where 

( 11 - 10 ) 

where is the infinite cross-section, * denotes complex conjugate and z is the 
unit vector parallel to the waveguide axis. Note that the scalar triple products 
in the integrands involve only the transverse components of the fields. When 
either or both modes are backward-propagating, it is simplest to re -express the 
fields e _ j, h . J; e_ k and h _ k in terms of the fields of the corresponding forward- 
propagating modes through Eq. (11-7) and then apply the above conditions. 
This procedure is followed throughout the book wherever both forward- and 
backward-propagating modes are present. The modes of the nonabsorbing 
waveguide also obey the nonconjugated orthogonality relation given by Eq. 
(1 1-14) below, but the conjugated form is more useful for deriving quantities 
relating to modal power, as is evident in Section 1 1-7. 

In Section 31-3 we show that each bound mode is orthogonal to the 
radiation field in Eq. (11-2). Hence Eq. (31-15) gives 

( 11 - 11 ) 


where j > 0 and subscript rad denotes the radiation field. 

We define the mode normalization Nj for nonabsorbing waveguides by 

1 f 

Nj = - e^xh^-zd A . (11-12) 

2 

The modulus ensures that Nj is positive for all modes. In the case of backward- 
propagating modes, Eqs. (1 1-7) and (1 1-12) give N_j = Nj. If we combine the 
orthogonality conditions, Eq. (11-10), with normalization, then for two 
forward-propagating modes we obtain [1] 

(11-13) 

where j, k > 0. For two backward-propagating modes, or one backward- 
propagating mode and one forward-propagating mode, we use Eq. (1 1-7) to 
re-express the fields in terms of the fields of forward-propagating modes, and 
then apply Eq. (11-12). 
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Absorbing waveguides 

The most general form of orthogonality holds for both absorbing and 
nonabsorbing waveguides, and has the form of Eq. (31-16) where 


e, x h k 


zd A = 


e k x hj-zdA = 0; j f k. 


(11-14) 


Normalization and orthogonality to the radiation field are expressed by Eqs. 
(1 1-1 1) and (1 1-13) with the * suppressed. However, the conjugated relation- 
ships in Eq. (11-13) hold approximately for slightly absorbing media, as 
discussed later in the chapter. 


11-5 Orthonormal modes 


In some applications it is convenient to use modal fields that have unit 
normalization. Modes satisfying this condition are called orthonormal modes, 
and are constructed from modes with arbitrary normalization by setting 



for forward- and backward-propagating modes, respectively. The orthogo- 
nality condition for two forward-propagating orthonormal modes is 


1 

2 4 

e, x hj-zdA = ~ 

A x ^ * 

’ 

e* x hj-zdA = * 

A x 

1 if j = k, 
[0 if; + k. 


(11-16) 


The fields of forward- and backward-propagating orthonormal modes are 
related by Eq. (11-7) with a-' introduced over each field component, and the 
orthogonality of backward-propagating orthonormal modes is handled by the 
procedure laid down below Eq. (11-10). 


ENERGY AND POWER 

The guided portion of the fields stores electromagnetic energy in the waveguide 
and transports power along the waveguide. A fraction of this energy is stored in 
the fields of each bound mode, and these fields also transport a portion of the 
total power. From a knowledge of the energy and power in each mode, we can 
deduce the total stored energy and power guided along the waveguide. 

11-6 Stored electric and magnetic energies 

Consider a nonabsorbing waveguide with a nondispersive refractive index, i.e. 
n(x, y ) is real and does not vary with wavelength A. Let iV ej and W hj be the 
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time-averaged, stored, electric and magnetic energies per unit length of 
waveguide for the jth forward-propagating mode, defined by 


iT ej . = i|aj| 2 e 0 


n 2 |e.-| 2 cL4; 


nj ■ 


ikl 2 n 0 |hj| 2 dii 


(11-17) 


where a ; - is the modal amplitude, A x is the infinite cross-section and |e 7 | 2 
= ej-e* . The refractive-index profile is n, and e 0 , g 0 are the free-space 
dielectric constant and permeability, respectively. It follows from Eqs. (11-7) 
and (1 1-9) that the corresponding energies for the jth backward-propagating 
mode are also given by Eq. (11-17) with aj replaced by a~j. In Section 31-5, we 
show that stored energies are equal, i.e. 


= r hj ; = nr tj + ir hJ = 2W ej , (1 1-18) 

where iVj is the total stored energy per unit length of waveguide. 

When the waveguide is dispersive, the permeability and dielectric constant 
vary with wavelength A, i.e. e = e(A), g = g(2). In this case the total stored 
energy per unit length is given by [2] 




A 2 


fin e, 


dA l A l+ 


I' a(i ']!*•• ,1W9 » 


In deriving this result, we have assumed the waveguide to be nonabsorbing. 
This ignores the intimate relation between dispersiveness and absorption, as 
expressed by the Kramers-Kronig relationships [2], However, if we restrict 
this discussion to comparatively small absorption the correction to Eq. (11-19) 
due to absorption is a higher-order effect. 


1 1-7 Power flow 

When an optical waveguide is excited, each mode will, in general, carry power. 
The portion of source power exciting a particular mode depends on the nature 
of the source, and is discussed in Chapters 20 and 21. For nonabsorbing 
waveguides, power flows parallel to the waveguide axis and, for the jth mode, is 
distributed over the infinite cross-section with density, or intensity, Sj, given by 
the magnitude of the time-averaged Poynting vector. From Eqs. (1 1-3) and 
(11-8) we have 

Sj = j\aj\ 2 Re{Ej xH*yz} = j\aj\ 2 ejXhf -i, (11-20) 

where a ; is the modal amplitude and Re denotes real part. The total power in 
each mode is found by integrating Sj over the infinite cross-section A x . For the 
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;th forward- and backward-propagating modes, we find from Eq. (11-9) that 

( 1 1— 21a) 
(1 1—2 lb) 

Thus Pj > 0 represents power propagating in the positive z-direction in 
Fig. 11-1 (a), and P~j< 0 represents power propagating in the negative z- 
direction. In terms of the mode normalization of Eq. (11-12) 

(ll-22a) 

while for the orthonormal modes of Eq. (11-16) 

(1 1— 22b) 

11-8 Fraction of modal power in the core 

The characteristically different forms of the refractive index in the core and 
cladding in Fig. 1 1 -1(b) lead to distinctly different behavior of the waveguide 
fields in the two regions. However, we can often gain insight into the relative 
behavior of the fields in the two regions by examining the fraction of a mode’s 
power that propagates within the core. We define a parameter rjj as 

_ power flow within the core 
total power flow of the mode 

For a nonabsorbing waveguide, we deduce from Eq. (11-21) that 


(11-24) 


where A co is the core cross-section, and A x is the infinite cross-section. This 
expression is also useful for describing slightly absorbing waveguides, 
discussed later in the chapter. 

11-9 Total guided power 

We define P tot to be the total, time-averaged power propagating along an 
optical waveguide in the increasing z-direction of Fig. 11-1 (a). In terms of the 
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total fields of Eq. (11-2), P tot is given by the integrated Poynting vector over the 
infinite cross-section A x 

P tot = i Re ExH*-zd4. (11-25) 

JA „ 

We can divide Aoi into the power of the guided, or bound, portion of the fields, 
A>d> and the power of the radiation field, P rad , so that 

Aot = -Pbd + F ra( j. ( 1 1—26) 

If we substitute Eqs. (11-2) and (11-3) into Eq. (11-25), apply the orthogo- 
nality condition, Eq. (11-13), and recall the definition of modal power from 
Eq. (11-21), we find from Eq. (11-26) that for a nonabsorbing waveguide 

(11-27) 

where and a. ; are the amplitudes of the /th forward- and backward- 
propagating modes, and Nj is the normalization of Eq. (11-12). Thus, the total 
guided power propagating in the positive z-direction is equal to the power in 
all forward-propagating modes minus the power in all backward-propagating 
modes. At any position along the waveguide, the power in the radiation field is 
the difference between P, 0 , and Pbd . 



11-10 Fraction of total power in the core 

The total power Aot of Eq. (11-25) is the sum of the total power in the core, P co , 
and the total power in the cladding, where 


P C0 = |Re|j ExH*-zd4j. (11-28) 

In regions sufficiently far along the waveguide from any source of excitation, 
the radiation field within the core becomes negligible, and the total power of 
the fields within the core is given accurately by the bound modes in Eq. (1 1-2). 
However, P co is still a complicated expression because the bound modes are not 
orthogonal over any finite cross-section. To see this, consider a situation in 
which only the forward-propagating modes are excited on a nonabsorbing 
waveguide. Substituting Eq. (11-2) into Eq. (11-28) and applyiing Eq. (11-3) 
gives 


P co = ^Z ex P{‘(^-A) z } e ; X hjf • z A4, (11- 

Z j k jA m 


where j, k > 0. Rearranging and employing the definitions of Eqs. (11-2 la) and 
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(11-24) gives 

Tco = X rij Pj + \ Z X a j a * exp { i (Pj - p k )z} e, X h£ • zcL4, (1 1-30) 

which has a simple physical interpretation. The first summation adds up the 
fraction of each mode’s power that is propagating within the core. The second 
summation represents the interference between different modes due to the 
nonorthogonality over the core. However, in many cases of practical 
importance, interference is a small effect and can be ignored [3], 


GROUP VELOCITY 


The power of a mode is transmitted along an optical waveguide at a speed 
given by the group velocity v %j . This is to be distinguished from the phase 
velocity v pJ of Eq. (11-5), which determines the speed of a wave front along the 
waveguide [7]. Group velocity is defined by 


_ d co —2nc AX 


(11-31) 


where co is the angular frequency implicit in the time dependence exp( — icot) of 
the fields, X is the free-space wavelength and pj is the propagation constant of 
the yth mode. We can determine v gj by differentiating the eigenvalue equation 
and substituting values for Pj. Alternatively, if the fields of the mode are 
prescribed, we show in Section 31-6 that Eq. (31-30) gives 


(11-32) 


for nonabsorbing waveguides with permeability p. This form takes account of 
material dispersion, i.e. n and p depend on X, but ignores absorption. For 
waveguides with no material dispersion, Eq. (11-32) can be replaced by Eq. 
(31-31), where 


(11-33) 


If we compare the numerator and denominator of Eq. (11-32) with Eqs. 
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(11-19) and ( 1 1-2 1 ), we find that the group velocity of a mode is expressible as 

v gj = Pj/1T j , (11-34) 

where Pj is the modal power and is the total stored energy per unit length of 
waveguide. 


11-11 Group delay 

It is common practice [4, 5] to refer to the group delay time per unit length of 
waveguide, rather than the group velocity v gJ , of a pulse, where 

^•=1 /hj- d 1 - 35 ) 

The group delay for a waveguide of length z gives the mean transit time tj. 
From Eq. (11-31) we have 


_JL_ - *§1 

£j v„ s ZTj 2 dco 2 27lcdA , 


(11-36) 


where c is the free-space speed of light. For modes which propagate only on 
multimode waveguides, tj is equal to the ray transit time t of Chapter 3, as we 
demonstrate in Section 36-9. 


PULSE SPREADING 

When a pulse of light propagates along a waveguide, several effects contribute 
to distort its shape. First, different modes have different group delays, 
analogous to the transit times of different rays in Chapter 3. Thus, if the pulse is 
formed by more than one mode it will spread out as it propagates. This form of 
pulse spreading is called intermodal dispersion, and for multimode waveguides 
is analysed in Chapter 3 using classical geometric optics. On isotropic single- 
mode fibers of circular cross-section intermodal dispersion is exactly zero, as 
this fiber represents an exceptional case when the two fundamental modes- 
defined below Eq. 11-51 -have identical group delays. 

The second cause of pulse spreading has its origins in the small but finite 
bandwidth of the source of light transmission. This bandwidth is important 
because the group delay of each mode depends on wavelength, since both 
the refractive index of a dispersive medium depends on A- material 
dispersion -and the propagation characteristics of a mode of the waveguide 
depend on A- waveguide dispersion. The pulse spreading due to the combi- 
nation of these two effects is known as intramodal dispersion, and, in practice, is 
dominated by the component due to material dispersion [5, 6], 
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11-12 Pulse spreading in single-mode fibers 


We discussed pulse spreading in multimode waveguides in Chapter 3. Now we 
consider a single-mode fiber, assuming that both fundamental modes have the 
same mean transit time, as is the case on a circular fiber. Only intramodal 
dispersion is present, and the pulse spread is due to the spread Stj in the mean 
transit time due to a given source, i.e. the slight spread 8co or 8X in frequency or 
wavelength. Thus Eq. (1 1-36) gives 


, d 2 0, 
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(11-37) 


In general, the contributions to 8t } due to material and waveguide dispersion 
are not easily separated [5, 6]. Accordingly, we can only examine each in 
isolation from the other in special situations. 


Material dispersion 

To examine material dispersion in isolation, we disregard the light-guiding 
influence of the fiber and assume the mode is a z -directed plane wave, for which 
Pj — 2nn(X)/X and the refractive index is spatially uniform. Substituting into 
Eq. (1 1-36) we find that 

tj = ^n g ; n g = n(A)-A^, (11-38) 

where n g is the group index introduced in Section 1-5. Accordingly, the pulse 
spread is found from Eq. (1 1-38) to be 

(n-3 9 ) 

which depends on the second derivative of n only. 


Waveguide dispersion 

The contribution to pulse spreading due to waveguide dispersion in isolation 
from material dispersion is found from Eq. (11-37) by assuming n is 
independent of A. The form of <5t g depends on the refractive-index profile. 
Later, in Section 11-20, we express waveguide dispersion in terms of more 
convenient modal parameters. 


DERIVATION AND PROPERTIES OF THE MODAL 
FIELDS 


The electric and magnetic fields E j and of a bound mode are source-free 
solutions of Maxwell’s equations, Eq. (30-1), or, equivalently, the vector wave 
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equations of Eq. (30-14). However these equations are complicated by the 
vector Laplacian V 2 , which in an arbitrary coordinate system couples the 
components of the field vectors. A considerable simplification is possible if we 
refer the components of Ey and H ; to fixed cartesian directions, since V 2 is 
replaced by the scalar Laplacian V 2 . In addition, the translational invariance of 
the fields, expressed by Eq. (11-3), leads to a further simplification of the vector 
wave equation, as we demonstrate in Section 30-7. From Eq. (30-18) we have 

(ll-40a) 
(ll-40b) 

where fij is the propagation constant, n = n(x, y) is the refractive-index profile, 
k = 2n/A is the free-space wavenumber and A is the free-space wavelength. As 
explained at the beginning of Chapter 30, we assume that the magnetic 
permeability takes the free-space value p 0 throughout this book, unless 
otherwise stated. Relationships between n, k, A and other electromagnetic 
parameters are given inside the back cover. An implicit time dependence 
exp ( — icot) is assumed in the field vectors, where o> is the angular frequency. 
The transverse Laplacian V t 2 and the vector operator V t are defined in Table 
30-1, page 592. We emphasize that the fields have cartesian components, i.e. 

e j = e xj x + e yj y + e zj r, h ; = h xJ x + h yj y + h 2j z, (1 1-41) 

where x, y and z are unit vectors parallel to the axes in Fig. 11-1 (a), but the 
spatial variation of these components is expressible in any cylindrically 
symmetric coordinate system. Thus, for example, the component equations of 
Eq. (1 1-40) for planar waveguides and circular fibers are given by Eqs. (30-21) 
and (30-23), respectively. 


{V t 2 + n 2 k 2 -Pj}ej = — {V t + ifji} {e u . V t ln n 2 }, 
f V t 2 + n 2 k 2 - fi }hj = - C V t In n 2 ) x ( { V t + ifjz) x hj). 


11-13 Eigenvalue equation 

The vector wave equations are a restatement of Maxwell’s equations for an 
arbitrary profile shape. Subject to the requirements that the modal fields are 
everywhere bounded and decay sufficiently fast at large distances from the 
waveguide axis, these equations contain all the information necessary to 
determine the spatial dependence of the fields everywhere in the waveguide. 
Alternatively, the electric and magnetic fields can be generated by solving the 
same equations in regions where the profile is continuous, and matching at any 
discontinuities through the appropriate boundary conditions of Maxwell’s 
equations. In either case, the formulation leads to a consistency condition for 
determining the modal propagation constants P jy i.e. an eigenvalue equation. 

As well as being the solution of an eigenvalue equation, the propagation 
constant is also an explicit function of the modal fields. For a nonabsorbing 
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waveguide, Eq. (31-23) gives 
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n 2 ej x hj\zd4 


•m® 



(11-42) 


where 4 X is the infinite cross-section and | e 7 - 1 2 = e^.e* . Since the modal fields 
depend implicity on pj, this equation is an integral form of the eigenvalue 
equation for any profile. 


11-14 Solution in terms of the longitudinal field components 


It is not necessary to solve the vector wave equations for the transverse 
components of and h, once the longitudinal components e zj and h zj are 
known. In Section 30-3 we show how to determine the transverse components 
e u and h u in terms of the longitudinal components. From Eq. (30-6) we have 


(1 1— 43a) 
(1 1— 43b) 


where n — n(x, y), k — 2n/X, e 0 is the free-space dielectric constant and p 0 is the 
free-space permeability. In Section 30-8 we show that the longitudinal field 
components satisfy a pair of coupled equations. These equations are given by 
Eq. (30-25) as 

(V, 2 +/>;K/— — \ t e zj .\ t lnn 2 = -(— ] — z.(V,/j 2} x V t lnn 2 ), 

Pj \ £ o/ Pj 
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(1 l—44b) 


where pj = n 2 k 2 - Pj and n = nix, y). 


11-15 Coupling of the field components 

The terms involving V, Inn 2 in Eqs. (11-40) and (11-44) couple various field 
components. These terms describe polarization phenomena due to the 
waveguide structure, as we discuss in the following section. This presents a 
complication as far as obtaining analytical solutions is concerned, but is the 
mathematical basis for the hybrid nature of the modal fields to be discussed in 
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the next section. Prior to confronting the general case, we first discuss the step 
profile when both the core and cladding indices are uniform. 


Step-profile waveguides and the scalar wave equation 

For waveguides with a step-index profile, i.e. n = n co in the core and n = n d in 
the cladding, all terms involving V t lnn 2 in Eqs. (11-40) and (11-44) vanish 
within the core and cladding but not on the core-cladding interface. 
Consequently each cartesian field component of Eq. (11-40) satisfies a 
simplified equation within the core and cladding, e.g. 

{Vf+n 2 k 2 —Pj 2 }e zj = 0. (11-45) 

This equation is sometimes referred to as the scalar wave equation. However, 
in this book we describe a field component as a solution of the scalar wave 
equation only if (i) it satisfies Eq. ( 1 1-45) for all values of x and y, including the 
interface, and consequently (ii) is continuous and has continuous first 
derivatives every where - see Section 33-1. This is not the case for any cartesian 
component of on a step-profile waveguide of arbitrary cross-sectional shape, 
since the V t In n 1 terms are nonzero at the interface. Thus, to solve for e 2J 
everywhere, we impose the boundary conditions of Maxwell’s equations on the 
solutions of Eq. (11-45) derived in each homogeneous region. The component 
h 2j is derived similarly. Alternatively we can solve Eq. (11-44) with V, In n 2 
terms retained. The transverse components then follow from Eq. (11-43). 

The step-index profile is exceptional in that we can solve the vector wave 
equation analytically for certain cross-sections with the V ( In n 2 terms 
included, but without directly confronting these terms. We can regard the step 
profile as a special case of a graded profile where all the grading occurs at a 
single interface. Thus, the step profile has the greatest influence on the 
polarization behavior of the fields. 


TE modes 

There are two exceptional cases when the V t ln n 2 terms do not appear in the 
vector wave equations for the transverse fields. These occur for modes with 
e 2j = 0 everywhere on a planar waveguide and on a circularly symmetric fiber, 
and are called TE modes. In these two special cases, it is indeed true that the 
transverse electric field e y satisfies the scalar wave equation. Section 33-1, 
everywhere. 


11-16 Hybrid nature of the modal fields 

From the discussion of the previous section, we can infer certain properties 
about the composition of modal fields. Consider a metal waveguide compris- 
ing a perfectly conducting cladding and a core of uniform dielectric - thus 
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V, In n 2 = 0 in the core. The longitudinal-field equations of Eq. ( 1 1^44) reduce 
to the homogeneous equation of Eq. (1145) for e 2J and h zj . The modes of this 
system comprise two linearly independent sets [7], one with h zj = 0 every- 
where, called transverse magnetic (TM); the other with e zj = 0 everywhere, 
called transverse electric (TE). However, on optical waveguides, the nonzero 
V ( lnn 2 terms in Eq. (1144) mix e ZJ and h zj , so that the equations cannot, in 
general, be decoupled. Thus the TE and TM modes are, in general, no longer 
appropriate since neither e zJ = 0 nor h zj = 0 are solutions. Accordingly, the 
modes of optical waveguides are, in general, hybrid having both e zj and h zj 
components. These hybrid modes are usually called HE and EH modes for 
reasons discussed elsewhere [8]. In special situations, depending on the 
geometry of the cross-section and the profile variation, the right side of Eq. 
(1144) vanishes and some modes of optical waveguides can be purely TE or 
purely TM. The trivial example is the planar waveguide, when all modes can be 
expressed as either TE or TM modes. Another example is provided by modes 
with azimuthally symmetric fields on circular fibers. Apart from the trivial case 
of an infinite uniform medium, the modal fields are never TEM waves, i.e. 
waves with e zj = h zj = 0 everywhere. 


Physical explanation of TE and TM modes 

On planar waveguides, TE and TM modes correspond to the two possible 
polarization states of the electromagnetic field. This fact can be anticipated 
from total reflection of plane waves from a planar interface between two 
uniform semi-infinite dielectric media, as illustrated in Fig. 10-2. The phase of 
the reflected wave differs from the phase of the incident wave and depends on 
whether the electric field or the magnetic field is parallel to the interface. In 
each case the direction of the electric or magnetic fields is unaltered after 
reflection, so that either e zj = 0 or h zJ = 0 is conserved, and the TE and TM 
modes do not mix. Thus, the origin of the difference between TE and TM 
modes on a planar waveguide is the polarization-dependent nature of plane- 
wave reflection. This dependence is fully contained within the V t In n 2 terms of 
the vector wave equation. The argument is easily generalized to include 
graded-index media, using the notion of local plane waves, as explained in 
Section 35-3. 

On circular fibers, TE and TM modes with circularly symmetric fields can 
propagate in the same manner as on planar waveguides, because they have 
electric and magnetic fields, respectively, that are parallel to the interface. In 
terms of local plane waves, or rays, only meridional rays, i.e. those passing 
through the waveguide axis, can preserve e zj = 0 or h zj = 0 at every reflection. 
Thus only meridional rays can make up TE and TM modes on round 
waveguides, as illustrated in Fig. 11— 2(a). This is consistent with 
the noncoupling of the fields of these modes in the vector wave equation. 
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Fig. 11-2 The electric field vector is orthogonal to the ray, or local 
plane-wave direction. On the step-profile fiber, the direction of e for (a) a 
meridional ray is parallel to a fixed direction, and for (b) a skew ray it 
changes direction at each reflection. On the parabolic-profile fiber the 
direction of e changes continuously along the skew-ray path (c). 

Whilst such a description in terms of rays is not strictly accurate for wave- 
guides propagating one or a few modes, it nevertheless provides qualitative 
insight. 


Physical explanation of hybrid modes 

We can also use the local plane-wave interpretation to appreciate the origin of 
hybrid modes on a circular fiber. Consider a ray propagating in the core of the 
fiber. In general, the ray follows the helical or skew trajectory on step- or 
graded-index profiles, as shown in Figs. 1 l-2(b) and 1 1— 2(c), respectively. If we 
follow the direction of the electric vector along a skew ray path using the local 
plane-wave description, we appreciate the impossibility of maintaining either 
e zj = 0 or h z] = 0 because the direction of propagation rotates along the ray 
trajectory. Consequently, a skew ray of necessity mixes TE and TM 
polarizations at each reflection, so that the corresponding modal fields couple 
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both e zj and h 2j field components, consistent with the definition of hybrid 
modes. Conversely, all EH and HE modes are composed of skew rays. 

The V t In n 2 term in the vector wave equation describes the rotation of the 
electric vector -see Eq. (35-8). Clearly the smaller V, Inn 2 , the greater the axial 
distance z which is required for the ray path to complete a full period. 
Consequently, regardless of how small the value of V, In n 2 , the electric vector 
must eventually rotate through 360°. This phenomenon is described by the 
hybrid nature of the modes. 

To summarize, the waveguide structure has polarization properties by virtue 
of its cross-sectional geometry and refractive-index profile. These effects are built 
into the vector wave equation, Eq. (11—40), through the V t In n 2 terms, which are 
responsible for the hybrid modes. Ignoring these terms completely disregards 
polarization properties of the waveguide structure and leads to the scalar wave 
equation. 


11-17 Propagation constant 


The value of the propagation constant for each bound mode is found from 

the eigenvalue equation, discussed in Section 11-13. For a given free-space 
wavelength X and refractive-index profile n(x, y), only certain values of the 
propagation constant are possible. By definition, a bound mode does not 
attenuate on a nonabsorbing waveguide, so that is real. The range of values 
of fj for bound modes can be derived on physical grounds. The refractive- 
index profile satisfies n co ^ n(x,y) ^ n d , where n co and n cl are the maximum 
and minimum indices. Thus the minimum phase velocity is equal to the 
minimum speed of light within the waveguide, c/n co . However, although it is 
possible for the phase velocity ofa mode to exceed the maximum speed of light 
in the cladding, c/n d , this cannot occur without losing power to radiation. 
Accordingly, the phase velocity ofa bound mode must lie between these limits. 
Using Eq. (11-5) and the relationships inside the back cover, we deduce that 
regardless of the profile variation and cross-sectional geometry 



where k = 2n/X. 


(11-46) 


WAVEGUIDE AND MODAL PARAMETERS 

The modal fields of an optical waveguide depend on all of the physical 
quantities which define the waveguide, i.e. the parameters which describe the 
refractive-index profile and the cross-sectional geometry, together with the 
frequency or wavelength of the source of excitation. From these parameters. 
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we can form two dimensionless quantities. The waveguide or fiber parameter V 
is defined by 

(11-47) 

where n co and n d are the maximum and minimum values of refractive index in 
Fig. 1 1-1 (b), and the free-space wavelength X is combined with a typical linear 
dimension p in the core cross-section, e.g. the core radius of a fiber or the 
half-width of the planar waveguide. Next we define the profile height 
parameter 

(11-48) 

Equivalent definitions of V and A are given inside the back cover. 

A waveguide is said to be multimoded or overmoded if V > 1, when many 
bound modes can propagate. At the opposite extreme, when V is sufficiently 
small so that only the two polarization states of the fundamental mode can 
propagate, the waveguide is said to be single-moded. For example, the step- 
profile, circular fiber is single-moded when V < 2.405, as we show in Section 
12-9. 

For a waveguide of given cross-section and profile shape, the modal electric 
field can be normalized to depend parametrically on V, A and p only, i.e. 
ej — ej(V, A, p). The magnetic field h ; then has the same parametric depen- 
dence, apart from a factor n co (e 0 /p 0 ) 1/2 . This factor originates from the first 
Maxwell equation in Eq. (30-la) by substituting for k in terms of V, p and A, 
and multiplying by p to make the operator V x dimensionless. Further 
parameters are required to account for variations in cross-section, e.g. the 
eccentricity of an elliptical waveguide, and in profile shape, e.g. the exponent of 
the power-law profiles of Eq. (1-59). 

Modal parameters 

To facilitate description of the modal fields, we introduce dimensionless modal 
parameters Uj and Wj for the core and cladding defined by 

(11-49) 

where k = 2n/X, n co is the maximum core index and n cl is the uniform cladding 
index. The characteristic core half-width or radius is denoted by p. On 
nonabsorbing waveguides bound modes have real values of Uj and W } . We 
deduce from Eq. (1 1-47) that the waveguide and modal parameters are related 
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by 

V 2 = uf+W/, (11-50) 

and the range of bound mode propagation constants in Eq. (11-46) is 
equivalent to 

0 < Uj< V; 0< (11-51) 

for a given value of V. In solving the eigenvalue equation, it is usually more 
convenient to work with the dimensionless modal parameters rather than the 
un-normalized propagation constant. The fundamental modes are defined by 
the two smallest values of U or, equivalently, the two largest values of 
which satisfy the eigenvalue equation for the given value of V. On circular 
fibers these two values are equal. 

The limit of small V 

It follows from Eq. ( 1 1-47) that V -» 0 when X -> oo . Thus when V = 0 we have 
the electrostatic limit of the vector wave equation in Eq. (1 l-40a). In this limit 
Vxe tj = 0, V-(n 2 e t j) = 0 and, therefore, e t; is expressible in terms of a scalar 
function *E (x, y), where 

V*F + V t ¥ • V t In n 2 = 0; e u - = V t ¥. (1 1-52) 

The equation for 5E reduces to Laplace’s equation in the uniform cladding. 

11-18 Modal cutoff 

The lower limit = kn cl of permissible values of the bound mode propagation 
constant in Eq. (11-46) is called modal cutoff. In the notation of Eqs. (11-49) 
and (11-50) modal cutoff, or just cutoff, is defined by 

Uj = V; Wj = 0. (11-53) 

The fundamental modes of all waveguides considered in this text are cut off 
when V = 0. At cutoff the phase velocity of the mode is equal to that of a z- 
directed plane wave in an unbounded medium of refractive index n d , but the 
modal fields are not TEM waves except in special cases. In general, a significant 
fraction of a mode’s power can propagate within the core at cutoff, i.e. tjj of 
Eq. (11-24) is nonzero, and the group velocity v &j differs from the phase 
velocity. Below cutoff, these modes propagate with loss and are the leaky 
modes of Chapter 24. 

In the uniform cladding, the right side of the vector wave equation in Eq. 
(ll-40a) vanishes, and the cutoff condition = kn cl reduces the left side to 
Laplace’s equation. 

Vfe,- = 0, 


(11-54) 
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where Vf is defined in Table 30-1, page 592. On circular fibers the transverse 
electric field of the fundamental mode is uniform in the cladding, and 
corresponds to the axially symmetric, bounded solution of this equation. 


Far from cutoff 

A mode is far from cutoff when V |> Uj or, equivalently, fij = kn co , leading to 

Wj S V; V -*■ co. (11-55) 

In this limit, all of a mode’s power is concentrated in a finite region about the 
maximum core index, i.e. about n = n co . For clad profiles this region is entirely 
within the core. 


11-19 Number of bound modes 

The exact number of bound modes which propagate on a waveguide can be 
found by counting the discrete solutions of the eigenvalue equation. In general 
this is a cumbersome procedure, but simple expressions are available for 
multimode waveguides with Fg> 1. Examples are given in Sections 36-12 and 
36-13. 


11-20 Distortion parameter 


We discussed pulse spreading due to waveguide dispersion in Section 1 1-12. It 
is convenient to express the pulse spread dtj of Eq. (11-37) in terms of the 
waveguide parameter V and the modal parameter Uj. Using the definitions 
inside the back cover, we first rewrite Eq. (1 1-37) in terms of the group velocity 
of Eq. (11-31) as 


dtj ■ 


Vgj co dV 




Pi 


v*j A d V 


co 2 dV 2 


So). (11-56) 


From the group velocity definition of Eq. (11-31) it follows that 

c d V _ c (V 2 — 2Ay) 1/2 
u72 


n C o(2A) 1/2 d(p)3 j ) n m V - Ay’ 


(11-57) 


where y = Uj and prime denotes differentiation with respect to V. 
Substituting Eq. (11-57) into (11-56), we obtain 


Stj = 2-— DVASco = -2-^DVASA, 

C CO C A 


(11-58) 
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Table 11-1 Properties of bound modes. Summary of bound-mode properties, 
dropping the subscript j when only one mode is involved. A nonabsorbing waveguide is 
assumed so that e t , h, can be taken to be real and e z , h z are then imaginary. The modal 
amplitude coefficient, a, is defined by Eq. (11-2). 


Modal electric field 

EU, z) = {e,(x, y) + ze z (x, y)} exp(i/?z) 

Modal magnetic field 

H (x, y,z) = { h, (x, y) + zh z (x, y ) } exp( ipz) 

Orthogonality 

j + k 

e J xhf*zd/4= eJxh^zd/4 = 0 

Normalization 

N = - exh*-zd/4 

2 J'G 

Orthonormal modes 

6 h h 

6 N 1/2 ' N 112 

Power density or intensity 

S = §|a| 2 exh*'z 

Modal power 

P = 2 !°| 2 eXh*-zdA 

Fraction of modal 
power in the core 

- exh*-zdA 

If 

- exh**zdzl 

2 k 

Phase velocity 

n 2 \e\ 2 dA 

CO 1 

Vp = ~R = T 7 — 

n 2 exh*'zd.4 

* A^ 

Group velocity 
(non-dispersive media) 

exh**zd/4 

d co 1 j A ^ 

v 8 d/i s 0 r 

n |e| dA 
Ja * 

Distortion parameter 

n/r/ a \ 1 d 2 (p^) 

( ’ } (2A) 1/2 dV 2 
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where D = D(V, A) is a dimensionless distortion parameter defined by 


D(V, A) = 


1 

(2A) 1/2 


d 2 (pPj) 

dV 2 


2n co AdV\v g jf 


A(2yy" - y' 2 ) - (V 2 y" - 2 Vy’ + 2 y) 
2(V 2 -2A y) 3/2 


(1 1— 59a) 
(11 -59b) 


Consequently, pulse spreading due to waveguide dispersion is characterized by 
the product DV A. In practice, the source frequency or wavelength is 
prescribed, whereas p and A are design parameters. 

To summarize this part of the chapter, we have laid out inside the back cover 
physical quantities and waveguide parameters defining light propagation on a 
waveguide, together with bound-mode parameters. Table 11-1 summarizes 
the properties of bound modes. 


11-21 Relationships with ray invariants 

In Part I we used ray analysis to describe propagation on multimode 
waveguides with profiles that vary slowly over distances equal to the 
wavelength of light. Clearly we can also perform an electromagnetic analysis 
using the modes of this chapter, and, in Chapter 36, we demonstrate the 
equivalence of the two approaches. Throughout Part II, we frequently make 
contact with results in Part I, so it is useful to relate modal parameters to ray 
invariants. Thus, given the propagation constant of a mode which can 
propagate only on a multimode waveguide, the longitudinal ray invariant is 
given by Eq. (36-2) 

fj = k(ljl2n, (11-60) 

where / is the free-space wavelength of light. This relationship is independent 
of profile. In the special case of the step profile, we can express /J,and the modal 
parameters Uj,Wj in terms of the angle 0 Z the ray path makes with the 
waveguide axis, as summarized in Table 36-1, page 695, with the subscript j 
omitted. Further relationships for circular fibers are discussed in Section 36-2. 


ABSORBING WAVEGUIDES 

When the materials constituting a waveguide are absorbing, the modal fields 
lose power as they propagate. The absorption process is described mathemati- 
cally by attributing an imaginary part to the dielectric constant, or, equi- 
valently, to the refractive index, as in Table 1 1-2. Thus the profile is now 
complex, leading to complex values for the propagation constant, as well as for 
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Table 1 1-2 Propagation on absorbing waveguides. Superscripts r and i denote real 
and imaginary parts, and Re denotes real part. For slightly absorbing waveguides the 
fields in the expression for y can be approximated by the fields of the nonabsorbing 
waveguide. 


Complex profiles 

s(x, y) = f, r (x, y) + ifi'(x, >’); n(x,y) = n T {x,y) + in'(x,y) 
s r = 8 o{(” r ) 2 — (m 1 ) 2 }; e 1 = 2 e 0 n T n‘ 

Modal parameters 

P = P r + iF; Uj = Uj + iUj; Wj = W] + i W] 

Modal fields 

E; = e J .(x,y)exp(i7J;z)exp(-0jz); 
Hj = hj (x, y) exp(i/J j z) exp( — /Jjz) 

Modal power 

Pj(z)= Pj (0) exp( - y jz)\ y } = 2p) 

Power attenuation 
coefficient 

/. \i,2 f n T n%\ 2 dA 

y.-2k ° ^ 

Rejj ej-xhj'-zd/l | 


the waveguide and modal parameters. Consequently, we can no longer use the 
representation of Section 1 1-3 in which the transverse fields are real. 


11-22 Power attenuation 

The imaginary part of the propagation constant, /?}, accounts for the 
attenuation factor exp ( — ySj z) of the modal fields in Table 1 1-2. If Pj(z ) is the 
modal power distance z along the waveguide, then, by substituting these fields 
into Eq. (1 1— 21a), we obtain the expression for power attenuation in terms of 
the power attenuation coefficient y } , and the initial power Pj( 0). 


Uniform media 

We first consider the trivial case of an infinite, uniform medium of constant 
refractive index n = n r + in'. The modal fields, which depend implicitly on time 
through the factor exp ( — icot), are the fields of a plane wave propagating in the 
z-direction with propagation constant Pj = kn T + ikn', where k = 2n/L Thus 
the field amplitude attenuates as exp(— kn'z), and the power attenuation 
coefficient jj = 2/Jj = Ikn'. The quantity 2kn' defines the power absorption 
coefficient a, introduced in Eq. (6-2), and thus y } = a in this case. 
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Nonuniform media 

The derivation of the power attenuation coefficient for a waveguide composed 
of arbitrary absorbing media is more involved. One approach is to derive the 
eigenvalue equation for the absorbing waveguide and look for the complex 
roots corresponding to the propagation constants of bound modes. In general, 
however, the roots must be determined numerically. Alternatively, we can 
express the power attenuation coefficient in terms of the modal fields in a 
manner analogous to Eq. (1 1—42) for the propagation constant on nonabsorb- 
ing waveguides, as we now show. 

The power d P } lost from the modal fields due to absorption over a 
differential length dz of the waveguide follows from the time-averaged 
Poynting vector theorem in Section 30-9, and is given by Eq. (30-28) with E 
replaced by the modal field ajEj. If denotes the volume between cross- 
sectional planes at z and z + dz, then 

dPj = — /c(e 0 /^ 0 ) 1;2 |a J | 2 dz n r n'\Ej\ 2 dA, (11-61) 

Jt 

where A x is the infinite cross-section. A second expression is obtained by 
differentiating the expression for power in Table 1 1-2, whence 

d P } = -yjdzPj(0)e\p{-yjZ). ( 1 1-62) 

We substitute for in Eq. (11-61) from Table 11-2, and for Pj( 0) in 
Eq. (11-62) using the expression for Pj in Eq. (1 1—2 la). If we then equate the 
two expressions for dPj, we obtain the power attenuation coefficient 


63) 


where Re denotes real part, * denotes complex conjugate and z is the unit 
vector parallel to the waveguide axis. Remaining parameters are defined inside 
the back cover. We are reminded that the fields in this expression are those of 
the absorbing waveguide. 

Weak absorption 

When the waveguide is only slightly absorbing, as is normally the case in 
practice, we can obtain approximations to the power attenuation coefficient in 
explicit form. In one approach, the imaginary part of the propagation constant 
is determined by setting [i = /? j 4- in the eigenvalue equation for the 

absorbing waveguide, expanding in powers of P'j/P] and retaining only terms 
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correct to first order. An alternative and more direct solution is to approximate 
ej and h 7 in Eq. (11-63) by treating the waveguide as if it were nonabsorbing. In 
fact, we can make this approximation in all calculations involving weakly 
absorbing waveguides, provided that we allow for the attenuation factor 
exp ( — f jz) in the fields E } and H,- , and for the attenuation exp ( — yjz) of modal 
power, as given in Table 1 1-2. Weakly absorbing waveguides are considered 
again in Chapters 13 and 18. 


ANISOTROPIC WAVEGUIDES 

In the previous sections we assumed the waveguides were constructed from 
isotropic material. We now consider waveguides constructed from anisotropic 
material. For perspective, we first treat plane-wave propagation in an 
unbounded, uniform anisotropic medium. Then we discuss the modes of 
anisotropic waveguides. 

11-23 Uniform anisotropic medium 

An isotropic medium has the property that the electric field vector E produces 
a displacement vector £ 0 n 2 E in the same direction, i.e. the refractive index is 
independent of the direction of E. For a specific direction, plane waves can 
propagate in any state of polarization. Thus, in general, propagation in each 
direction can be described by two linearly polarized plane waves with their 
electric field vectors orthogonal to each other, but otherwise arbitrarily 
oriented. 

An anisotropic material has an ordered arrangement of molecules and thus 
crystalline-like properties [2, 9, 10]. In particular, the displacement vector is not, 
in general, parallel to E, i.e. the value of the refractive index depends on the 
direction of E. A crystal has three mutually perpendicular principal axes such 
that, if the electric field is parallel to any one of them, the displacement vector is 
also parallel to the field. In this case, the description of propagation is no more 
complicated than for an isotropic medium, except that we must specify three 
values of n, corresponding to D = £ 0 n*E when E is parallel to the x-axis, 
D = £ 0 nj E when E is parallel to the y-axis and D = e 0 n 2 E when E is parallel 
to the z-axis. However, when E is not parallel to a principal axis, it is necessary 
to express E in terms of its components, so that 

D x = e 0 n 2 x E x ; D y = e 0 n 2 E y -, D z = £ 0 n 2 E z , (11-64) 

and D is no longer parallel to E. The description of propagation is then 
considerably more complicated. In particular, for each direction of propag- 
ation, there are only two allowed directions of polarization for which a plane 
wave can propagate. These are the only modes of the crystalline-like medium. 
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Each mode can be expressed as a linearly polarized plane wave. The allowed 
polarization directions and the propagation constants for the two modes are 
found by solving three homogeneous linear equations in E x , E y and E z , which 
can be expressed as [2, 9] 

yS 2 {E — (k . E)k} = k 2 n 2 .E = k 2 (n 2 E x x + n 2 E y y + n z E z z), (11-65) 

where k is the unit vector parallel to the direction of propagation of the plane 
wave, k is defined inside the back cover, and x, y, z are the unit vectors parallel 
to the cartesian, or principal, axes. The solutions of Eq. (11-65) have the 
properties that k, D and E are coplanar, the direction of power flow differs 
from the direction of the wave vector, k k, and, in general, the value of the 
propagation constant /?, for at least one of the two allowable directions, 
depends on the direction of propagation. 


Axially directed plane wave 

The description of propagation is considerably simplified in special cases. In 
particular, if the direction of propagation is along the z-axis, then one allowed 
mode is an x-polarized plane wave in a medium characterized by principal 
refractive index n = n x , while the other allowed mode is a y-polarized plane 
wave in a medium characterized by principal refractive index n = n y . If 
n x = n y , the crystal is called uniaxial, and if n x £n y -£ n z it is biaxial. 

11-24 Anisotropic waveguides 

The fundamental equations governing propagation in anisotropic waveguides 
are given in Section 30-10. In general, they are considerably more difficult to 
solve than the corresponding equations for the isotropic waveguide. From our 
discussion above it is intuitive that unless the three principal axes of the 
dielectric material are aligned with the geometrical axes of the waveguide in 
Fig. 1 1-1 (a), the modes of the waveguide are very complicated. When the two 
sets of axes are so aligned, the TM modes of an anisotropic planar waveguide, 
characterized by principal refractive indices n x , n y and n z , are elementary 
generalizations of the modes of the corresponding isotropic planar waveguide, 
while the TE modes are identical to the modes of the isotropic planar 
waveguide, characterized by n = n y , assuming invariance along the y-direction. 
This is discussed further in Section 12-19. In analogy with the planar 
waveguide, the modes of a uniaxial fiber, characterized by principal refractive 
indices satisfying n x = n y , are also elementary generalizations of the modes of 
the isotropic fiber, and are discussed in Section 12-20. However, the modes 
of a biaxial crystalline fiber characterized by n x =fc n y ± n z cannot be expressed 
in closed form. Indeed, this can be anticipated since the circular symmetry of 
the profile is broken by the anisotropy. 



Section 11-24 


236 Optical Waveguide Theory 


Propagation constant 


The range of values of the propagation constant for bound modes of clad 
anisotropic waveguides follows by generalizing the argument of Section 11-17 
for isotropic waveguides. In particular, bound modes must satisfy > kn x cl , 
assuming n d > n y d , otherwise the x-polarized portion of the modal field will 
radiate because it travels faster than an x-polarized plane wave in the cladding. 
The cladding indices for x- and y-polarized light are n*, and n y d , respectively. 
Thus, the generalization of Eq. (11-46) to anisotropic waveguides is 


kn d < fij < kn 


X 

CO 5 


( 11 - 66 ) 


assuming that n* Q > n y co and n d > n y d , where n* 0 is the maximum value of the 
core index for x-polarized light. More generally, the lower limit on fij is set by 
the larger of n d , n y d while the upper limit depends on the larger of n x m , n y c0 . 

In deriving Eq. (1 1-66), we assumed that the modal electric field has both x 
and y components. For the exceptional case of a planar anisotropic waveguide, 
the transverse modal field can be purely x- or y-polarized, as we showed in 
Section 12-19. In other words, the x- and y-polarized mode sets decouple, with 
the propagation constant of the x-polarized modes obeying Eq. (1 1-66), while 
the propagation constant of the y-polarized modes obeys Eq. (11-66) with 
superscript x replaced by y. 


Weakly guiding, anisotropic waveguides 

When the refractive indices of the waveguide core and cladding are ap- 
proximately equal, regardless of the direction of E, the waveguide is called 
weakly guiding. For such cases, the bound modes are composed of plane waves 
which are directed approximately along the waveguide axis. This simplifies the 
propagation characteristics, as anticipated from the discussion at the end of 
Section 11-23. The modes of such structures are discussed at the end of 
Chapter 13. Although the waveguide is weakly guiding, we emphasize that 
anisotropy can have a significant effect on propagation. 

Waveguides with slight anisotropy 

Waveguides that are nearly isotropic can be treated by the perturbation 
methods of Chapter 18. Weakly guiding waveguides are discussed in 
Section 18-9, and waveguides with arbitrarily varying refractive-index profiles 
are discussed in Section 18-21. 
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The basic properties of bound modes on optical waveguides were given in the 
previous chapter. In this chapter we display these properties explicitly for 
those few profiles which have exact solutions of Maxwell's equations. Our 
primary objective is to derive analytical expressions for the modal vector fields, 
which contain all the polarization properties of the waveguide discussed in 
Section 1 1-16. We pay particular attention to fundamental modes, since these 

238. 
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are the only modes which can propagate on single-mode waveguides. As we 
consider only individual modes, we can drop the modal subscript. Thus the 
modal fields of Eq. (11-3) are now expressed as 

E(x, y, z) = e(x, y)exp H(x, y, z) = h(x, y)exp(i/Sz), (12-1) 

where p is the propagation constant. The field components are solutions to the 
homogeneous vector wave equations of Eq. (30-14), where 

{V?+n 2 k 2 -p 2 }e = — (V t + i)?z)e t • V, In n 2 , (12-2a) 

{V t 2 + n 2 k 2 — p 2 }h = { ( V, + i/?z) xh} X V t In n 2 , (12-2b) 

where n = n(x, y) is the refractive-index profile, k = 2n/X, and X is the free- 
space wavelength. Subscript t denotes transverse component, and z is the unit 
vector parallel to the waveguide axis. The vector operators V 2 and V t are 
defined by Eqs. (37-38) and (37-33), respectively. For the profiles of planar and 
circularly symmetric fibers considered here, we work with the component 
equations of Eqs. (30-21) and (30-15), respectively. We begin with step-profile 
waveguides, since these are of practical interest and Maxwell’s equations are 
straightforward to solve. Throughout the chapter we assume the free-space 
permeability /r 0 for every waveguide. 

12-1 Step-profile waveguides 

The step-profile waveguide has a core of uniform refractive index n co , 
surrounded by a cladding of uniform refractive index n c] , which is assumed 
unbounded. Thus the only variation in profile is a step, or jump, discontinuity 
at the core-cladding interface in Fig. 11-1 (a). This profile has exact analytical 
solutions for the modal fields on planar waveguides, circularly symmetric 
fibers and elliptical fibers. 


Solution of the vector wave equations 

A general approach for finding the fields of step-profile waveguides is to 
solve the vector wave equations of Eq. (12-2) within the core and cladding 
regions, where the V t lnn 2 terms are zero, and then use the boundary 
conditions of Maxwell’s equations to determine the field amplitudes. This 
approach was discussed in Section 11-15, which emphasized that the V, In n 2 
terms manifest themselves through the boundary conditions. We need solve 
only for the longitudinal components e z and h, in Eq. (12-2), since the 
transverse components are then given by Eq. (11^43). Accordingly, the 
equations satisfied by the longitudinal components within the core and 
cladding regions are given by Eq. (11—45) as 

{ V t 2 + n 2 k 2 — /? 2 = 0, 


(12-3) 
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where ¥ denotes e z or h z , and is defined in Table 30-1, page 592. The 
boundary conditions of Maxwell’s equations, given below Eq. (30-1), require 
that h and the tangential components of e be continuous at the interface, and 
that the fields be everywhere finite. The solution for the modal fields is 
determined to within an arbitrary constant multiple. The value of this multiple, 
or modal amplitude, a } , is determined by the amplitude of either the source of 
excitation or the prescribed waveguide fields. 


STEP-PROFILE PLANAR WAVEGUIDE 

The simplest example of a step-profile waveguide is the symmetric planar 
waveguide of Fig. 12-1 with profile 

n(x) = n co , 0<|x|<p; rt(x) = n c] , p < |x| < oo, (12-4) 

where p is the core half-width. This is a two-dimensional waveguide, and by 
orienting cartesian axes as shown, the fields depend on x and z only, i.e. 

E(x, z) = e(x)exp (i'ySz); H(x, z) = h(x)exp (ifiz). (12-5) 

The physical parameters of the waveguide and the free-space wavelength A of 
the source of excitation are contained in the waveguide parameter V and the 
profile height parameter A defined inside the back cover. 



Fig. 12-1 Section of a planar waveguide, which is unbounded in the y- 
and z-directions. The core half-width is p and n (x) is the refractive-index 
profile. The z-axis coincides with the waveguide axis midway between 
interfaces. 

12-2 Modal fields 

We follow the prescription for constructing the fields given in Section 12-1. 

Substituting Eq. (12-4) into Eq. (12-3) and referring to Table 30-1, page 592, 
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we deduce that 


f , d 2 



r^ + "T= o: 

, 0 < | x | < p, 

(12-6a) 

,d 2 ,i 




; p < | x | < oo, 

(12— 6b) 


where the modal parameters U and W are defined by Eq. (11-49), and 'P 
denotes e z or h z . Solutions which are everywhere bounded vary as sin(l/x/p) or 
cos (Ux/p) in the core and as exp ( — W\x\/p) in the cladding. We explained in 
Section 1 1-16 why the modes of planar waveguides are expressible as either TE 
with e z = 0 or as TM with h z = 0. In either case the remaining longitudinal 
component is continuous across both interfaces and has the form given in 
Table 12-1. The nonvanishing transverse field components follow from 
Eq. (30-8). Continuity of h x or h y at x = ±p leads to the eigenvalue equations 
in Table 12-2, which in turn have been used to express the amplitude of each 
field component in the form given in Table 12—1. We assume that within the 
core e y = 1 or e x = 1 at x = p. Even and odd modes have transverse electric 
fields that are even or odd functions of x. On a nonabsorbing waveguide n co 
and n cl are real, and the fields obey the convention of Eq. (1 1-8), i.e. e z , h z are 
imaginary, and e x , e y , h x , h y are real. The complete spatial dependence of the 
fields follow from Eq. (12-5). 

In the next section we show that U depends on V or on V and A. Thus, if we 
substitute for /? and n^/n^, from inside the back cover, the parametric 
dependence of the electric fields in Table 12-1 involves the independent 
parameters V, A and p only, i.e. e = e (V, A, p) as discussed below Eq. (1 1-48). 
The magnetic fields depend on the same parameters, apart from the factor 

«co( e o/Mo) 1/2 - 


Alternative derivation 

The derivation of the modal fields, given above, is based on the longitudinal 
components, for which the longitudinal components of the vector wave 
equation decouple on step-profile waveguides, as explained in Section 11-15. 
However, for the special case of the planar waveguide, the TE and TM mode 
fields can also be derived starting with e y and h y , respectively, as we show later 
in Sections 12-14 and 12-15. 


12-3 Propagation constants 

As noted above, continuity of the tangential fields at the interfaces gives rise to 
the eigenvalue equations. There are four eigenvalue equations corresponding 



Table 12-1 Modal field components for step-profile planar waveguide. The axes and coordinates are defined in Fig. 12-1, and 
X = x/p, where p is the core half-width. Core and cladding refractive indices are n co and n ch and all other parameters are defined inside the 
back cover. 
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Table 12-2 (a) Modal properties of the step-profile planar waveguide, 
(b) Asymptotic forms of V. (a) The modal quantities N, t] and v are calculated from 
Table 11-1, page 230, and (b) gives the asymptotic solutions of the eigenvalue 
equations in (a). All parameters are defined inside the back cover. 


(a) 


Even 

TE modes 


Odd 

TE modes 


Even 

TM modes 


Odd 

TM modes 


Eigenvalue 

equation 


W = U tan V \ W = - U cot U 


n^JV = n 2 t U tan U n^JV = — C/ cot U 


Normalization 
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to even and odd TE and TM modes; these are given in Table 12-2. The 
solution of each equation for U leads to the propagation constant /i through 
the relationship inside the back cover. Each value of /? must lie in the range for 
bound modes kn d < fi ^ kn co . 

The eigenvalue equations are transcendental and must be solved numeri- 
cally. Plots of U as a function of V for the first eight modes of a waveguide with 
A = 0.32 are presented in Fig. 12-2. We choose a relatively large difference 
between core and cladding indices to ensure that the TE and TM mode 
solutions are clearly distinguishable. Even and odd values of the subscript j 
refer to even and odd TE ; and TM ; modes, the value of j increasing with 
increasing U. 


U 


V 

Fig. 12-2 Numerical solution of the eigenvalue equations of Table 12-2 
for the first eight modes. The values along the dashed line are the cutoff 
values of U. 


Cutoff and V = oo 

The cutoff values of U, discussed in Section 1 1-18, are found by setting U = V 
in each eigenvalue equation. We deduce from Table 12-2 that U — jn/2 for 
both TE; and TM ; modes. The fundamental TE 0 and TM 0 modes are not cut 
off. Consequently the waveguide is single moded if 0 < V < nil, when only 
these two modes can propagate. As V -* oo we deduce that U -* (j+ l)n/2. 
Thus, for all modes, U increases by n/2 as V increases from cutoff to infinity. 
These results are included in Table 12-2. 
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Approximations for U close to cutoff and far from cutoff are given in Table 
12-2. Close to cutoff, U is expanded as a power series in V-jn/2 and 
coefficients of like powers are equated in the eigenvalue equation. Far from 
cutoff we differentiate the eigenvalue equation [1], e.g. for the even TE modes 


d U U 1 

dV~ ~V1 + (V 2 -U 2 ) 112 ’ 


(12-7) 


and ignore the U dependence in the denominator since V$> U. This leaves an 
integrable function from which we deduce the expression in Table 12-2. If we 
compare these approximations with the exact values of U in Fig. 12-2, the 
relative error increases in both the near-cutoff approximations as V increases, 
and in the far-from-cutoff approximation as V decreases. For the TE 0 mode 
the error in each approximation is 10.4 % at V — 0.72, while for the TM 0 mode 
the error is 25.2% at V — 1.26. 


12-4 Modal properties 

If we substitute the modal fields of Table 12-1 into Table 11-1, page 230, we 
obtain the expressions for N, >/ and v g in Table 12-2, noting that the area 
integrals in Table 1 1-1 reduce to single integrals over — oo < x < oo for the 
planar waveguide. The parameters r] and v g in particular provide insight into 
propagation phenomena, as discussed below. 


TM modes 

If we substitute for W and n^/nh from inside the back cover, the eigenvalue 
equations for TM modes in Table 12-2 show that U depends on both V and A. 
The dependence on A is a manifestation of the polarization properties of the 
waveguide contained in the V t In n 2 terms in Eq. (12-2), or, equivalently, in the 
polarization-dependent property of plane-wave reflection from a planar 
interface, discussed in Section 11-16. The influence of waveguide polarization 
increases with A. 


TE modes 

If we substitute for W from inside the back cover, the eigenvalue equations for 
TE modes in Table 12-2 show that U depends only on V and is independent of A. 
Thus, U is insensitive to waveguide polarization, as anticipated in Section 
1 1-15, and corresponds to the vanishing of the V t ln n 2 terms in Eqs. (30— 21 b) 
and (3 1— 21d) for e y and h x , respectively. Hence the transverse fields satisfy the 
scalar wave equation everywhere including the interface. In Section 33-1 we 
show that any solution of the scalar wave equation must be continuous 
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everywhere and have continuous first derivatives. From this fact we can derive 
the TE mode eigenvalue equations directly from Eq. (12-3) without recourse to 
the boundary conditions of Maxwell’s equations. The longitudinal fields satisfy 
Eqs. (30- 21c) and (30-21f)in which the V t ln n 2 terms vanish everywhere except 
at the interface. Consequently e z and h z are not solutions of the scalar wave 
equation. 

Near to and far from cutoff 

As U approaches its cutoff value, W -* 0 and -> kn d . We deduce from Table 
12-2 that tj -* 0, so that all of a mode’s power is in the cladding, and v g -> c/n c \, 
i.e. the modal group velocity approaches the speed of light in the cladding. 
Furthermore, Table 12-1 shows that e z ->0,h z -> 0, so that the modal fields are 
TEM at cutoff. We warn that the conclusions r] -> 0 and the fields becoming 
TEM for all modes is specific to the planar waveguide. 

Far from cutoff where W -* V -* oo and -* kn co , we deduce that rj -» 1 and 
v g -» c/n co . Hence all modal power is in the core and the modal group velocity is 
equal to the speed of light in the core. 

Number of modes 

The total number of bound modes M bm which can propagate on the step- 
profile planar waveguide is most simply found by counting solutions of the 
eigenvalue equations. Since the cutoff values of U in Fig. 12-1 are n/l apart 
and there are two polarization states for each value of cutoff, we deduce that 
M bm = Int(4 V/n), where Int denotes the largest integer nor exceeding 4 V/n. 
Hence the number of modes depends only on V. 

12-5 Weakly guiding waveguide 

The waveguide is weakly guiding if n co = n ci or, equivalently, if the profile 
height is small, i.e. A 1. The dependence of U on A in the TM mode 
eigenvalue equations of Table 12-2 is then slight. A further consequence is that 
the range of propagation constant values for bound modes, kn cl < ^ kn co , 

becomes very narrow and ft = kn co = V/p{ 2A) 1/2 . It is then clear that the 
longitudinal fields in Table 12-1 are of order A 1/2 times the order of the 
transverse fields. Hence the modal fields of the weakly guiding waveguide are 
nearly TEM waves, with only a weak dependence on the polarization 
properties of the waveguide. 

12-6 Plane-wave decomposition of the modal fields 

The core fields of each mode on a step-profile planar waveguide can be 
decomposed exactly into just two families of plane waves, as we show in 
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Section 36-1. Each plane wave, or ray, propagates at angle 9 Z to the waveguide 
axis, where p = kn co cos 9, and 9 Z lies in the range of bound-ray directions 
0 < 9, < 0 c of Eq. (1—5 (a)), where 9 C = sin - 1 {1 — n 2 Jn\ 0 } is the complement 
of the critical angle of geometric optics. If the waveguide is weakly guiding 
P = kn co and the rays are paraxial, i.e. 9 Z < 1 . The discrete values of p 
correspond to the preferred ray directions discussed in Section 10-7. 

Mode and ray transit times 

The modal transit time t over length z of the waveguide follows from Eq. 
(11-36) as t — z/v g . We denote the corresponding ray transit time expression in 
Table 1-1, page 19, by t g0 . Substituting for group velocity from Table 12-2 
and using the relationship between modal propagation constant p and ray 
invariant p in Table 36-1, page 695, we deduce 

t = £ g0 {l-2A(l —//)}. (12-8) 

Thus the modal and ray transit times are equal only when q — ► 1. This condition 
is satisfied only by those rays belonging to modes well above cutoff, i.e. when 
Vp U, or, equivalently, when 9 Z < 9 C . Hence £ g0 is inaccurate for arbitrary 
values of 9 Z . This inaccuracy arises because the ray transit time ignores 
diffraction effects, which were discussed in Chapter 10. The step- profile planar 
waveguide is a special case, however, because all diffraction effects can be 
accounted for exactly by including the lateral shift at each reflection, together 
with recognizing the preferred ray directions. This was carried out in Section 
10-6, and for rays, or local plane waves, whose electric field is polarized in the 
y-direction in Fig. 10-2, leads to the modified ray transit time of Eq. (10-13). If 
we use Table 36-1 to express 9 Z and 9 Z in terms of U, V and IFand substitute q 
for TE modes from Table 12-2, we find that Eqs. (10-13) and (12-8) are 
identical since 9 Z = 9 Z . It is readily verified that the same conclusion holds for 
TM modes and local plane waves whose magnetic field is polarized in the y- 
direction of Fig. 10-2. 


Material absorption 

If the core and cladding materials of the waveguide are slightly absorbing, the 
ray power attenuation coefficient of Eq. (6-3) is identical to the modal power 
attenuation coefficient of Table 11-2, page 232, provided the lateral shift is 
included. Details are presented in Section 36-10. 


Eigenvalue equations 

It is possible to derive the eigenvalue equations of Table 12-2 directly from the 
trajectories of plane waves within the waveguide core by calculating the total 
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phase change along the trajectory and at reflections, and then imposing a 
simple consistency condition. This is demonstrated in Section 36-7. 


12-7 Asymmetric and multilayered waveguides 

The analysis so far has been applied to the symmetric planar waveguide. 
However, it is straightforward to generalize Eq. (12-6) to asymmetric 
waveguides when the refractive index has uniform but different values in the 
regions x > p and x < — p in Fig. 12-1 [2]. Similarly, if further layers are 
introduced parallel to x = 0 so that the waveguide is multilayered, the modal 
fields are constructed from the appropriate solutions of Eq. (12-6) in each 
layer, ensuring the tangential components are continuous at each interface. 


STEP-PROFILE FIBER 

The step-profile fiber is illustrated in Fig. 12-3. It has a circularly symmetric 
cross-section and refractive-index profile 

n(r) = n co , 0 < r < p; n(r) = n cl , p <r < oo, (12-9) 

where p is the core radius. The modal fields depend, in general, on all three 
cylindrical polar coordinates r, </>, z and have the separable forms 

E(r, ([> , z) = e(r, <j>)ex p (i/?z); H(r, (/>, z) = h(r, (/>)ex p (i/?z). (12-10) 

The physical parameters of the fiber and the free-space wavelength X of the 
source of excitation are contained in the fiber parameter V and the profile 
height parameter A defined inside the back cover. 



Fig. 12-3 Section of a circularly symmetric fiber, which is unbounded 
in the r- and z-directions. The core radius is p and n (r) is the refractive- 
index profile. The z-axis coincides with the fiber axis of symmetry. 
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12-8 Modal fields 

The construction of the fields follows the prescription given in Section 12-1. 
We substitute Eq. (12-9) into Eq. (12-3), and with reference to Table 30-1, 
page 592, deduce that if ¥ denotes e z or h z then ¥ satisfies 


d 2 1 8 

1 8 2 



(12-1 la) 

i 1 l rj J- 1 

8R 2 R8R R 2 8(j) 2 J 

II 

o 

0 < R < 1, 

' d 2 1 8 

1 8 2 ' 

I 


(12-1 lb) 

— 1 1 W 

8R 2 R8R R 2 84> 2 

>¥ = 0 

; 1 < R < oo. 


where the normalized radius R = r/p, and U, W are defined inside the back 
cover. Separable solutions which are everywhere bounded vary as 
J V (UR) cos or J v (UR) sin (v(f>) in the core, and as K V (WR) cos (v</>) or 
K v (W / R)sin (v0)in the cladding, where v is a positive integer or zero. The J v is 
the Bessel function of the first kind defined by Eq. (37-62), and K v is the 
modified Bessel function of the second kind, defined by Eq. (37-66). We 
explained in Section 1 1-16 why the modes of fibers are generally hybrid, being 
composed of linear combinations of TE and TM modes. They possess both e 2 
and h 2 components, and are known as EH and HE modes. The functional 
forms of their fields are identical, but the values of U differ as we show in the 
next section. To construct the fields, we first choose longitudinal components 
which are continuous across the interface, i.e. 


ez=AJ fm fM) ' K=BJ fm 9v{4>) ' 0<R<1, (12-12a) 

e -= A W^ km K = B i£m 9 ’ m 1<R< “- a2 ^ 12b) 


where A and B are constants and f v , g v are defined in Table 12-3 (a). The 
transverse components follow from Eq. (30-9), and by imposing continuity of 
the azimuthal components e $ and at R = 1 we determine the ratio A/B and 
the eigenvalue equation of EH and HE modes in Table 12-4(a). Normally we 
would set A = 1. However, A is chosen for consistency with the weak-guidance 
results, as explained in Section 12-11. Thus, the fields have the forms in Table 
12-3(a). Even and odd modes have radial electric field components which are 
even or odd functions of (f>. A similar derivation for the axisymmetric TE and 
TM modes leads to the field components in Table 1 2— 3(b) and the eigenvalue 
equations in Table 12-4(a). The notation is defined in Table 12-3(a). If the fiber 
is nonabsorbing, n co and n cl are real, and the fields obey the convention of Eq. 
(11-8), i.e. e z , h z are imaginary, and e r , e h r , h# are real. Repeating the 
discussion in Section 12-2, it is clear that e and h in Table 12-3 depend 



Table 12-3 Field components of (a) HE vm and EH vm and (b) TE 0m and TM 0m modes of the step-profile fiber. The axes and coordinates 
are defined in Fig. 12-3, and R = r/p, where p is the core radius. Core and cladding refractive indices are n Q0 and n d , and all other parameters 
are defined inside the back cover. 
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parametrically on V, A and p only, apart from the factor n co {e 0 /p 0 ) l/2 in the 
magnetic field dependence. 


12-9 Propagation constants 

As noted above, continuity of the tangential field components at the fiber 
interface leads to the eigenvalue equations for the even and odd HE vm and 
EH vm modes, the TE 0m modes and the TM 0m modes in Table 1 2— 4(a). Each 
mode is labelled by two subscripts. The first subscript v is the order, and the 
second subscript m denotes the mth root of the eigenvalue equation. The roots 
are ordered so that m = 1 corresponds to the root with the smallest value of U 
or, equivalently, to the largest value of /? for a given value of v. Increasing values 
of m correspond to increasing values of U. The values of ft for all modes lie 
within the range kn d < fi < kn co . If we follow the reasoning in Section 12^4, it 
is clear that the values of U depend on V, A and v for EH vm and HE vm modes, on 
V and A for TM 0m modes and on V alone for TE 0m modes. Further, the 
transverse fields of the TE 0m modes satisfy the scalar wave equation 
everywhere, including the interface, i.e. they are the polar equivalent of TE 
modes on the planar waveguide. 

The eigenvalue equations are transcendental and must be solved numeri- 
cally. Plots of U against Fare presented in Fig. 12-4 fora fiber with A = 0.32? 
The relatively large value of A helps distinguish between solutions. When 
A = 0, or n c0 = n d , the HE U mode solution is given by the dashed curve. 


Cutoff and V = oo 

Following the discussion in Section 1 1-1 8, the cutoff values of U are found by 
letting U -* V,W -* 0 in each eigenvalue equation in Table 12-4(a). Using the 
asymptotic form of K v (fV)as W -* 0 in Eq. (37-86), the values of U at cutoff 
are given implicitly by the equations in Table 12— 4(b). The even and odd HEi t 
modes are the fundamental modes, since they have the smallest value of U for 
all V and are not cut off. For finite values of V the modes with the smallest 
cutoff are the TE 01 and TM 01 modes; the value of U is given by the first zero of 
Jo, i.e. U = 2.405. Hence the fiber is single-moded for 0 < V < 2.405. As 
V -» oo the asymptotic forms of K V (W) for IF-* oo in Eq. (37-88) lead to the 
implicit values of U in Table 12-4(b). The value of U for each mode increases 
monotonically with V, as is clear from Fig. 12-4. 


Near to and far from cutoff 

Approximations for U close to cutoff and far from cutoff can be derived, in 
particular, for the fundamental modes which are of importance for single- 
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Table 12 — 4 (a) Eigenvalue equations for the step-profile fiber, (b) Limiting values 
of the modal parameter U. (c) Fundamental modes. Parameters are defined inside the 
back cover. 

(a) 


HE vm and 
EH vm modes 

f J'v(U) K’JJV) } f J' V (U) n* K'AW) ] / vP V / V Y 

1 UJAU) WKMV)\{UJAU) n 2 co WK v (W] jj \kn c J \U W ) 

Alternative 

form 

k 2 nlF l =^F 2 

TE 0m modes 

J,(U) Kj(fV) 

UJ 0 (U) IVK 0 (fV) 

TM 0m modes 

<MU) n^KAW) 
UJ Q (U) WK 0 (fV) 


(b) 


Mode 

Cutoff W = 0, U = V 

II 

II 

8 

TE 0m TM 0m 

J 0 (U) = 0 

Ji(U) = o 

HE lm 

MU) = o 

MU) = o 

EH vm 

UU) = 0 

^v + l(^) = 0 

HE vm (v > 1) 

U J V . 2 (U ) -2A 

(v — 1 )MAU) 1-2A 

J,-AU) = o 

Range of single-mode operation 0 < V < 2.405 


(c) 
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Fig. 12-4 Numerical solution of the eigenvalue equations of Table 
12-4 (a) for the first twelve modes. The values along the dashed line are the 
cutoff values of U, and the dashed curve is the fundamental mode solution 
for a fiber with n co — n d and V fixed. 

mode fibers. We follow the technique described in Section 12-3 and derive an 
eigenvalue equation for dC//dFfrom the HE n mode eigenvalue equation in 
Table 12— 4(a). Far from cutoff [3] and close to cutoff [4], this leads to the 
expressions in Table 12-4(c). Similar expressions can be derived for other 
modes [3,4], If we compare the values of these expressions with the exact 
values of U in Fig. 12—4 for the HE[ x modes, the relative error increases in the 
near-cutoff approximation as V increases, and in the far-from-cutoff approxi- 
mation as V decreases. The error in each approximation is 8.1 per cent at 
V = 1.4. 

12-10 Modal properties 

If we substitute the modal fields of Table - 12-3 into Table 11-1, page 230, we 
obtain the expressions for S z , N, t] and v g in Table 12-5. The elemental area 
d A = p 2 RdRd(p and the integrals of Bessel functions together with recur- 
rence relations are found in Chapter 37. We have plotted r) in Fig. 12-5 for the 
first twelve modes, using the same parameter values as Fig. 12-4. The dashed 
curve gives the values of t] for the HEi t mode when A = 0, i.e. when n co = n d . 

Polarization of the modal fields 

At any position in the fiber cross-section the modal electric field is expressible as 
a linearly polarized field, but since the field varies with position, the direction 
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V 

Fig. 12-5 The fraction of modal power residing in the core for each of 
the first twelve modes as a function of V. The dashed curve is for the 
fundamental modes when n,. 0 = and V fixed. 


of the electric field changes over the cross-section as shown in Fig. 12-6. For 
the axisymmetric TE 0m or TM 0m modes the electric field lines are circles or lie 
in planes through the fiber axis, respectively. 


Modal intensity patterns 

The intensity S 2 for EH and HE modes in Table 12-5 varies both radially and 
azimuthally. Only for the TE and TM modes is S, axisymmetric, as exempli- 
fied by the TE 01 and TM 01 modes in Fig. 12-7, where darker shading 
denotes higher intensity. The intensity is zero on axis and has a maximum at 
UR = 1 . 8 . 


Near to and far from cutoff 

Unlike the modes of the planar waveguide, only some of the modes of the fiber 
have zero power within the core at cutoff, i.e. rj = 0 in Fig. 12-5. This includes 
the TE 0m , Tivl 0m , HE lm and HE 2m modes, all other modes having 77 > 0 at 
cutoff. We then deduce from Table 12-5 that only modes with 77 = 0 have a 
group velocity at cutoff equal to the speed of light in the cladding c/n cl . The 
remaining modes have v g < c/n d . 

Far from cutoff, all modes have their power concentrated in the core, i.e. 
77 -> 1 as V -* 00, and hence their group velocity approaches the speed of light 
in the core c/n co . 
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Fig. 12-6 The directions of the electric and magnetic field vectors, 
denoted by continuous and broken curves, for low order modes, showing 
the pattern in the cross-section of a step-profile fiber. When n c0 = n cl and 
V is fixed, the fundamental mode-pattern becomes a rectangular grid. 



Fig. 12-7 Qualitative representation of light intensity over the core of 
the step-profile fiber for the axisymmetric TE 0 i and TM 01 modes. Darker 
shading corresponds to higher intensity. 
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Number of modes 

It is harder to count the number of bound mode solutions M bm for the fiber, 
than it is for the planar waveguide, because the roots of the eigenvalue 
equations in Table 12— 4(a) are now not uniformly spaced, even at cutoff. 
However, we show in Section 36-13 that, provided the fiber is multimoded 
with V $> 1, M bm = Int (V 2 /2), the smallest integer just exceeding V 1 jl. 

12-11 Weakly guiding fiber 

The fiber is weakly guiding if n co = n cl or, equivalently, if A <| 1. Under this 
condition, /? = kn CQ and the eigenvalue equations of Table 12-4(a) have 
solutions virtually independent of A, i.e. insensitive to the polarization 
properties of the fiber. With k in terms of V, we have (l — V/p( 2A) 1/2 , which, 
combined with A <£ 1 in Table 12-3, leads to |e t |?>|e z |, | | | | . 

Consequently the modes are nearly TEM waves [5], 


Expansion of the exact modal fields 

It is sometimes useful to know the first few terms in the expansion of the modal 
fields for A <1. As an illustration we consider the two fundamental modes 
because of their importance in single-mode fibers. Section 32-1 discusses these 
expansions at length, so it is sufficient to summarize results here. The lowest 
order fields and values of the modal parameters for the weakly guiding fiber 
are discussed at length in Chapters 13 and 14. The expansions are in powers of 
A 1/2 . Correct to third order, the even HE n mode field expansions are 

e = e x x + A 1/2 e ( . 1/2) z + A{e‘ c 1) x + ej, 1, y} + A 3 12 e< 3 /2 > % (12-1 3a) 

h = h y y + A 1/2 h‘ 1/2, z + Ajh^’x + fc^’y} + A 3/2 /i*. 3/2) z, (12— 13b) 

where x, y and z are unit vectors parallel to the axes in Fig. 12-3, a ~ denotes the 
weak-guidance, or zero-order, fields, and superscripts denote the order in A. 
Cartesian and cylindrical polar field components are related by Eq. (37-49). 
The coefficients of each power of A in Table 12-6 are obtained by expanding 
the exact fields of Table 12-3(a), for which we require the expansions of the 
modal parameters correct to order A, i.e. 

U = t/ + AC/ (1) ; W = W+ AW a> , (12-14) 

where U and W are defined inside the back cover. If we substitute these 
expansions into the eigenvalue equation of Table 1 2-4(a) and equate powers of 
A, we obtain the eigenvalue equation satisfied by U and W and the expressions 
for t/ (1) and W {1) in Table 12-6. Relationships between the Bessel functions 
are given by Eqs. (37-72) and (37-73). The choice of normalization of the exact 
fields in Table 12-5 was made to ensure that e x = 1 at the interface. 



Table 12-6 Weak-guidance expansion of the even HE M mode fields of the step-profile fiber. Coefficients of the expansion of Eq. 
(12-13) correct to third order, where k = r/p and parameters are defined inside the back cover. 
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12-12 Plane-wave decomposition of the modal fields 

Unlike the planar waveguide, the core fields of the fiber are not given by the 
superposition of two families of plane waves, and require a continuum 
representation as discussed in Section 36-2. However, if the fiber is multi- 
moded, the higher-order modes, i.e. those modes with U 1 or v 1 in Table 
12-3, can be accurately approximated by the superposition of plane waves 
propagating in four directions. Each plane wave, or ray, propagates at angle 9 Z 
to the fiber axis, where /? = kn^cos 0,, and its projection onto the core cross- 
section makes angle 6# with the azimuthal direction, where v = kn a) r sin 6 z x 
cos 0^ . The range of bound-ray directions is given by Eq. (2— 6a), where 
6 C = sin -1 (1 — «ci/ n co) complement of the critical angle of geometric 
optics. Relationships between modal parameters, ray angles, and ray invariants 
are given in Table 36-1, page 592. On weakly guiding fibers ft = kn co and the 
rays are paraxial, i.e d z 1. The discrete values of ft correspond to the 
preferred ray directions discussed in Section 10-7. 

Mode and ray transit times 

The expressions for group velocity in Tables 12-5 and 12-2 are identical, and 
consequently the modal transit time t = zjv % over length z of fiber is identical 
with the corresponding expression for the planar waveguide. Since the ray 
transit times t g0 of Table 1-1, page 19, and Table 2-1, page 40, are also 
identical, it follows that l and f g0 for the fiber are also related by Eq. (12-8), and 
are only equal when 8 Z <£ 9 C , as discussed in Section 12-6. For angles 0, = 6 C , 
the times differ because f go neglects diffraction effects. Unlike the planar 
waveguide, diffraction effects are not fully accounted for by incorporating the 
lateral shift of Chapter 10. There are additional diffraction effects caused by 
the curvature of the fiber interface, since t] depends on the azimuthal order v. 

Eigenvalue equations 

In Section 36-7 we show how to derive eigenvalue equations for higher-order 
modes on multimode fibers by applying a consistency condition on the phase 
change along the trajectory of each plane wave. These equations are the large 
order limit of the eigenvalue equations in Table 12—4 (a). 


12-13 Multilayered and elliptical fibers 

The analysis of the step-profile fiber is readily extended to multilayered fibers 
with a uniform refractive index in each layer. An example of this is the IF fiber, 
which has three layers with a smaller index in the centre layer than in the two 
adjacent layers [6], The modal fields and eigenvalue equations for such 
structures are constructed from the appropriate solution of Eq. ( 1 2- 1 1 ) in each 
layer, ensuring that the tangential fields are continuous at each interface. 
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If the interface of the step-profile fiber has an elliptical cross-section, the 
methods of Section 12-1 can be used to derive the modal fields and eigenvalue 
equations for arbitrary eccentricity. Unfortunately, it is difficult to gain insight 
into the effects of eccentricity because the field expressions involve infinite sets 
of Mathieu functions [7]. 

GRADED-PROFILE WAVEGUIDES 

There are few known examples of graded profiles which lead to exact solutions 
of Maxwell’s equations for the modal fields, and most of these are of little 
practical interest. The solutions are usually not expressible in terms of simple 
functions, but they do provide a useful check on numerical and approximate 
solutions. In the following examples we provide only a schematic derivation, 
listing profiles and the corresponding modal fields and eigenvalue equations. 
The derivations do not follow the approach of Section 12-1, as the 
longitudinal field components are coupled throughout the graded profile 
region. Instead, we start from the component equations of the vector wave 
equation of Eq. (30-14). The following set of examples provides a fairly 
comprehensive range of profiles with exact modal field solutions, but is by no 
means complete. 

12-14 Example: TE modes on graded-profile planar waveguides 

The planar waveguide of Fig. 12-1 has refractive-index profile n(x), and the modal fields 
have the separable form of Eq. (12-5). Under these conditions there are consistent 
solutions of Maxwell’s equations with e x = e z = h y = 0 in Eq. (30-5). These are TE 
modes and e y satisfies Eq. (30— 21b). If we express the profile in the general form 

n 2 (X) = n c 2 0 {l -2A/(A)}; X = x/p, (12-15) 

where f(X) ^ 0, then by substituting into Eq. (30-21b) and referring to the definitions 
inside the back cover we have 

+ U 2 - V 2 f(X) Je, = 0, (12-16) 

and hence e y satisfies the scalar wave equation. Remaining field components are given 
by Eq. (30-5) as 


In Table 12-7 we give profiles which lead to closed-form solutions for e y and the 
corresponding eigenvalue equations. Each profile is symmetrical in x and is plotted in 
Fig. 12-8. The parameter p scales profiles (a) to (f), which do not have a well-defined 
interface, and the waveguide parameter is defined by V = /cpn co (2A) 1 ' 2 . For each such 
profile, the eigenvalue equation is obtained by requiring that e y be bounded everywhere, 
and that e y and de„/dx be continuous at x = 0. Profiles (a), (d) and (e) are unphysical 


1/2 




K = 


Bq \ i/2 i de v 


V- o 


k dx 


(12-17) 
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since n 2 (x) -» — oo as x -> ± oo for the first two, or x -* ± k/2 for the latter. However, 
provided V is large enough, modal power will be confined close to x = 0, and the effect 
of the profile for |x| P p will be negligible. 



0 p x,r 0 p x,r 


Fig. 12-8 Plots of the profiles in Tables 12-7 to 12-9 as a function of 
the transverse coordinate x for planar waveguides or the radius r for fibers, 
where p is the core half-width or core radius, respectively. 

In Table 12-7, the field for the infinite parabolic profile (a) is in terms of the Hermite 
polynomial H„ of order n > 0 [8]. This is the solution of Eq. (12-16) after making the 
transformations w — XV 1 ' 2 and e y — exp( — w 2 /2)g(w). Even and odd modes cor- 
respond to even and odd values of n, respectively. The fundamental mode has the 
largest value of /?, i.e. n = 0, and from inside the back cover we deduce 

e y — exp( — VX 2 /2)\ U = V 1 ' 2 . (12-18) 

The H n are given explicitly in Eq. (37-107) for low-order modes. For the hyperbolic 
tangent profile (b), the transformation w = tanh X of Eq. (12-15) leads to Legendre’s 
equation. The field is in terms of the associated Legendre function P"~ s , where s is not 
necessarily an integer, and even and odd values of n ^ 0 correspond to even and odd 
modes [9]. The transformation w = Fexp( — |A"|) of Eq. (12-16) for the exponential 
profile (c) generates Bessel’s equation, and e y varies with the Bessel function of the first 
kind, J p , whose order p is determined implicitly by continuity at x = 0 [8]. The tangent 
profile (d) is only defined over a finite region. It is readily verified that the series for e y 
satisfies Eq. (12—1 6) [1 0] . For the fundamental mode, n — 0, the field is 

e y = cos 0 X; U = a 1/2 . (12-19) 

The transformation tv = ( V 2 X — U 2 )IV il 3 of Eq. (12-16) for the linear profile (e) gives 
Airy’s equation, and e y is expressed in terms of the Airy function of the first kind 
Ai [1 1 ] . The inverse-square profile ( f ) has e y in terms of the modified Bessel function of 
the second kind K iv of pure imaginary order [12], This function satisfies an equation 
similar to Bessel’s equation obtained by setting w = (1 + X)Wand e y = w ll2 g(w) in Eq. 
(12-16), where IF = (V 2 — U 2 ) I/2 . Finally, the clad-parabolic profile (g) is an example of 
a composite profile, with the parabolic variation of (a) in the core and a uniform 
cladding index n d . Thus the profile is continuous at the interface. The transformations 
w = XV 112 and e y = exp ( — w 2 /2)g (w) of Eq. (12-16) for the core lead to the even and 
odd mode fields in terms of the confluent hypergeometric functions denoted by M e (w 2 ) 
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and M 0 (w 2 ), respectively [13]. In the cladding e y varies as exp ( — A" | ). Other 

composite profiles can be constructed in a similar manner from the profiles in Table 
12-7. 


12-15 Example: TM modes on graded-profile planar waveguides 


There is a second set of consistent solutions of Maxwell’s equations for planar 
waveguides with e y = h x = h 2 = 0 in Eq. (30-5). These are TM modes, and the 
dimensionless form of Eq. (30-21e) for h y is 


K . 

M 1 

1 

d 

\dX 2 

dX 

dX 


+ U 2 -V 2 f(X ) 


0 , 


( 12 - 20 ) 


where n = n(X), X = x/p and f(X) is defined by Eq. (12-15). One method of solving 
this equation is to first make the transformation h y = n(X)g(X) leading to [12] 



+ U 2 -V 2 f(X) + 


1 d 2 n 
ndX 2 


2 ( dn 
dX 


9 = 0 . 


( 12 - 21 ) 


If we then impose the condition 


1 d 2 « 
ndX 2 



( 12 - 22 ) 


where A is a constant, Eq. (12-21) is identical with Eq. (12-16) provided we replace 
U 2 +A by U 2 . Since e z is continuous, we deduce from Eq. (30- 5b) that both h y and 
dh y /dx are everywhere continuous. Apart from the step profile, there are three profiles 
satisfying Eq. (12-22) which lead to closed-form solutions of Eq. (12-21) and support 
bound modes. Each profile is plotted in Fig. 12-8, and is presented in Table 12-8 
together with h y and the corresponding eigenvalue equation. Profiles (h), (i) and (j) are 
special cases of profiles (b), (c) and (f), respectively, in Table 12-7 when 2A = 1 and the 
waveguide parameter V = kpn co . Remaining field components follow from Eq. (30-5) 

' r 1 kn 2 dx 


1/2 


(12-23) 


and Eq. (12-5) gives the complete spatial dependence of each TM mode. 

The profiles in Table 12-8 satisfy n(X) -» 0 as | AT | -» co. The value of A follows by 
substituting each profile into Eq. (12-22). The solution of Eq. (12-21) for profiles (h), (i) 
or (j) is obtained by analogy with the solution of Eq. (12-16) for profiles (b), (c) or (f), 
respectively, in Table 12-7. 


12-16 Example: TE modes on graded-profile fibers 


The circularly symmetric fiber of Fig. 12-3 has refractive-index profile n(r), and the 
modal fields have the separable form of Eq. (12-10). If we examine Eq. (30-15), then 
there are consistent solutions of the vector wave equation provided the fields are 
independent of 4> and e r = e z = h# = 0. These are TE mode solutions, and e# satisfies 
Eq. (30-15b), which in normalized form reduces to 


| d 2 Id 
jdR 2 + RdR 


- + U 2 — V 2 f (R) >e,p 


= 0 , 


(12-24) 
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where R = r/p and the profile is expressed as 


n 2 (R) = n 2 0 {l-2A/(R)}. (12-25) 


Accordingly e $ satisfies the scalar wave equation. Remaining field components follow 
from Eq. (30-5) as 





K 



i d 
kr dr 


(re*). 


(12-26) 


Profiles leading to closed-form solutions of Eq. (12-24) are plotted in Fig. 12-8, 
and are presented together with e 4 and the corresponding eigenvalue equations in 
Table 12-9. 

For the infinite parabolic profile (k), the transformations w = R V 1 ' 2 and e 4 , = 
w exp ( — w 2 /2 )g(w) of Eq. (12-24) lead to an equation whose solution is the generalized 
Laguerre polynominal LJ, 1 ' of order n 2s 0 [13], Profile (1), the clad inverse-square 
profile comprises a uniform core and a cladding in which the profile varies with the 
inverse square of the cylindrical radius. The core field is in terms of the Bessel function 
of the first kind J t of order one and the cladding field is in terms of the modified Bessel 
function of the second kind K n of pure imaginary order. Next, the clad inverse-linear 
profile (m) is identical to profile ( 1) in the core, but has an inverse dependence on radius 
for its cladding profile. The cladding field is given by the Whittaker function W v i [14]. 
Lastly, the clad parabolic profile (p) is equal to profile (k) in the core and has a uniform 
cladding index, so that there is continuity at the interface. The core field is in terms of 
the Whittaker function A4 u(l [13] and the cladding field varies with K lt the modified 
Bessel function of the second kind. We discuss TE modes on profile (m) in Section 
12-18. 


12-17 Example: TM modes on graded-profile fibers 


There is a second set of solutions of Eq. (30-1 5) which are independent of cp. These are 
the TM modes, for which e 4 = h r = h z = 0 and h 4 satisfies Eq. (30-1 5e). In normalized 
form this equation becomes 


| d 2 /J__2dn\_d_ 
[dR 2 + \R ndR/dR 


2 dn 
nR dR 


1 

R 2 


+ U 2 - V 2 f(R) 


K = o, 


(12-27) 


where n = n(R), R = r/p and /(R) is defined by Eq. (12-25). Since e 2 is continuous, it 
follows from Eq. (30-5c) that both h 4 and dh 4 /dr are everywhere continuous. 
Remaining field components follow from Eq. (30—5) as 


1/2 


kn 2 


= i(V) 1/2 J 

r \e 0 J kn 


d(rh 4 ) 


kn 2 dr 


(12-28) 


To solve Eq. (12-27) we adopt the approach of Section 12-15 and set h 4 = n(R)g(R) 


whence 

( d 2 Id 

[dR 2+ RdR 

where 

p(R) = 


1 


)!<? = 0 , 


1 d 2 n 2 ( 
= ndR^^n 2 \< 


dn 

dR 


1 dn 
nR dR 


( 1 2— 29a) 
( 1 2— 29b) 



Table 12-9 TE modes on circularly-symmetric graded-profile fibers. Prime denotes differentiation with respect to argument, and 
R — r/p. In profile (k) n is a positive integer or zero. 
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For the special class of profiles with a power-law variation, we have 


n 2 (R) = n l 0 R q '’ p(R)= -q(4 + q)/4R 2 , (12-30) 

and Eq. (12-29a) becomes the scalar wave equation of Eq. (12-24) with the term — l/R 2 
replaced by — (2 + q) 2 /4R 2 . There are closed-form solutions supporting bound modes 
if <j = —2 or q — — 1. The inverse-square profile is discussed in the following section, 
and the q = — 1 profile is the cladding portion of profile (m) in Fig. 12-8. Within the 
core the fields vary as 7, (UR), where is the Bessel function of the first kind. In the 
cladding, U 2 — V 2 f(R) = (kpn co ) 2 /R — (pf}) 2 , and the transformation w — 2p(SR, 
g = y/R 112 of Eq. ( 1 2— 29a) lead to Whittaker’s equation with solutions tV Ky 1/2 [13]. 
Hence 


MUR) 

* MU) 


1; 


K 


W*,x,2( 2fr) 
RWk.i I 2 WpY 


1 < R < oo, 


(12-3 la) 


where k = pk 2 ttj 0 /2p, and the eigenvalue equation is 

UMU) 2B WLwW p) 

MU) w K _ ll2 (2 PpY 


(12— 3 lb) 


where prime denotes differentiation with respect to argument. 


12-18 Example: Hybrid modes on a graded-profile fiber 


If a fiber has the refractive-index profile (m) of Fig. 12-8, the fields of every mode are 
expressible in closed form [15]. This profile has a uniform core index n m and an inverse- 
square variation in the cladding 

n 2 (R) — n^, OsSKsSl; n 2 (R) = n 2 JR 2 , 1 ^ R < oo, (12-32) 


where R = r/p. By examining the azimuthal components of the vector wave equation in 
Eqs. (30— 15b) and (30— 15e), we find that in the cladding the equations decouple from 
the e r and h r terms, respectively. If we express the azimuthal field components in the 
separable forms e * = G{R)gM) . h + = {F (R)/ R}M<fr (12-33) 


where X and g v are defined in Table 12-3(a), we can reduce the two equations to 
dimensionless ordinary differential equations 


Id V 2 — v 2 -l , 

dR 2+ RM + T 2 P P ^ G== °’ 


d 2 

l 2 

d 2 


1 d V 2 
dR Y + RdR + ~^ 


R 2 


p 2 p 2 >F = 0, 


where V = pkn m . Solutions bounded as R -* oo are 


(12-34a) 
(12— 34b) 


e* = C 


K ip (ppR) 

K ip (P0) 


9v(0); 


K 


D Kjq(PflR) 
R K iq (pP) 


Ml 


(12-35) 


where C, D are constants, p = (V 2 -v 2 — 1) 1/2 , q = (V 2 — v 2 ) I/2 , and K ip , K iq are 
modified Bessel functions of the second kind of pure imaginary order defined by 
Eq. (37-67). The remaining field components are expressible in terms of e t and h $ only. 
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as may be shown by deriving a pair of equations similar to Eq. (30-6) [15]. 
Alternatively, it is readily verified that the source-free Maxwell equations of Eq. (30-1) 
are satisfied by substituting into Eq. (30-15) 




Co 


iRf, f/Vo Y /2 , dF 


-j pk — — p/ivG f , 


h=- 


d F 
d R 


PoJ k 




P pvF-[ — 
Po 


2 V 2 d(RG)| 
pkR dM j 


(12— 36a) 


, (1 2— 36b) 


where G = CKJppR)/K ip (pp ), F = DK iq (ppR)/K tq (pf3) and k = V 2 — v 2 . 

The longitudinal fields e z and h 2 in the core are given by Eq. (12— 12a) and the 
remaining components follow from Eq. (30-9). Continuity of the four tangential 
components at R = 1 lead to the eigenvalue equations 


ku(pV 

MU) K it (pfi)' 


um=M P v K[M) 


MU) 


K ip {pfi)' 


for TE 0m and TM 0m modes, respectively, and to 


PfiA 2 Lg K UW) 

K iq (pp) 


JAU) j 1 


P K lp (pp) MU) 




V 2 —v 2 —p 2 f) 2 + U 


J'AU) 

MU) 


i +pP 


K'JpII) 

K lp (pP) J 


(12— 37a) 


(12— 37b) 


for the HE vm and EH vm modes, where prime denotes differentiation with respect to 
argument. A physically more realistic fiber with a continuous three-region profile, 
corresponding to uniform core, uniform cladding and an inverse-square transition 
between the two, is discussed elsewhere [15], 


ANISOTROPIC WAVEGUIDES 

In this part of the chapter, we consider waveguides constructed from 
anisotropic materials. General concepts for such waveguides were presented at 
the end of Chapter 1 1. We now quantify their properties by presenting results 
for the step-profile, planar, anisotropic waveguide [16, 17] and the step- 
profile, uniaxial fiber [18]. These results parallel those for the corresponding 
isotropic waveguides given earlier in this chapter. Accordingly, we assume 
familiarity with the derivations of the results in Tables 12-1 to 12-4. 

The values of the core and cladding refractive indices of the anisotropic 
waveguide depend on the direction, or polarization, of the electric field E. 
Assuming the principal axes are parallel to the waveguide axes, we have 
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Direction of E 

x-polarized 

y-polarized 

z-polarized 

Core index 

fl X 

”co 

"co 

nlo 

Cladding index 

"5 

n y . 

cl 

"cl 


where the z-axis lies along the waveguide axis, and the x- and y-axes are in the 
waveguide cross-section. For step-profile waveguides, the ns are constants. 


12-19 Step-profile planar waveguide 

We now suppose that the planar waveguide of Fig. 1 2-1 has a step profile and 
is composed of anisotropic materials. The modal fields are either TE or TM, 
provided the principal axes are parallel to the cartesian axes, as discussed in 
Section 30-11. 

TE modes 

We show in Section 30-1 1 that the fields of the TE modes are found by solving 
the scalar wave equation of Eq. (30-32a) for e y and relating the remaining 
nonzero components to e y through Eq. (30-33). Since the fields of the isotropic 
waveguide can be derived in an identical manner from Eqs. (12-16) and 
(12-17), as explained in Sections 12-2 and 12-14, the fields of the anisotropic 
waveform are identical in form to those of the isotropic waveguide if we 
replace n co and n cl by n y co and n y { throughout. This leads to the TE mode fields in 
Table 12-10, where U, FandlFare defined in terms of n£ 0 and Similarly, the 
TE mode expressions in Table 12-11 are identical to those for the isotropic 
waveguide in Table 12-2, as may be verified by substituting the fields of Table 
12-10 into the expressions for N and p in Table 11-1, page 230. The group 
velocity is found from Eq. (31-31) on replacing n 2 e t by n 2 • e t = nle x x + nje y y. 

TM modes 

The fields are constructed from the solution of Eq. (30— 32b) for h y and Eq. 
(30-33). This leads to the components in Table 12-10, where U, V and W are 
now defined in terms of n* 0 , n z co , n *, and n*,. The differences with the TM mode 
fields in Table 12-1 arise solely due to the changes in refractive-index values. 
This is evident from comparing Eqs. (30-32b) and (30-33) with Eq. (12-20) and 
(12-23), respectively. The eigenvalue equations in Table 12-11 follow by 
demanding continuity of e z and h y at the interfaces, and the remaining 
expressions follow from Table 1 1-1, with the exception of the group velocity, 
which is calculated from the modified form of Eq. (31-31). 
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Table 1 2—1 1 Modal properties of the anisotropic step-profile planar waveguide. Eigenvalue equations and modal quantities N and i] 
calculated from Table 1 1-1, page 230. These expressions parallel Table 12-2 for the isotropic waveguide. The group velocity is obtained 
from Eq. (31-31) with ne, replaced by n 2 e, = n x e x x + n y e y y. 
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differentiation with respect to argument. 
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Weakly guiding waveguides 

When the anisotropic waveguide is weakly guiding, all six values of the 
refractive index in Eq. (12-38) are approximately equal, and thus k co = jc c , = 1 
in Table 12-10. Hence the only significant difference between TE and TM 
modes is in the definition of V. For the former, V depends on the difference 
( w co) 2 — ( M ci) 2 an d, for the latter, V depends on the difference (n * 0 ) 2 — (n^) 2 . 
Furthermore, TE and TM mode fields can be written down from a knowledge 
of the TE mode fields of the isotropic waveguide simply by replacing n co , n cl by 
«co> «ci or M co’ «ci> respectively. 

12-20 Step-profile uniaxial fiber 

We now suppose that the fiber of Fig. 12-3 has a step profile and is composed 
of anisotropic materials. Furthermore, we assume the fiber is uniaxial, as 
discussed in Section 30-12, in which case it is characterized by 


(12-39) 


where all the indices are constants, and n* ( < n* 0 , n*, < n z co . If we substitute into 
Eq. (30-34), the equations for the longitudinal field components can be 
expressed in analogous forms to Eq. (12-1 1) for the isotropic fiber, as shown in 
Table 12-12. The modal and waveguide parameters have the definitions given 
in the Table. We show in Section 30-13 that, once e z and h : are known, the 
transverse field components are determined from Eq. (30-9), provided we set 
p = (knl 0 ) 2 — [i 2 for the core and p = (ten*,) 2 — ft 2 for the cladding. Thus, the 
method of construction for the modes of the anisotropic waveguide is identical 
to that of the isotropic waveguide, but the modal properties will differ. 

Eigenvalue equation 

Continuity of the four tangential field components e#, e z and h z at the inter- 
face r — p leads to the eigenvalue equation in Table 12-12. A study of its solutions 
shows that it is not possible to distinguish between HE and EH modes, unlike 
the isotropic fiber. In general, modes of the anisotropic fiber can have any combi- 
nation of TE and TM components, except for the v = 0 modes, which may be pure 
TE or TM [18], This can be appreciated by examining the cutoff of each mode. 

Cutoff 

Atcutoff,t/= V = V c and W = 0, as discussed in Section 11-18. The values of 





Section 12-20 


Waveguides with exact solutions 279 


V c are given in Table 12-12 for each value of v, and reduce to the values in 
Table 12-4 for the isotropic fiber when k co = k c) = 1. For the first TE and TM 
modes, the cutoff values are V c = 2.405 and V c = 2.405 («ci/”co)> respectively. 
The v = 1 modes have a similar split, but for v 5= 2 there is no split, i.e. no clear 
distinction between HE and EH modes as there is for the isotropic fiber in 
Table 12-4. 
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In Chapter 1 1 we discussed the fundamental properties of modes on optical 
waveguides. The vector fields of these modes are solutions of Maxwell's 
source-free equations or, equivalently, the homogeneous vector wave equa- 
tions. However, we found in Chapter 12 that there are few known refractive- 
index profiles for which Maxwell’s equations lead to exact solutions for the 
modal fields. Of these the step-profile is probably the only one of practical 
interest. Even for this relatively simple profile the derivation of the vector 
modal fields on a fiber is cumbersome. The objective of this chapter is to lay the 
foundations of an approximation method [1,2], which capitalizes on the small 

280 



Section 13-1 


Weakly guiding waveguides 281 

variation in refractive-index profile of fibers used for long-distance communi- 
cations, i.e. A 1, where A is the profile height parameter of Eq. (1 1-48). The 
simplicity of this approximation method is that it relies on solutions of the 
scalar wave equation, rather than on vector solutions of the vector wave 
equation. 

Optical waveguides with A 1, or, equivalently, n co ^ n cl , are called weakly 
guiding , although the terminology is somewhat misleading since both strong 
guidance and total containment of light within the core are possible when 
A <£ 1. The modes of weakly guiding optical waveguides were first given for the 
step-index fibre [2], the term weak guidance was then coined [3] and 
additional insights followed later [4], Subsequently the theory was generalized 
to waveguides of arbitrary cross-section [1], 


13-1 Polarization phenomena due to the waveguide structure 

In order to appreciate the approximations involved, we first consider some 
aspects of propagation to augment Section 11-16. 


Uniform medium 


Suppose the waveguide is composed of an unbounded uniform medium of 
refractive index n co , i.e. effectively ‘free space’. The modal fields are then found 
from Maxwell’s equations to be the fields of transverse electromagnetic, or 
TEM, waves propagating in the z-direction parallel to the waveguide axis. 
Thus, the propagation constant P = n co k, the longitudinal components satisfy 
e, — h z = 0, and the transverse electric and magnetic fields are related by 


ht = 



Xe„ 


(13-1) 


where z is the unit vector parallel to the waveguide axis, and e 0 , p 0 are defined 
inside the back cover. The propagation constant is independent of the 
orientation of e t , so the waveguide has no polarization properties. In this trivial 
example, it is obvious that each cartesian component of e, and h, obeys the 
scalar wave equation at all positions in space, since the right side of Eq. (1 1-40) 
is zero in a uniform medium. 


Nonuniform media 

We next consider a waveguide with a nonuniform refractive-index profile 
n = n{x, y). The propagation constant now depends on the orientation of the 
electric field, and the modes are no longer TEM waves. In general the modal 
fields are not solutions of the scalar wave equation but obey the vector wave 
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equations of Eq. (11-40), where waveguide polarization effects are governed 
by the V t In n 2 terms. Exceptions are the TE modes of planar waveguides and 
fibers discussed in Sections 1 2-14 and 1 2-1 6. A simple example illustrating the 
polarization dependence of propagation due to the waveguide structure is that 
of a waveguide with a planar interface between uniform media of refractive 
indices n co and n cl . If a plane wave is incident on the interface from the medium 
of index n co , as in Fig. 10-2, and suffers total internal reflection, the phase of 
the incident and reflected waves differ as shown in Fig. 10-2, and this difference 
increases as the difference between n co and n cl increases. This explains the 
difference between TE and TM modes on step-profile waveguides discussed in 
Section 11-16. In other words, the waveguide structure introduces polariz- 
ation effects which give rise to the V t In n 2 terms in the vector wave equation. 

Conversely, in the above example, the variation of the phase change with 
polarization of the plane wave electric field is small when the difference 
between n co and n cl is small, although the incident wave is still totally reflected. 
Thus, if the refractive indices are nearly equal, the slight nonuniformity 
maintains total internal reflection, but the medium is virtually homogeneous as 
far as polarization effects are concerned. Further, the fields associated with 
plane-wave reflection satisfy the scalar wave equation, as discussed in Section 
35-6. With this perspective, we anticipate that waveguides of arbitrary 
refractive-index profile have some analogous simplification in the description 
of their modal fields, provided only that the profile height parameter is small, i.e. 
A < 1, or n co S n cl . 

We now show how to construct the modal fields of weakly guiding 
waveguides using simple physical arguments based on the above insight. These 
fields can also be formally derived by applying perturbation methods to 
Maxwell’s equations, as we show in Chapter 32. 


MODES OF WEAKLY GUIDING WAVEGUIDES 

We start by recalling from Eq. (1 1-6) that the electric and magnetic fields E and 
H of individual bound modes of a waveguide are expressible as 

E(x, y, z) - e(x, y)exp(i^z) = (e t + zejexp (ifz), (13-2a) 

H(x, y, z) = h(x, y)exp (ifiz) = (h, + z/i z )exp(/j?z), (13-2b) 

where f is the propagation constant, and subscripts t and z denote transverse 
and longitudinal components, respectively. As we consider only individual 
modes in this chapter we omit the modal subscript. The representative 
waveguide in Fig. 11-1 (a) has maximum index n co and cladding index n cl . If 
n co = n ci> ^ follows from the definition inside the back cover that 



(13-3) 
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It is convenient to use the profile representation 


n 2 (x, y) = «co{l — 2A/ (x, y)}, 

where / = 0 at the maximum index and /= 1 in the cladding. 


(13-4) 


13-2 TEM wave approximation to the modes 

The range of bound mode propagation constants in Eq. (11-46) is 

kn d < P ^ kn co . (13-5) 

Thus the variation in /? on weakly guiding waveguides is very narrow, and for 
all modes we may assume 

P = kn co = kn d . (13-6) 

The modes must therefore be nearly TEM waves with e z = 0, h z = 0, and 
consequently the transverse fields obey Eq. (13-1) approximately. Hence by 
knowing only e, the modal fields are specified. 


13-3 Spatial dependence of the modal fields 

We showed above that the modes of weakly guiding waveguides are 
approximately TEM waves, with fields e = e, , h = h, and h, related to e, by 
Eq. (13-1). In an exact analysis, the spatial dependence of e t (x, y) requires 
solution of Maxwell’s equations, or, equivalently, the vector wave equation, 
Eq. (1 1— 40a). However, when A <| 1, polarization effects due to the waveguide 
structure are small, and the cartesian components of e, are approximated by 
solutions of the scalar wave equation. The justification in Section 13-1 is based 
on the fact that the waveguide is virtually homogeneous as far as polarization 
effects are concerned when A 1. As we showed in Section 1 1-16, these effects 
are contained in the V, In n 2 term of the vector wave equation. Hence, ignoring 
polarization effects altogether is equivalent to ignoring the V, In n 2 term in Eq. 
(ll-40a). Accordingly if we set 


e t (x, y) = e x (x, y)x + e y (x, y) y, 


(13-7) 


where x and y are unit vectors parallel to the cartesian axes in Fig. 11-1 (a) and 
let T denote e x or e y , then satisfies 


{V t 2 + k 2 n 2 (x, y) — p 2 }^ = 0, 


(13-8) 


where k — InjX, the free-space wavelength is 2, and V, 2 is defined in Table 30-1, 
page 592. Although the cartesian components of e t satisfy Eq. (13-8), their 
spatial dependence can be determined in any cylindrical coordinate system, 
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e.g. in cylindrical polar coordinates e t = e t (r, 4>) and V, 2 is again given in 
Table 30-1. 

We emphasize that in Eq. (13-8), /? denotes the propagation constant for the 
scalar wave equation, as distinct from the exact propagation constant f for the 
vector wave equation. In Section 33-1 we show that any solution of the scalar 
wave equation and its first derivatives are continuous everywhere. Together 
with the requirement that be bounded everywhere, this property leads to an 
eigenvalue equation for the allowed values of f. 

Although Eqs. (13-7) and (13-8) determine the spatial dependence of 
e t (x, y), they give no information about its polarization, i.e. its vector field 
direction. This direction must be determined from the polarization properties 
of the waveguide, or by its symmetry properties. 


VECTOR DIRECTION OF THE MODAL FIELDS 

We have now established that modes of weakly guiding waveguides are nearly 
TEM waves, and that the spatial dependence of e t (x, y) is governed by the 
scalar wave equation. It remains only to specify the vector direction of e t (x, y) 
as a function of position. In general, e t (x, y) is comprised of both e x (x, y) and 
e y (x, y) components. The specific combination is dictated by the polarization 
properties of the waveguide, i.e. by the profile shape, and can usually be 
deduced from the symmetry of the waveguide cross-section. If we ignore 
waveguide polarization, then any linear combination is valid, but, as we show 
below, this will generally lead to significant errors. 

First we consider fundamental modes and then higher-order modes. Like 
the exact propagation constant f, the scalar propagation constant f is largest 
for fundamental modes. It is convenient to distinguish between fibers of 
circular cross-section and waveguides of arbitrary cross-section. 


13-4 Fundamental and HE lm modes of circular fibers 

The fundamental and HE lm modes of a fiber of circular cross-section are 
formed from the scalar wave equation solution with no azimuthal variation. 
Hence T in Eq. (13-8) depends only on the radial position r. There is no 
perferred axis of symmetry in the circular cross-section. Thus, in this 
exceptional case, the transverse electric field can be directed so that it is 
everywhere parallel to one of an arbitrary pair of orthogonal directions. If we 
denote this pair of directions by x- and y-axes, as in Fig. 12-3, then there are 
two fundamental or HE lm modes, one with its transverse electric field parallel 
to the x-direction, and the other parallel to the y-direction. The symmetry also 
requires that the scalar propagation constants of each pair of modes are equal. 
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Putting these facts together, we deduce from Eqs. (13-1) and (13-2) that [1,2] 


(13-9a) 

(13-9b) 


where F 0 (r) is an axisymmetric solution of Eq. (13-8), and all other field 
components are small. We give examples in the following chapter. Lastly, we 
emphasize that the description given by Eq. (13-9) is purely scalar, and 
contains no information about polarization properties of the fiber. The 
fundamental and HE lm modes of circular fibers are exceptional in this regard; 
all other modes retain some polarization information as we show in Section 
13-7. 


x-polarized mode 

y-polarized mode 

E x = F 0 (r)exp(i/3z) 

E y = F 0 (r)exp(i)?z) 


LP designation for fundamental modes 

The fundamental modes of weakly guiding circular fibers are sometimes 
designated LP 01 modes [3] rather than HE„ modes. The nomenclature is 
intended to emphasize that the modal fields are everywhere polarized in the 
same direction, i.e. the fields are plane, or uniformly, polarized. 

IT-5 Fundamental modes of waveguides of arbitrary cross-section 

If the cross-section is not circular, the transverse electric field is everywhere 
parallel to one of two orthogonal directions, denoted by axes x 0 and y 0 . We call 
these directions the optical axes of the waveguide cross-section. In many cases 
the optical axes are obvious from the symmetry of the cross-section, e.g. they 
are parallel to the major and minor axes of the elliptical cross-section, and are 
parallel to the x- or y-axis of the planar cross-section in Fig. 12-1. All 
information about the optical axes is contained within the V, In n 2 terms of the 
vector wave equations of Eq. (11-40). Because of the slight variation in the 
profile of a weakly guiding waveguide these terms are small, and the directions 
of the x 0 - and y 0 -axes can be found by perturbation methods for those cases 
when they are not obvious by inspection. This is discussed in Section 32-5. For 
convenience we shall assume that the x- and y-axes are aligned along the x 0 - 
and y 0 - directions. 

The solution T* of Eq. (13-8) for the fundamental modes by definition has 
the largest value of fl. Then, as for the circular fiber there are two modes 
associated with this solution, one polarized along the x-direction and the other 
polarized along the y-direction. Both modes have the same scalar propagation 
constant /?, but, because the cross-section is not circular, we know the exact 
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propagation constants P x and P y of the two modes will differ. The difference is 
due to the polarization, or birefringence, properties of the waveguide, as 
manifested by the V, In n 2 terms in Eq. (1 1-40). In this sense propagation on 
noncircular waveguides is similar to propagation in anisotropic media, as 
discussed in Chapter 12. The small difference P x - P y also leads to interference, 
or beating, between the fields of the two modes. More importantly, the transit 
time of the two fundamental modes will differ, and result in an extra 
component of pulse spreading on single-mode waveguides, in addition to the 
spreading due to material dispersion and waveguide dispersion in Section 
1 1-12. Accordingly it is now necessary to determine the propagation constant 
of each mode more accurately than from the scalar wave equation. The 
polarization properties of the waveguide lead to small corrections Sp x and SP y 
to p for each mode, as we show in the next section. Collecting these facts, we 
deduce from Eqs. (13-1) and (13-2) that [1] 


(13-10a) 
(13— 10b) 


where T(x, y) is the solution of Eq. (13-8) with the largest value of P, and all 
other field components are small. We are reminded that the x- and y-axes are 
assumed parallel to the optical axes of the waveguide cross-section. We give 
examples in Chapter 16. 


x-polarized mode 

y-polarized mode 

E x = '¥(x,y)exp{i(P + sp x )z} 

/ F \l/2 
\A*o / 

E y = 'F (x, y)exp { i (j8 + SP y )z } 

Hx= ~i£) nc ° Ey 


13-6 Polarization corrections to the scalar propagation constant 

If we are to account for waveguide polarization properties in the propagation 
constant, we must add a correction Sp to the scalar propagation constant p. To 
determine SP exactly we would have to solve the vector wave equation. 
However, the V, Inn 2 term on the right of Eq. (ll-40a) is small for weakly 
guiding waveguides, so we use simple perturbation methods in Section 32-4. 
From Eq. (32-24) we have 



(V t -e t )e t -V t /(x,y)dT 

2V 

» 5 

e 2 dA 

■4, 


where A <| 1 is the profile height parameter, V the waveguide parameter, A x 
the infinite cross-section and/(x,y) is the variable part of the profile in Eq. 
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( 1 3—4). For the step profile, V t /(x,y) is a delta function at the interface, and S[i 
is given by Eq. (32-26), where 


a P( 2A) 3/2 

2V 


(V t -e t )e,-nd/ 


e t d A. 


(13-12) 


The contour / is along the interface and n is the unit outward normal on l in the 
waveguide cross-section. 

The polarization corrections and SP y of Eq. (13-10) for the noncircular 
waveguide are given by Eq. (13-11) with e t = 'F(x,y)x and e, = 'P(x,y)y, 
respectively, where x and y are unit vectors along the axes. 


13-7 Higher-order modes of circular fibers 

We now consider higher-order modes of fibers with circularly symmetric cross- 
sections and profiles. If we express in cylindrical polar coordinates r, <fr as 
in Table 30-1, page 592, there are two separable solutions of Eq. (13-8) for each 
value of /?. These are ¥ = F, ( r ) cos l<p and — F t ( r ) sin Icj), where l is a positive 
integer and F, (r) satisfies the equation in Table 13-1. Because of symmetry, any 
pair of orthogonal x- and y-axes may be chosen as optical axes in the fiber 
cross-section. It also follows from symmetry that there are four possible 
directions for e t , depending on the particular combination of the two solutions 
of the scalar wave equation used in Eq. (13-7) [1,2]. This is discussed further in 
Section 32-7. Hence, for each value of / > 0, there are four modes with the 
fields shown in Table 13-1. These combinations can also be derived without 
recourse to symmetry properties using the formal methods of Section 32-6. In 
general, this representation for e t is the simplest possible, for reasons explained 
in Section 32-8. 

The four modes have the same scalar propagation constant /?, but their exact 
propagation constants are not all equal. This can be anticipated from 
symmetry arguments [1] or from the example of the step-profile fiber in 
Chapter 12. Thus the higher-order modes of the circular fiber are analogous to 
the fundamental modes of noncircular waveguides, and, for reasons similar to 
those given in Section 13-5, we must incorporate polarization properties of the 
fiber through the small correction to ft for each mode. The polarization 
correction <>/?, for the ith mode in Table 13-1 is given by Eq. (13-11) with 
e t = e tj , and is expressible in terms of simple integrals in Table 14-1, page 304. 
Examples of modes on weakly guiding circular fibers are given in the following 
chapter. 


LP designation for l ^ 1 modes 

Unlike the fundamental and all other l = 0 modes, the fields of / ^ 1 modes are 
not plane polarized. Instead, due to fiber polarization effects, the direction of 
the field depends on the position in the fiber cross-section, as is clear from 
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Table 13-1 Bound-mode fields of weakly guiding waveguides. The form of the 
transverse electric field depends on the shape of the waveguide cross-section. Vector 
operators are defined in Table 30-1, page 592, and parameters are defined inside the 
back cover. 


E (x, y, z) = e (x, y) exp { i (/? + &j})z } 
e(x,y) = e t (x,y) 

H (x, y, z) = h (x, y) exp { i (/? + 5[i)z} 

( E \l/2 

h(x,y) = h,(x,y) = — n co zXe t (x,y) 

\Mo / 

{ V 2 + k 2 n 2 (x, y) — /? 2 } e, = 0 
k = 2n jX 

n 2 (x,y) = ^{l-2A/(x,y)} 

"ci = ( 1 — 2A } 


(p\,-e l )e l -p\JdA 

d a) 

f <4. 


Noncircular cross-section 


e„ = 4'x e t2 = 'Ey 

{V t 2 +kV(x,y)-j? 2 }'P = 0 


Circular cross-section 



Nearly circular cross-section 

e ti = f’((r){cos(/0)x + a^ sin(/0)y} e 12 = F,(r){cos(l4>)x + a + sm(l<t>)y} 

e t 3 = F,(r){sin{l4>)x + a + cos(l<p)y e, 4 = F,(r){sin(l4>)x + a. cos(/0)y} 

a± =A±(1+A 2 ) 1/2 A = (ft-W/(^i-%) 










Sections 13-8, 13-9 


Weakly guiding waveguides 289 


Table 13-1. Accordingly, the LP designation of fundamental modes in Section 
13^4 is not applicable. However, if we ignore all polarization properties of the 
fiber, then all four modes have the same propagation constant given by fi, i.e. 
5Pi = 0. Then there is no constraint on the field directions and they can be 
expressed in a plane polarized form, e.g. e tl = F,(r) cos (/</>) x or e tl = F,(r) x 
exp ( ± il<p)x. Nevertheless, we emphasize that such a description will, in 
general, lead to significant errors, as discussed in Section 14-7, except for 
multimoded fibers where polarization effects of individual modes are masked 
and propagation is directly described by classical geometric optics as in Part I. 


13-8 Higher-order modes of waveguides of arbitrary cross-section 

The higher-order modes of waveguides with noncircular cross-sections are 
constructed from each pair of solutions *P e (x, y) and *P 0 (x, y) of Eq. (1 3-8) and 
their corresponding scalar propagation constants [i e and [i 0 . The transverse 
electric fields of these modes are polarized along the same optical axes as the 
fundamental modes of Section 13-5. There are two pairs of higher-order 
modes. Each pair has fields given by Eq. (13-10), with ji and ^(x, y) replaced by 
and v P e (x, y) for one pair, and by fi 0 and *P 0 (x,y) for the other pair. The 
polarization corrections (5/? xe , <5/J X0 , S(i yc and d[l yo are obtained from Eq. 
(13-11) with the appropriate field substituted for e t . 


13-9 Higher-order modes of nearly circular fibers 

The forms for the transverse electric fields differ greatly between those for 
circular fibers in Table 13-1 and those for waveguides of arbitrary cross- 
section discussed above, as far as higher-order modes are concerned. Clearly 
there must be a transition region in which a nearly circular fiber starts to take 
on attributes of the perfectly circular fiber. Accordingly, the description of 
higher-order modes applies only when the cross-section is sufficiently 
noncircular. However, it turns out for weakly guiding fibers that only a slight 
asymmetry in the cross-section is necessary for the transition. In other words, 
the fields of fibers are almost uniformly polarized unless the cross-section is 
virtually circular. Provided A is sufficiently small, a nearly circular fiber has 
modal fields given by the noncircular case. If A and the asymmetry, e.g. the 
eccentricity of a slightly elliptical fiber, are of the same order, then there is a 
competition between the effects of noncircularity and weak guidance. Thus we 
need a description of the modal fields across the transition region. 

In general the spatial variation of the modal fields of the slightly asymmetric 
fiber is similar to that of the modal fields of the circular fiber, but the fields are 
polarized along axes which we can take to be parallel to the optical axes of the 
circular fiber. When the symmetry of the circular cross-section is broken, the 
transverse electric fields are no longer given exactly by the symmetrical and 
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antisymmetrical combinations in Table 13-1 for the circular fiber. Instead, we 
assume the more general forms at the bottom of Table 13-1, where the 
constants a ± , as yet unknown, bridge the two extremes. At one extreme, when 
a ± = ± 1, these forms reduce to the correct expressions for the circular fiber, 
and at the other extreme when a + ^>a_ or a. ^>a + , the forms reduce 
approximately to the expressions for waveguides of arbitrary cross-section 
given Section 13-8. The coefficients a + are derived in Section 32-9 using 
simple perturbation methods, and for convenience are expressed in terms of 
the dimensionless parameter A defined in Table 13-1. This parameter is the 
ratio of P e —P Q , which is a measure of the effect of noncircularity, to <5/3, — <5/3 2 , 
which is a measure of the effect of polarization of the circular fiber. Examples 
of this transition are discussed quantitatively in Chapters 16 and 18. 


MODAL PROPERTIES OF WEAKLY GUIDING 
WAVEGUIDES 

Modes of weakly guiding waveguides obey the fundamental properties of 
modes delineated in Chapter 11, and mainly because of the approximate TEM 
nature of the modal fields, these properties have the simpler forms ofTable 13-2. 
The expressions in the first column are in terms of the transverse electric field e t 
and apply to all weakly guiding waveguides. Those in the second column are 
for waveguides which are sufficiently noncircular that e t can be replaced by 
either of the two fields for noncircular waveguides in Table 13-1, while the 
third column is for circular fibers only, when e t is replaced by any one of the 
four linear combinations e ti for circular cross-sections in Table 13-1. We 
emphasize that Table 13-2 applies to all modes. 

The first six expressions in the first column are obtained by substituting the 
fields at the top ofTable 13-1 into the corresponding expressions in Table 
1 1-1, page 230. Alternatively they can be derived directly from the scalar wave 
equation using the methods of Chapter 33 with ¥ replaced by e t , e.g. the proof 
of orthogonality in Section 33-2. The remaining expressions, with the 
exception of the distortion parameter, do not follow from the same simple 
substitution, since they require higher-order field corrections, even though these 
corrections do not appear explicitly in the final forms. It is easier to derive the 
expressions for the propagation constant and group velocity from the scalar 
wave equation in Sections 33-3 and 33-4, respectively. The expression for U 2 
then follows from the definition of U in Eq. (13-14) and the profile 
representational the top ofTable 13-2. The expression for dU/d Fis obtained 
by paralleling the derivation of the group velocity, as described in Section 
33-4. We have assumed that, in keeping with the convention of Section 1 1-3, 
both T and F, (r) are real functions to ensure that the transverse modal fields 
are real on nonabsorbing waveguides. 
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13-10 Dependence of absorption on polarization 

We showed in Section 1 1-22 that an absorbing waveguide attenuates the power 
of a mode as it propagates. The attenuation rate depends on the imaginary part 
of the propagation constant. The weak-guidance approximation applies to 
absorbing waveguides provided that both the real and imaginary parts n T (x, y) 
and n' (x, _y) of the profile vary only slightly over the waveguide cross-section. 
The scalar propagation constant /? is then complex, and its real and imaginary 
parts /i r and /?' are determined, in general, by numerical solution of the 
eigenvalue equation derived from the scalar wave equation. In practice, 
however, absorption is very small, and we can determine the power attenuation 
coefficient from the expression in Table 13-2 by taking to be the solution of 
Eq. (13-8) for the nonabsorbing waveguide. 

We showed in Section 13-6 how to determine the polarization correction <5/? 
to the scalar propagation constant /?. On an absorbing waveguide, both the 
modal fields e t and the profile variation / are complex, and consequently Eq. 
(13-11) shows that <5/? is complex. The imaginary part of <5/1 is usually small 
compared to the real part, but may be significant in the attenuation of modal 
power over long distances. This is the only situation we consider where e t 
cannot be treated as approximately real, since the ratio of imaginary to real 
parts of e t and / are comparable. In general, two distinct integrals must be 
evaluated for <5/J r and <5/?‘, but there are two special cases when some 
simplification is possible. 

If the real and imaginary parts of n (x, y ) have the same spatial dependence, 
i.e. n'/n T is constant, then V, Inn 2 = V t In (n r ) 2 . Consequently, if Sf) is known 
for the nonabsorbing waveguide with real profile n r , then the complex value of 
<5/J for the absorbing waveguide is given by the same expression provided [1 is 
everywhere replaced by /F + i/? 1 , as is clear from Eq. (13-11). 

When the waveguide has a step profile, we can express 5/1 in terms of the line 
integral of Eq. (13-12). Allowing for arbitrary imaginary parts in the core and 
cladding indices, it is clear from the derivation in Section 32-4 that the real and 
imaginary parts of <5/? are both proportional to the ratio of integrals in Eq. 
(13-12), where e t is now complex. 


13-11 Higher-order polarization corrections 


We have shown that the modes of weakly guiding waveguides are ap- 
proximately TEM waves, with transverse field components e t and h t . However, 
the exact modal fields have longitudinal components. For the weakly guiding 
waveguide these components are very small, and are expressible approximately 
in terms of e t and h t . From Eq. (32-18) we have 


e, = 


i(2A) 


1/2 


(pV t -e t ); 


K = 


i( 2A) 


1/2 


(pv t -h t ). 


(13-13) 



Table 13-2 Properties of bound modes on weakly guiding wave- 
guides. Parameters are defined inside the back cover. The modal 
amplitude a depends on the source of illumination, and A co is the core 
cross-section. We assume e t , and F, are real on nonabsorbing 
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waveguides, and are approximately real on an absorbing waveguide if n> <3; n r = n co . 
The equations satisfied by ¥ and F, are in Table 13-1, and F\ i] , F\ k) denote different 
solutions of the scalar wave equation for the same value of l. Vector operators are 
defined in Table 30 1, page 592. 
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These small fields are rarely required, and in situations where they appear 
important, it is usually true that the transverse fields need to be known more 
accurately than in Table 13-1. It is possible to generate terms to higher and 
higher order for improved accuracy by expressing the modal fields as 
perturbation expansions in the small parameter A, but at the penalty of 
increasing complexity. This is described in Section 32-2. 


Group velocity and distortion parameter 

The expressions in Table 13-2 for the group velocity and distortion parameter 
are given in terms of solutions of the scalar wave equation. Given the 
polarization correction dp to the scalar propagation constant, we can write 
down higher-order corrections to these expressions. This is facilitated by first 
defining the mode parameter U associated with the scalar propagation 
constant 

U = p(k 2 n e 0 -J? 2 ) 1/2 . (13-14) 

If <51/ denotes the polarization correction to U, then the exact mode parameter 
U and propagation constant P are well approximated by 

U = U + SU', fi = ft + dp, (13-15) 

and we show in Section 32-2 that the corrections are related by Eq. (32-1 lb), 
i.e. 

<5(7 = — {pV/U (2A) ll2 }dp. (13-16) 

For the group velocity, we expand the second expression for v in Eq. (1 1-57) 
in powers of A and omit the modal subscript. We then substitute for U from 
Eq. (13-15) and note that dU is of order A according to Eqs. (13-11) and 
(13-16). Correct to second order in A we find 


dv„ = 


y 2 + 


u 


C B + dV B’ 


U A 


v„ = 


1 + Ay 


d (U dU 
2V* +2 dV ( V~A 


(13-1 7a) 

dE^l 7 

(1 3—1 7b) 


The corresponding expansion of the distortion parameter follows from the 
second expression for D in Eq. (1 1— 59a). Correct to first order in A we deduce 

l co^\ 

c A 2 y 
(13-18) 


D = D + dD ; D = 


d V : 


(~\ 

\2E / 


dD = 


A d f 
2dV{ } 


where y is given by Eq. (13-1 7b). 
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ANISOTROPIC WEAKLY GUIDING WAVEGUIDES 

We now generalize the theory of this chapter to include single-mode 
waveguides constructed from anisotropic material, as discussed in Section 
1 1-23. Such waveguides have a variety of practical applications [5] and they 
also model the visual photoreceptor of animals [6, 7], For perspective, we first 
review the anisotropic propagation characteristics due solely to waveguide 
geometry, i.e. due to the structural anisotropy of the waveguide. Then we 
discuss those additional polarization effects introduced by anisotropic ma- 
terial. Our main concern here is for waveguides that have significant material 
anisotropy, as very weak anisotropy can be treated directly by the perturbation 
methods of Section 18-9. 

Structural anisotropy 

A single-mode, isotropic waveguide propagates two fundamental modes with 
orthogonal polarization states. Unless the waveguide cross-section has 
circular symmetry, the propagation characteristics of the two modes differ. 
This difference is due to the geometry of the waveguide cross-section, i.e. due to 
structural anisotropy. The greater the departure from circular symmetry, the 
greater the structural anisotropy. Thus, for step profiles, structural anisotropy 
is maximum for planar waveguides. In the case of the step-profile planar 
waveguide, the physical mechanism for structural anisotropy is the polariz- 
ation dependence of total internal reflection, summarized in Fig. 10-2, which 
manifests itself as a polarization-dependent lateral shift. We ignore this 
polarization dependence in Chapter 10, since only weakly guiding waveguides 
are considered. 

Large index difference 

When the core refractive index n co greatly exceeds the refractive index n cl of the 
cladding, i.e. n d /n co -» 0 or, equivalently, A -* structural anisotropy strongly 
influences propagation on planar waveguides. Consider, for example, the two 
fundamental modes, i.e. the first even TE and TM modes, of the step-profile 
planar waveguide. The fraction of power propagating in the core, rj, is given by 
the expression in Table 12-2 for the two polarizations. When V = 1.55, we find 
that 80% of the TE mode’s power propagates in the core for any value of A, 
whereas the value of tj for the TM mode depends on A and t] -* 0 as A -* e.g. 

= 0.1 when A = 0.495. At the opposite extreme, when the difference in indices 
is small, the variation in r\ for the two fundamental modes is slight, e.g. a 
variation of only 1 % when A = 0.05. Thus, structural anisotropy is insignificant 
in weakly guiding waveguides, and manifests itself through the slight difference 
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in propagation constants, discussed in Section 13-5. On the other hand, 
material anisotropy can influence propagation on weakly guiding waveguides 
considerably as we now show. 


Material anisotropy 

Consider waveguides constructed from anisotropic or, equivalently, crystal- 
line material with the properties discussed in Section 1 1-23. For simplicity, we 
assume that the three principal axes of the dielectric medium are parallel to the 
three geometrical axes of the isotropic waveguide. The spatial variation of the 
refractive-index profile can differ for each polarization direction. For light 
polarized in the x-direction, the waveguide is characterized by the refractive- 
index profile n x (x, y) and associated parameters A x and V x , while for light 
polarized entirely in the y-direction it is characterized by the profile n y (x, y) and 
associated parameters A, and V y , where 


x-polarized light 

y-polarized light 

2A X = 1 — (n c V «co) 2 
V x = kpn 1 ^ (2A X ) 1/2 

2A„ = 1 - («cJ / n co ) 2 

V y = kpn y co (2 A y ) 1 ' 2 


These parameters are generalizations of the definitions inside the back cover 
for isotropic waveguides. Thus n and n y a are the maximum values of the core 
index and n d and n y { are the uniform values of the cladding index. 


13-12 Modes of anisotropic waveguides 

Now we modify the early sections of this chapter to include weakly guiding 
waveguides constructed from the anisotropic material discussed above, i.e. 
n x m = n x d =n y m = n y d . To do this, we first recall from Section 11-23 that the two 
axially directed, or z-directed modes of an unbounded, uniform anisotropic 
medium are TEM waves. One mode is polarized parallel to the x-axis, the 
other is polarized parallel to the y-axis, assuming the cartesian axes are the 
principal axes of the anisotropic medium. Next, we recall from Section 13-2 
that the modes of weakly guiding, isotropic waveguides are also axially 
directed TEM waves. From Sections 13^1 and 13-5, we know that one 
fundamental mode is x-polarized and the other is y-polarized, where the x- and 
y-axes are the optical axes of the waveguide cross-section. For example, the 
optical axes are parallel to the major and minor axes of an elliptical cross-sec- 
tion, while they are any orthogonal pair of axes for the circular cross-section. 
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Circular cross-section 

From the above discussion, it is intuitive that the two fundamental modes of an 
anisotropic fiber of circular cross-section must be polarized along the x and y 
principal axes, respectively. Hence the anisotropy breaks the geometrical 
circular symmetry of the fiber, and is analogous to the fiber of noncircular 
cross-section discussed in Section 13-5. Thus, the x-polarized mode ‘sees’ a fiber 
characterized by n x (x,y), A x and V x , while the y-polarized mode ‘sees’ a fiber 
characterized by n y (x,y), A v and V y , as illustrated in Fig. 13-1. The modes 



0 pro p r 


(a) (b) 

Fig. 13-1 Two examples of anisotropic fibers, each characterized by the 
profile n x for x-polarized light and the profile n y for y-polarized light. 

are independent of n z (x,y) within the weak-guidance approximation because 
of their approximate TEM nature. Accordingly results for the isotropic weakly 
guiding fiber apply to the anisotropic fiber provided we replace n(x, y), n co , n c] 
and A by the corresponding expressions in Eq. (13-19), and take the cartesian x 
and y axes in the cross-section to be parallel to the principal axes of the 
anisotropic dielectric material. Thus, for example, we deduce from Eq. (13-9), 
that the two fundamental modes have fields of the form 


(13-20) 


where ¥ x , and ¥>,, p y are the fundamental solutions of the scalar wave 
equation of Eq. ( 1 3—8) with n replaced by n x and n y , respectively. Apart from 
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exceptional cases [8], the higher-order modes have fields with the same form as 
Eq. (13-20), since the anisotropy breaks the circular symmetry of the fiber 
cross-section. However, if the material anisotropy is sufficiently weak, i.e. 
n x (x, y) = n y (x, y), then we have a situation similar to higher-order modes on a 
nearly circular fiber discussed in Section 13-9. 

Polarization corrections 

The small polarization correction to the scalar propagation constant ft due to 
structural anisotropy is given by Eq. (13-11). For an isotropic fiber of circular 
cross-section, the corrections for the two fundamental modes are identical, i.e. 
dffi = Spy. This is not the case for the anisotropic fiber, since the parameters in 
Eq. (13-19) depend on polarization. However, \dfi x — Sfi y \ is small compared to 
the difference in propagation constants in Eq. ( 1 3—20), \ ft x — f} y \, since the 
fiber is weakly guiding, and can be ignored. 


Mathematical derivation 

The results derived above by intuitive arguments can also be found by 
generalizing the perturbation method of Section 32-6. Starting from the vector 
wave equation for E, given by Eq. (30-31), we recognize that the simplifi- 
cation in Section 30-13, leading to Eq. (30-35), applies to modes of weakly 
guiding anisotropic waveguides. Thus, as Eq. (30-35) has the identical form as 
its isotropic analogue, all perturbation results for the isotropic waveguide hold 
for the anisotropic waveguide provided the profile n is replaced by either n x or 
n y for the appropriate polarization state. 

Noncircular cross-section 

If the principal axes of the anisotropic material are parallel to the optical axes 
of a fiber of noncircular cross-section, it is intuitive that the two fundamental 
modes must also be polarized along these axes. We then have a situation 
identical to the circular cross-section, discussed above, except that 'P* (r) in Eq. 
(13-20) is replaced by T* (x, y) and 'Py(r) by *F } ,(x, >’)• Thus, all results for 
weakly guiding isotropic waveguides apply to weakly guiding anisotropic 
waveguides by following the simple substitution discussed above. 

We ignore the small polarization corrections to [i x and [i y , given by Eq. 
(13-11), because f x f f y for isotropic, noncircular waveguides. This is an 
accurate approximation, provided the material anisotropy is not so minute as 
to be comparable to the small contribution of order A 3/2 , due to the waveguide 
structure. The higher-order modes of the noncircular waveguide have the same 
form as the fundamental modes, except when the fiber is nearly circular, for 
reasons given in Section 13-9. 
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13-13 Single-mode single-polarization fibers 

We showed in the discussion of structural anisotropy above, that the core 
index must greatly exceed the cladding index for the propagation charac- 
teristics of the two fundamental modes to differ significantly. Here we show 
that a relatively small amount of material anisotropy can dramatically influence 
propagation by removing one of the two possible polarization states of the 
fundamental mode. This results in a fiber that is truly single moded. 

Consider a step profile fiber of circular cross-section whose refractive index 
profile, n x , for x-polarized light is shown in Fig. 1 3—1 (b). We assume that V x is 
sufficiently small so no higher-order modes propagate. Thus, an x-polarized 
source will excite the fundamental mode with field E x given by Eq. (13-20). To 
completely eliminate the y-polarized mode, we ensure that the refractive index 
profile, n y , for y-polarized light does not provide guidance. The most direct 
way to achieve this is to let the core and cladding refractive indices be equal, so 
that A,, = 0. An alternative method for removing the y-polarized mode is 
discussed below. 


RADIATION LEAKAGE IN ANISOTROPIC FIBERS 

The above description of anisotropic fibers treats each modal polarization 
state as if it were in isolation from the other. This is valid only when the modal 
fields are uniformly-polarized, which is never exactly the case for non-planar 
waveguides, as is clear from Section 11-15 and 11-16. Even on an isotropic 
weakly guiding fiber, the x-polarized modal field has a very small y-component 
of order A and the y-polarized modal field has a very small x-component, as we 
show in Section 12-11. Thus, a fraction of the power propagating in the x- 
polarized mode ‘sees’ something of the n y profile and, analogously, the y- 
polarized mode ‘sees’ something of the n x profile. In other words, there is a 
small amount of coupling between the two polarization states. We now show 
that the y-polarized mode of Fig. 13—1 (a) will suffer radiation loss when the 
birefringence is sufficiently large. This radiation is due to polarization coupling 
and is anticipated from the discussion of Section 11-24, which specifies the 
minimum value of P for a mode to be bound to an anisotropic fiber. 


13-14 Leaky, single-mode, single-polarization fibers 

We now consider the fiber profile defined in Fig. 13-1 (a). From the argument 
of Section 1 1-24, we know that radiation losses will occur to any mode with 
P < kn x d , i.e. ft will have an imaginary part. Thus, the ‘/-polarized mode of Fig 
13-1 (a) will ‘leak’ as it propagates [9], if the birefringence is sufficiently high to 
satisfy P y < kn d . When this occurs, some of the ‘/-polarized mode ‘sees’ a 
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cladding index n x d which is higher than p y /k, so that guidance is not possible. 
Because the imaginary part of fl y is small and the fiber is weakly guiding, the 
vector wave equation, Eq. (30-31), can be solved by perturbation methods to 
obtain the leakage rate [10]. Thus, depending on the fiber length and modal 
leakage rate, the fiber of Fig. 13-1 (a) is effectively a single-moded, single- 
polarization waveguide [9, 11], 

Following the above logic and Section 11-24, we can also appreciate that 
even the x-polarized mode of the profile of Fig. 1 3—1 (b) will be leaky if the 
uniform profile index, n y , is sufficiently greater than n x c] so that k < 
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We showed in the previous chapter how the modes of weakly guiding 
waveguides are constructed from solutions of the scalar wave equation. Here 
we consider fibers of circular cross-section and solve the scalar wave equation 
analytically for specific refractive-index profiles with axial symmetry. We pay 
particular attention to single-mode fibers and to the properties of the 
fundamental HE U modes. One important observation for a general class of 
single-mode fibers with a power-law variation in core profile and a uniform 
cladding is that both the distribution of fundamental-mode power over the 
cross-section, and the maximum value of the fiber parameter V for single- 
mode operation depend primarily on the profile ‘volume’ and are relatively 
insensitive to profile shape. This volume is proportional to the integral over the 
core cross-section of the excess of the profile above its cladding value. 
Conversely, pulse dispersion on single-mode fibers depends principally on 
profile shape and is comparatively insensitive to the profile volume. 


BOUND MODES OF CIRCULAR FIBERS 


The circular fiber is illustrated in Fig. 14-1, which shows the cartesian and 
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Fig. 14.1 Section of a circularly symmetric fiber, which is unbounded in 
the r- and r-directions. The core radius is p, the normalized radius R = r/p 
and n (r) is the refractive-index profile. 


cylindrical polar coordinates used to describe the modes. For the refractive- 
index profile n{r) we use the representation 


n 2 (K) = n 2 0 {l-2A/(/?)}; R = r/p, (14-1) 

where n co is the maximum index and f(R) ^ 0 specifies the profile variation. 
The radial coordinate r is normalized by p, which denotes either the core 
radius, when there is a uniform cladding, or a scaling length when there is no 
obvious interface. We define A to be the profile height parameter, or relative 
index difference, which satisfies A ^ 1 for weakly guiding fibers. Hence from 
Eq. (1 1-48) we have 



(14-2) 


for fibers with a uniform cladding. 


14-1 Construction of the modal fields 

In Chapter 13 we showed that the modal fields of weakly guiding fibers have 
the general form 

(14— 3a) 
(14— 3b) 


E = e t (x, y)exp{i(P + 3P)z} 


H S h t (x, y)exp{i(P + 5p)z} 


h t = «co( £ oM>) zxe, 


The construction of e t for circular fibers is described in Sections 1 3-4 and 1 3-7, 
using physical arguments, and again in Sections 32-6 and 32-7, using 
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perturbation theory [1], where we show that it is necessary to solve the scalar 
wave equation, Eq. (13-8), to find e t . For a circular fiber, Vf is given in Table 
30-1, page 592, leading to solutions with the separable forms ¥ = F t (r)cosl(f> 
and ¥ = F, (r) sin l(p, where 1 = 0, 1, . . . , and F,(r) satisfies the ordinary 
differential equation 

fd 2 1 d l 2 ~ 1 

|d^ + 7d7 + fcV(r) = °- 

It is convenient to make this equation dimensionless. To do this we take n(R) 
from Eq. (14-1), set R = r/p and use the definitions of U and V inside the back 
cover. This leads to 


f d 2 Id 
\dR 2 + RdR 


l 2 

R 2 



F,(F) = 0; 



(14-4b) 


Continuity of F, and dF,/dF throughout the fiber leads to an eigenvalue 
equation for p of each mode, as discussed in Section 33-1. 

Given the solutions F, (R), we then determine the fields e t( as discussed in 
Sections 13-4 and 13-7, and summarized in Table 13-1, page 288. We identify 
the fields of circular fibers in Table 14-1 using the conventional mode 
nomenclature of Section 11-16. 

The left side of the table gives e ti and h tj , while the right side gives the small 
corrections due to polarization effects of the fiber structure. The <5/? f correction 
terms of Eq. (14-3a) are important for all but the HE lm modes, for reasons 
discussed in Sections 13-4 and 13-7. These terms are found by substituting e ti 
from Table 14-1 into the expression for <5/?* given in Table 13-1, page 288, and 
replacing dA by p 2 RdRdcp. The longitudinal fields e zi , h zi are calculated from 
Eq. (13-13). For reasons given in Section 13-11, they are rarely required but 
are included for completeness. 


14-2 Fundamental and HE lm (/ = 0) modes 

The two fundamental, or HE t j , modes and all other pairs of HE lm modes were 
discussed in Section 13-4. Each mode of a particular pair has a transverse 
electric field whose direction, or polarization, is parallel to one of an arbitrary 
pair of orthogonal directions in the fiber cross-section [1], Thus, these modes 
are uniformly polarized. For convenience we take one mode to be x-polarized 
and the other y-polarized in Fig. 14-1. There is only one solution of the scalar 
wave equation for these modes, corresponding to l = 0 in Eq. (14-4). The 
transverse fields, given by Eq. (13-9) and repeated in Table 14-1, ignore all 
polarization properties of the fiber. For future reference, we give the 
transformation of the components of these fields from cartesian to polar 




Table 14-1 Modal fields of weakly guiding circular fibers. Subscripts t and z denote 
transverse and longitudinal components. Unit vectors x, y and z are parallel to the 
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coordinates at the bottom of the left side. We are reminded that the 
fundamental-mode solution of Eq. (14-4) has the largest value of ft, or, 
equivalently, the smallest value of U of the bound modes, and that <5/1 is the 
same for both even and odd modes. 


14-3 Higher-order (/ ^ 1) modes 

The construction of the higher-order, or l ^ 1, modes of Table 14-1 is 
discussed in Section 13-7. For each 1 > 1, there are four modes. The far left 
column of Table 14-1 gives the value of i for the appropriate field e tj of Table 
13-1, page 288. These modes are not uniformly polarized, i.e. the direction of 
e tj depends on the position in the fiber cross-section. The modes are labelled 
according to their hybrid characteristics, consistent with the labelling of the 
exact modes in Chapter 12. This may be verified by examining the limit A -+ 0 
of the transverse fields of the step-profile fiber in Table 12-3, page 250[2], The 
HE lm modes of the previous section are a particular case of the HE; + j m modes 
when l = 0. 

We note that for each value of / > 1, two of the four modes have different 
values of <5/1,, while the four / = 1 modes generally have three different values 
of <5/J ; . This is the reason why we cannot use a representation for the modal 
fields simpler than that in Table 14-1, such as the circularly polarized fields 
discussed in Section 32-8. 

To summarize these two sections, the complete modal fields and corrected 
propagation constants for all bound modes of the weakly guiding circular fiber 
are given in Table 14-1. Consequently, for each profile considered below, we 
need only determine the solution F,{R) of Eq. (14-4). 


14-4 Example: Infinite parabolic profile 

Our first example has the refractive-index profile [3] 

n 2 (R) = n 2 0 {l-2AK 2 }; R = r/p, (14-5) 

and is plotted as profile (k) in Fig. 12-8. Exact, closed-form solutions of Maxwell's 
equations are known only for TE modes, as we showed in Section 12-16. However, 
within the weak-guidance approximation, the scalar wave equation has closed-form 
solutions for all modes, from which we can derive simple expressions for the fields, 
propagation constants and properties of interest. These solutions are also the basis for 
the Gaussian approximation of Chapter 15. The parabolic profile is unphysical because 
n 2 (R) - * — oo as R -> oo. Also the weak-guidance approximation is accurate only for R 
sufficiently small to satisfy n(R) = n(0). Both points can be overcome if the power of 
each mode is confined to a region within or close to r = p, and A 1 . This constraint is 
discussed below. As the region increases in size, fiber polarization effects become 
important and the accuracy of the weak-guidance approximation decreases. 



Table 14-2 Modes of the infinite parabolic-profile fiber. The vector modal fields are found by substitution into Table 14-1. Parameters 
are defined inside the back cover. 
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Modal fields 

If we set / = R 2 in Eq. (14-4) and make the transformations w = VR 2 and 
F t (R) = g t (w)R‘ exp( — ^VR 2 ), we obtain the equation [3] 

f d 2 d U 2 /+11 

l W d^ + (/+1 - kv) d^ + 4K-^-} 9i = 0 ' ^ 

The solution which ensures F t is everywhere bounded is the generalized Laguerre 
polynomial j (w), where / and m are the modal subscripts appearing in Table 14-1. 
The general expression for F t and specific forms for fundamental and low-order modes 
are presented in Table 14-2, from which the modal fields are determined by substituting 
into Table 14-1. 

Propagation constants and polarization corrections 

In solving Eq. (14-6) we simultaneously determine the eigenvalue equation which gives 
U, and thus the scalar propagation constant /?, explicitly in terms of /, m and V in Table 
14-2. There is no cutoff value of V for any mode, and consequently every mode may 
propagate for an arbitrary value of V. In fact, because n 2 {R) -* — oc as R -* oo, there 
are no radiation modes, and the totality of bound modes forms a complete set. 

The polarization corrections 6fS t in Table 14-2 are found by setting/ = R 2 in the 
integrals in Table 14-1. Using integration by parts in the numerator of /,, we have 
1 1 = — (2A) 3/2 /2pKand / 2 = — //,. We note that 5p = 0 for both TE and TM modes. 
Thus, in this exceptional case, there are only two different values of the <5/9, for the four 
modes associated with F, for / > 1. However, we can readily show from Eq. (32-22) that 
the next order correction to [I for TM modes is of order (2A ) 5/2 , but the polarization 
corrections for TE modes are zero to all orders in A as the exact fields satisfy the scalar 
wave equation. 


Fundamental modes (/ = 0, m = 1 ) 

The transverse fields of the fundamental modes have a Gaussian dependence on R, as is 
clear from Tables 14-1 and 14-2. By substituting F 0 into Table 13-2, page 292, we 
obtain simple expressions for quantities of interest, such as the normalization N. The 
fraction of power fj within 0 ^ R < 1 increases with increasing V and decreases with 
decreasing p, in keeping with the discussion in Chapter 10 on diffraction effects. Pulse 
propagation and spreading were discussed in Chapter 11. The transit time of a mode 
depends on its group velocity t> g , and within the weak-guidance approximation Table 
14-2 shows that the group velocity v g is just the on-axis speed of light c/n co . The 
scalar distortion parameter D of Table 13-2 clearly vanishes, so that waveguide 
dispersion is a higher-order effect. If we include the polarization correction 
SU, we deduce from Eqs. (13-17) and (13-18) the corrections <5r g and SD in 
Table 14-2. 


Condition for weak guidance 

As discussed at the beginning of this example, the modal fields of the weak-guidance 
approximation are a good approximation to the exact fields of the fiber only under 
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certain restrictions. In addition to the requirement that A 1, we recall from Section 
13-2 that /? S kn m . If we substitute for and V from Table 14-2, we deduce that 
V > 4A for the fundamental modes. Even with this restriction, the modal fields are only 
accurate within the region of significant modal power flow. 


Polarization corrections to the modal fields 

The transverse fields of the fundamental modes in Table 14-1 contain no polarization 
effects due to the fiber. These effects are included in higher-order corrections through 
the expansions in Section 32-1. The second-order transverse electric field corrections 
satisfy the equation in Tabje 32-1, page 627. If we set f = R 2 , substitute e tl or e t3 from 
Table 14-1 fore, and take U, U (i) = <5l//Afrom Table 14-2, it is readily verified that the 
solutions for the second-order field are 

rAR 2 exp( — 5 VR 1 ) cosip and r AR 2 exp( — ^ VR 2 ) sin <fi, (14-7) 

for the even and odd fundamental modes, respectively, where f is the unit vector in the 
radial direction. These fields are by hypothesis small corrections to e t] and e t3 , and 
consequently they are valid only in the region defined by R < A~ I/2 . This restriction 
arises because of the unphysical nature of the profile. 


14-5 Example: Infinite power-law profiles 

These profiles have the refractive-index distribution 

n 2 (R) = n 2 a {\ —2AR q }, 0<q<oo; R=r/p, (14-8) 

where q is a constant and the scaling radius p is such that n(R) = n d when R = 1. Plots 
for various values of q are given in Fig. 14-2(a), including the parabolic profile {q = 2) 
discussed in the previous section. As q -» 0 the profiles approach n(R) = n cl , an infinite 
uniform medium, and as q -> oo the profiles approach a step profile. For all q, the 
profiles are unphysical since n 2 (R)-> — oo as R -*• oo. Consequently, the weak- 
guidance approximation is only accurate when the fiber parameter V is sufficiently 
large, for reasons discussed in the previous section. If we set /= R q in Eq. (14—4), there 
are no known closed-form solutions for F h with the exception of the parabolic profile. 


Propagation constant 

In Section 33-6 we use scaling arguments to show that for / = 0 modes, the parameter U 
is expressible in closed-form. From Eq. (33-27) we have [4] 


U ■■ 


"r(l/q+ l/2)(q + 2)(2m — \)n il2 V 2lq 
2F(1 /q) 


1 9/(8 + 2 ) 


= G(q)V 2l(q + 2) , (14-9) 


for all HE lm modes, where T is the gamma function of Eq. (37-104), m is the modal 
subscript in Table 14-1, and the scalar propagation constant ft is related to U inside the 
back cover. 
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Fig. 14.2 Plots of (a) the infinite power-law profiles of Eq. (14-8), and 
(b), (c) the modal parameter U of Eq. (14-9) and the distortion parameter 
D of Eq. (14-11) respectively, for the fundamental mode on each profile. 


Group velocity and waveguide dispersion 


The power of a mode propagates at the group velocity. Substituting Eq. (14-9) into Eq. 
(13-17), we find that 


- C f, , a 2 -q G 2 (q) ] 

" r nJ + 2 + , K 2 * /( * +2 > j’ 


where c is the free-space speed of light and G(q) is defined by Eq. (14-9). Waveguide 
dispersion is described by the distortion parameter in Table 13-2. Substituting Eq. 
(14-9) we deduce that 


D = q 


(2 -q) 
(2 + q) 2 


G 2 (q)V~ i3q + 2,/<9 +2 \ 


(14-11) 


Thus waveguide dispersion is zero for the parabolic profile to this order. The next order 
correction is finite, as we showed in the previous section. 
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We discussed the accuracy of the weak-guidance approximation for the infinite 
parabolic profile in Section 14-4. If we impose the condition ji = kn ai , we deduce from 
Eq. (14-9) and Table 14-2that V P- {G(q)A ,/2 } (,+2)/, for the infinite power-law profiles 
to be weakly guiding. 


Fundamental modes 

The values of U and D of Eqs. (14-9) and (14-1 1) are plotted against V for various 
values of q in Figs. 14— 2(b) and 14-2(c) for the fundamental modes, i.e. 
I = 0, m = 1. The corresponding values of G(q) are included in Fig. 14-2(c). 


STEP-PROFILE FIBER 

We now examine a profile of great practical interest. The step profile has a 
uniform core and a uniform cladding, and in terms of the profile representa- 
tion of Eq. (14-1) is expressible as 

n(R) = n C0 or /= 0; 0 < R < 1, (14-12a) 

n(R) = n cl or /=1; 1 < R < oo, (14— 12b) 

where R — r/p and p is the core radius. We assume n co = n cl , or, equivalently, 
A < 1, so that the fiber is weakly guiding. The small overall variation in the 
profile means that there are no restrictions on the fiber parameter V, unlike the 
infinite profiles of the previous two sections. The modal fields can be found 
either from the exact fields of Chapter 12 by taking the limit A -* 0, as shown in 
Section 12-11 [2], or by following the scalar description of Chapter 13. We 
adopt the latter course here [1]. In the following chapter, we use an 
approximation method to simplify description further. 


14-6 Fundamental and HE lm (/ = 0) modes 


The / = 0 solution of Eq. (14-4), F 0 (R), gives the radial dependence of the 
fundamental and remaining HE lm modes. Substituting for/from Eq. (14-12) 
and normalizing so that F 0 = 1 at the interface R = 1, we find 


F 0 


Jp(UR) 
Jo(0) ’ 


0< R < 1; 


K 0 (WR) 
K 0 (W) ’ 


1 ^ R < oo, 


(14-13) 


where J 0 is the Bessel function of the first kind and K 0 is the modified Bessel 
function of the second kind. The scalar mode parameters U and IF for the core 
and cladding are defined inside the back cover, and are related to the fiber 
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parameter by 

V 2 = u 2 +W 2 \ V = kp(nl 0 — «c]) 1/2 > (14-14) 

where k = 2n/X and X is the free-space wavelength. The field components are 
obtained by substituting Eq. (14-13) into Table 14-1. Since we shall be 
referring to these components for the step-profile fiber frequently, they are 
included in Table 14-3 to provide a comprehensive summary of fundamental- 
mode properties. 


Propagation constants and polarization corrections 

The solution F 0 of Eq. (14-4) must be continuous and have a continuous 
derivative dF 0 /dR at R = 1. Using the recurrence relations of Eq. (37-75) 
leads to the eigenvalue equation 


- J, (U) - K,(1F) 

MU) K 0 (W)' 


(14-15) 


where W is related to U by Eq. (14-14). For a given value of V, this equation 
determines the value of U for each HE lm mode that can propagate. The 
smallest value of U corresponds to the fundamental HE n modes and 
increasing values of U correspond to increasing values of m. The propagation 
constant ft is related to U in Table 14-3. Since Eq. (14-15) is transcendental, it 
must be solved numerically. Values of U and W for the range 1.05 < V < 4 are 
given in Table 14-4 for the fundamental mode, and U is plotted against V in 
Fig. 14-3 (a). 

The polarization correction to the scalar propagation constant is given by 
Table 14-1 in terms of I I . In the numerator, the integral involves the profile 
derivative df/dR, which, by analogy with Eq. (32-13) for the general step 
profile, is given by the Dirac delta function c5(K — 1). The integral in the 
denominator of % is given in Table 14-6. Hence we deduce the expressions for 
5[i and 5U in Table 14-3. We plot the ratio 5U/AU in Fig. 14 — 3(b) for the 
fundamental mode. It has a maximum value of about 0.24 at V = 2.25. If we 
compare the corrected mode parameter U + 5U with the exact solution U of 
the fundamental mode eigenvalue equation in Table 12^4, page 253, we find 
that the maximum relative error occurs at the peak of the curve in Fig. 14 — 3(b), 
and has magnitude less than 0.005 % for A = 0.005, which rises to 0.07 % and 
0.5% for A = 0.045 and A = 0.125, respectively. 

We now consider properties of the fundamental mode. The expressions in 
Table 14-3, e.g. normalization, are found by substituting F 0 into Table 13-2, 
page 292, and using the integrals of Eqs. (37-92) and (37-93). 
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Table 14-3 Fundamental and HE Im modes of the weakly guiding step- 

profile fiber. Parameters are defined inside the back cover. Modal power is 
given by |u| 2 N, where a is the modal amplitude. 



Even 

Odd 

Transverse 

components 

,. , /«o Y' 2 _ 

e x = F 0 h, = ^~j F 0 

F 0 h x w col ^ J F 0 

Longitudinal 

components 

A2A) 112 r 

e x = i y Go cos ip 

. . /e o y«(2A)‘* . ^ 

V GoS,n ^ 

. (2A) 1 ' 2 . 

e, = i — - — G 0 smd> 

. / e 0 Y' 2 (2A) 1,Z , 

«*=-<«co|— ] — y — G 0 COS 4> 

■m- ■««• 

«*«■ 

Eigenvalue 

equation 

-J,(U) - K,(W) 

u j 0 (or w K 0 m ; 

Range of single-mode operation 0 < V < 2.405 


Propagation 

constant 

- v r u z ) ,/2 

fi p(24) 1 ' 2 | 1 2 Vj 

Polarization 

corrections 

_ (24) 3 ' 2 U 2 W K 0 (W ) VW K 0 [W) 

P 2 p V 3 K,(fV)' A V 2 KAW) 

Derivative 
of modal 
parameter 

iV V\ Kf(tf) J 

Normalization 

tp 2 nco/eo Y' 2 ^ KiOF) 

2 [ Mo J o 2 K 0 m 

Intensity 

S -_M 2 /<=°Y ' 2 2 

2 U ) "“ Fo 

Fraction of 
power 
in the core 

U 2 (W 2 K 2 0 (W)\ 

n P 2 jl? 2 Kf(tP)j 

Group 

velocity 

* 8 = J 1+ V (1 2< 4 

Distortion 
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Table 14-4 Values of fundamental-mode parameters for step-profile fibers. The 
expressions for these quantities are given in Table 14-3, with the exception of the depth 
of penetration, which is defined by Eq, (14-18). 
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Table 14-4 (contd.) 






IMDS 

■ 



d 0 
dV 

P 



1.413 

0.945 

0.318 



0.0354 

0.231 

0.437 

1.915 


1.390 

0.889 

0.308 

4.831 

0.616 

0.0594 

0.257 

0.456 

1.962 


1.367 

0.832 

0.294 

4.885 

0.592 

0.0868 

0.287 

0.478 

2.016 


1.343 

0.774 

0.280 

4.962 

0.566 

0.1176 


0.501 

2.077 


1.317 

0.718 

0.266 

5.068 

0.539 

0.1508 

0.354 

0.525 

2.145 


1.290 

0.662 

0.250 

5.207 

0.510 

0.1882 

0.392 

0.551 

2.222 


1.262 

0.606 

0.234 

5.389 

0.479 



0.578 

2.311 


1.232 

0.552 

0.216 

5.623 

0.447 

0.274 


0.606 

2.475 


1.201 

0.498 

0.1970 

5.931 

0.411 

0.324 


0.637 

2.531 


1.168 

0.445 

0.1776 

6.327 

0.375 

0.376 


0.669 

2.672 


1.134 

0.393 

0.1564 

6.865 

0.336 

0.436 


0.703 

2.840 


1.098 

0.342 

0.1354 

7.582 

0.296 

0.498 

0.635 

0.738 

3.048 


1.060 

0.294 

0.1146 

8.549 

0.255 

0.562 

0.662 

0.773 

3.297 


1.021 

0.245 

0.0924 


0.211 

0.632 

0.678 

0.811 

3.635 


Fraction of modal power within the core 

This fraction is described by rj in Table 14-3, and is plotted against V in Fig. 
14-3 (a). Only for V 4 , 1 is there negligible power in the core. 


Distribution of modal power 


The modal power flow along the fiber per unit cross-sectional area, or 
intensity, is given by the time-averaged Poynting vector S in Table 14-3, where 
a is the modal amplitude. To describe the change in this distribution with 
changes in V, we keep the total modal power P fixed, and define a normalized 
intensity S = S/P = S/|a| 2 N. Hence 


g 1 f W J 0 (UR) \ 2 

Apr MU) J 


OsSRsS 1; 


a jig Kq(WR ) } 2 

7i\pV K,(W) J ’ 


1 < R < oo, 

(14-16) 


using the eigenvalue equation in Table 14-3. The dimensionless ratio S/S x is 
plotted as a function of R in Fig. 14-3(c) for various values of V, where S w is 
the value of S when R = 0 and V = oo. For the fundamental mode, we deduce 
from Table 14-5 that 


L = \/{np 2 J\ (l/J}; Coo = 2.405, (14-17) 


where (/„ is the first root of J 0 . Only when V = oo is all modal power confined 
to the core. As V decreases, power flow becomes significant over a larger area 
which includes part of the cladding, and the maximum value of S on axis is 
reduced. 
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Fig. 14-3 Fundamental mode quantities for the step-profile fiber, 
showing (a) the modal parameter U , the fraction of power in the core ij, 
and the depth of penetration r^, (b) the normalized polarization 
correction dU/AU, (c) the normalized intensity distribution and (d) the 
normalized variation in group velocity relative to the left ordinate, and the 
distortion parameter D relative to the right ordinate. Numerical values are 
given in Table 14-4. 


Depth of penetration of the field intensity 

The fundamental-mode intensity in Fig. 1 4-3 (c) can be significant well into the 
cladding. At sufficiently large distances from the axis it decreases exponentially 
with R, as is clear from Table 14-3 and Eq. (37-88). To quantify the size of this 
region, we define r pd to be the distance from the fiber axis where S has fallen to 
a factor g < 1 of its value at the interface. Thus 

K 2 0 (Wr vd lp) = gKl(W). (14-18) 

The normalized distance (r pd jp)-\ from the interface is a measure of the 
effective depth of penetration of the core field into the cladding. We plot this 
quantity as a function of V in Fig. 14-3 (a), taking g = e“ 1 for the lower curve 
and g = 0.1 for the upper curve. For example, when V = 2.5 we deduce from 
the ij curve that about 84 % of total fundamental-mode power flows within the 
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core, and the intensity, or power density, falls by a factor of e~ 1 over a distance 
of approximately p/2 beyond the interface. 


Pulse propagation and spreading 

If F is below the cutoff value 2.405 of the second mode in Fig. 14—4, the fiber is 
single moded and only the even and odd fundamental modes can propagate. 
Both modes have the same propagation constant fi. Consequently the group 
velocity v and the transit time of Eq. (1 1-36) are independent of polarization. 
In the weak-guidance approximation, the expression for C g in Table 14-3 
follows from Eq. (13-17), and is plotted against F in Fig. 14— 3(d) as the 
dimensionless quantity ( « co v — c)/cA. 

Pulse spreading on single-mode fibers depends only on waveguide disper- 
sion and material dispersion, as discussed in Section 1 1-12. The contribution 
to pulse spreading in the absence of material dispersion is proportional to the 
dimensionless distortion parameter introduced in Section 11-20. Using the 
definition D for weakly guiding fibers in Table 13-2, page 292, we are led to 
the expression in Table 14-3. Numerical values of D are given in Table 14-4 
and are plotted in Fig. 14— 3(d). There is zero waveguide dispersion at V = 3, 
which corresponds to the minimum group velocity value. 

Approximate forms for large and small values of V 

It is often useful to have approximations to the fundamental-mode properties 
in Table 14-3 when F is either large or small. These approximations are given 
in Table 14-5. The expressions for the modal parameters are the A -*■ 0 limit of 
the expression in Table 1 2-4, page 253, where we have used the small argument 
expression of J v in Eq. (37-82). The remaining expressions in Table 14-5 are 
obtained from Table 14-3 by using the expansions of K 0 and in Eqs. 
(37-86) and (37-88) for small and large arguments, and assuming U = Fif Fis 
small or W = V if F is large. The accuracy of each approximation can be 
gauged by comparison with the exact values in Table 14—4 for F = 1.05 or 
F = 4. For intermediate values of F, an excellent approximation can be 
derived by assuming IF is a linear function of F. This leads to [5]. 

W = 1.1428 F — 0.996, 1.5 < F ^ 2.5, (14-19) 

which is within 0.2% of the exact values over the range. However, derivatives 
of this expression do not usually lead to expressions for group velocity and the 
distortion parameter with the same accuracy [6]. 


14-7 Higher-order (/ ^ 1) modes 

The construction of the remaining modes of the fiber was described in Section 
14-3. We give the solution F t of Eq. (14-4) and the functions Gp in Table 14-6 
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Table 14-5 Fundamental-mode approximate forms. These forms are derived from 
the expressions in Table 14-3. Similar expressions can be derived for low-order HE lm 
modes. Parameters are defined inside the back cover. 



Small V -» 0 

Large V -» oo 

Modal 

Parameters 

0 ~ V 

W = 1.123 exp ( — 

U = 2.405 exp^-p 
tv = V 


N 


np 2 n co (e 0 \ 112 V 2 W+ 1 
2 \Po) U 2 W 

d U 
dV 

5.04 / 4 \ 

* v* ex P ( — V* ) 

U 

V 2 



1-^ 

V 3 

h 




in terms of Bessel functions and modified Bessel functions of order l. The 
complete modal fields are obtained by substituting these expressions into 
Table 14-L Mode parameters are defined inside the back cover. 


Eigenvalue equations 

Continuity of F, and dF,/dR at R = 1 leads to the eigenvalue equation for the 
values of U or W. This operation, together with the recurrence relations of Eqs. 
(37-72) and (37-73), leads to the equation in Table 14-6. It is clear from Table 
14-1, that if Fand / > Oare prescribed, each solution U applies to all four even 
and odd HE, + , >m and EH, _ , m modes, the latter denoting the TM 0m and TE 0m 
modes when 1=1. Increasing values oft/ correspond to increasing values of m. 
Numerical solution of the eigenvalue equation leads to the plots in Fig. 14-4 
for low-order modes, including the HE lm modes of the previous section. The 
modes and the values of l and m are shown in each plot. 
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Fig. 14-4 Numerical solutions of the eigenvalue equation of Table 
14-6, showing the mode labelling and the corresponding values of l and m. 

The values along the dashed line are the cutoff values V c for each mode. 

Mode cutoff 

With the exception of the fundamental HE n mode, every mode is cut off 
below a certain value of V and cannot propagate, as explained in Section 
11-18. The cutoff value of U is the eigenvalue equation solution in the limit 
W-* 0. With the help of Eq. (37-86), we deduce that J, _,([/) = 0 for all modes, 
including the HE lm modes (m > 1) for which J, ( U ) — 0. This leads to the 
cutoff values in Fig. 14-4, from which we find that the fiber is single-moded if 
V < 2.405, where U = V = 2.405 is the cutoff value of the Z = m — 1 modes. 
When W = V -* oo, we find from the eigenvalue equation and Eq. (37-88) that 
U satisfies JfU) = 0. It is readily verified that these limiting equations are the 
weak-guidance limit of the expressions in Table 1 2^4, page 253. 

Polarization corrections 

The corrections <5/?, to the scalar propagation constant are given in Table 14-1 
in terms of /, and l 2 . In the numerator of each expression, the derivative df/dR 
is the Dirac delta function S(R — 1), as explained in Section 14-6, and the 
integral in the denominator is given in Table 14-6. This leads to the 
expressions for <>/?, and the corresponding <5l/ ; in the same table. There is no 
correction for the TE 0m modes, whose fields satisfy the scalar wave equation 
exactly. 

We plot the ratio SU/AU in Fig. 14-5(a) for the TM 0 , mode, which has a 
maximum value of approximately 0.22 when V = 5. If we compare the 
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Fig. 14-5 Plots of / = 1 mode quantities for the step-profile fiber, 
showing (a) the normalized vector correction <5 U/ At/ for the TM 0] mode, 
(b) the normalized intensity distribution, (c) the difference in vector 
corrections for the two pairs of l — 1 modes and (d) qualitative representa- 
tion of the transverse electric field direction, denoted by arrows. 


corrected mode parameter U + SU with the exact value of U of the TM mode 
eigenvalue equation in Table 12-4, page 253, the maximum relative error is less 
than 0.005 % for A = 0.005 and rises to 0.05% and 0.41 % for A = 0.045 and 
A — 0.125, respectively. 


Interference between modes 

The finite propagation constant corrections <5/1, • discussed above are re- 
sponsible for interference effects between pairs of modes with the same scalar 
propagation constant. For example, suppose the odd HE 21 and TE 01 modes 
are excited with equal power and all other modes have zero power. If we 
erroneously ignore all polarization effects, then d[f = Sfi 4 = 0, and the total 
transverse electric field of the fiber follows from Table 14-1 as 

E, = ae t3 exp (i[Sz) + ae t4 exp (i/Jz) = 2aF l sin </> exp (ij8z)x, (14-20) 
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where a is the modal amplitude. Thus everywhere within the fiber, E t is linearly 
polarized parallel to the x-axis, as shown schematically in Fig. 14—5 (d). The 
total transverse magnetic field H, = n co (e 0 /p 0 ) 1/2 zxE, in the weak -guidance 
approximation. Consequently, the intensity distribution of Eq. (11-20) is 
expressible as 

S = (« co /2)(s 0 /^o) 1/2 |E t | 2 = 2|a| 2 n co (e 0 //r 0 ) 1/2 F i 2 sin 2 <t>. (14-21) 

Now consider the same fields with the correction <5/S 3 included, recalling that 
the correction for TE modes is zero. The analogous expression to Eq. (14-20) 
can be rearranged as 

E, = 2aF l {x sin <j> cos((50 3 z/2)-Hy cos <p sin(<50 3 z/2)}exp{i(0 + <50 3 /2)z}. 

(14-22) 

Substitution into Eq. (14-21) now leads to 

S = M 2 n co ( £ o /Fo ) 1 /2 T 2 { sin 2 (</> + <50 3 z/2) + sin 2 (<0 — <50 3 z/2) } . (14-23) 

This expression has a simple interpretation. If, at distance z along the fiber, we 
rotate the intensity pattern of Eq. (14-21) clockwise through an angle <50 3 z/2 
about the fiber axis, and superpose it on the same pattern rotated anticlockwise 
through angle (50 3 z/ 2, then Eq. (14-23) is the mean of the two superposed 
patterns. For example, when (50 3 z — n the electric field is linearly polarized 
parallel to the y-axis in Fig. 14-5(d), and its amplitude depends on the 
difference between the TE 01 and HE 21 mode fields. The intensity pattern is 
given by rotating the pattern of Eq. (14-21) through n/2. Finally, the field of 
Eq. (14-22) becomes identical with Eq. (14-20) again over the beat length 
z b = 47r/<5j3 3 . 

It is clear that the difference between propagation constant corrections 
is responsible for interference effects, and that as the difference increases, the 
more rapidly the field direction and intensity pattern change. To 
quantify these changes, the normalized quantities p((50 2 — dfi^/A 312 and 
p(< 50 4 — <50 3 )/A 3/2 are evaluated from the expressions in Table 14-6 for the 
/ = 1, m = 1 modes, and are plotted against V in Fig. 14-5(c). When V = 3.8, 
the corrections <50j and <50 2 are equal, and consequently, any linear 
combination of the fields e tl and e, 2 of Table 14-1 constitutes a mode for this 
particular value of V. In Fig. 12-4, the plots of the exact mode parameter U for 
the TM 01 and HE 21 modes on a fiber with A = 0.32 cross at V = 3.4. 

Fraction of modal power within the core 

The quantity i) is calculated from the expression in Table 14-6 using the values 
of U from Fig. 14—4, and is plotted in Fig. 14-6 for the first twelve modes. 
These curves are the weak-guidance limit of the curves in Fig. 12-5. The 
nonzero values of fj at cutoff are given in Table 14-7. 
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Fig. 14-6 The fraction of power residing in the core for the step-profile 
fiber, showing the mode labelling and the corresponding values of / and m. 
At cutoff, the values of rj are given in Table 14-7. 


Distribution of modal power 


We define a normalized intensity S for / = 0 modes in the previous section. By 
analogy with Eq. (14—16), the corresponding expressions for / > 1 modes are 
expressible as 


1/1K\ 2 MUR) 
x\pv) M i{U)J l + ,({?)’ 


0 < 1 ; 


s = l ( 0 ) 2 k >(wr) . 
K \P V J 


1 ^ R < oo, 


(14-24a) 
( 14— 24 b) 


by using the eigenvalue equation in Table 14—6 and the recurrence relations of 
Eqs. (37-72) and (37-73). We plot the dimensionless ratio 3/3 „ in Fig. 14— 5(b) 
for / = 1 modes, where is the maximum value of 3 when V — oo, i.e. 

L = J\{UMI{np 2 Jl{UM). (14-25) 

Table 14-6 gives U x = 3.83, the first zero of J,,and S 1.8 corresponds 

to the first maximum of J, . As V increases, modal power is more tightly 
confined within the core region. 
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Approximate forms for low-order modes 

Approximations for the properties of / ^ 1 modes at or near cutoff and far 
from cutoff are listed in Table 14-7. The expression for U close to its cutoff 
value V c is derived in [7], and for F-> oo we use the differential equation 
technique of Section 12-3 [8] to express U in terms of its value when 
V = oo. The remaining expressions follow from Table 14-6 by using the 
asymptotic forms of the modified Bessel functions in Eqs. (37-86) and (37-88) 
for small and large arguments, respectively. 


Table 14-7 Approximate forms for low-order l > 1 modes. These forms are derived 
from the expressions in Table 14-6, where is the value of U when V = oo. 
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Asymptotic forms for high-order modes 

High-order modes refers to modes which propagate only on fibers with V $> 1, 
and thus satisfy C7 > 1 or / > 1. If we substitute the asymptotic forms of 
Eqs. (37-90) and (37-88) for the Bessel and modified Bessel functions into 
Table 14-6, we obtain the expressions listed in Table 14-8. The eigenvalue 


Table 14-8 Asymptotic forms for high-order modes. These forms are derived from 
the expressions in Table 14—6. Parameters are defined inside the back cover. 
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equation can also be derived directly from the scalar wave equation using the 
WKB methods or the local plane-wave theory described in Section 36-7. 


CLAD GRADED-PROFILE FIBERS 

In Sections 14-4 and 14-5 we considered graded-index fibers with infinite 
profiles. Now we investigate fibers with only a small variation in profile so that 
they are weakly guiding. 

14-8 Example: Closed-form solutions 

There are few clad profiles which lead to closed-form solutions of the scalar wave 
equation. These include profiles (1) and (p) of Fig. 1 2-8, which are defined in Table 1 2-9, 
p. 270, The fields and eigenvalue equations in Table 12-9 are for TE modes and thus 
depend on the / = 1 solution of Eq. (14-4). Accordingly, it is straightforward to 
generalize these solutions to arbitrary values of /. For profile (1) with a uniform core and 
graded cladding, we deduce that the solution of Eq. (14-4) is [9] 

F, = J,(U R)/J,(U), 0<R<1; F, = K iv (WR)/K iv (W), 1 s: R < oo, 

(14 — 26a) 

where v = (V 1 — / 2 ) 1/2 , and the eigenvalue equation is 

UJm/MU) = WK' iv (W)/K iv (W), (14- 26b) 

where prime denotes differentiation with respect to argument, J, is the Bessel function 
of the first kind and K lv is the modified Bessel function of the second kind of pure 
imaginary order. The corresponding expressions for the clad-parabolic profile (p) 
are [10] 

F, = M Ktlt (VR 2 )/RM Kt „(V), OscRsU; F, = K,(W R)/K,{W), 1 $ R < oo, 

(14 — 27a) 

where k = U 2 / 4 V, p = 1 / 2 and 

2VM' Kt „(V)/fM K ^V)- 1 = WK'tm/KAW), (14— 27b) 

where M K< „ is the Whittaker function of the first kind. We can also solve the scalar wave 
equation for the clad-parabolic profile using a power-series expansion, as we show 
below. 


14-9 Example: Clad power-law profiles 

This class of profiles is defined by 

n 2 {R) — n| 0 {l — 2AR q }, 0 s: R ^ 1; R=r/p, (14-28a) 

= nl | = «co{f — 2A}, l^R<oo;0<q<oo, (14— 28b) 

where q is a constant. Plots are shown in Fig. 14-7(a) for various values of q. including 



Section 14-9 


Circular fibers 327 




Fig. 14-7 Plots of (a) the clad power-law profiles and (b) the same 
profiles assuming equal profile volumes. 


the clad parabolic profile ( q = 2) and the step profile (q = co). In the weak -guidance 
approximation n co = n c \, or A <? 1. The scalar wave equation has the closed-form 
solution of Eq. (14— 27a) for the clad parabolic profile, but we can generate an analytical 
solution for any rational value of q by using a power-series expansion [11, 12], 


Power-series solution 


For all practical purposes the exponent q is a rational number an d can be represented by 
q = p/s, where p and s are relatively prime integers. Within the core, we make a change 
of variable R = x 5 in Eq. (14-4). Hence 

f d 2 Id s 2 , , , , "I 

id - px (i4 - 29) 

The power series solution bounded at R = x = 0 is given by [12] 

F,= f a„x" +ls = t (14-30) 

n = 0 n = 0 


where the a„ are constants and a 0 is arbitrary. If we substitute into Eq. (14-29) and 
equate powers of x, we obtain the recurrence relations 


a 2 ms — 


U 2 


4 m(m + 1) 


m= 1, 2, ... , 


(14-31a) 


for n < 2s + p, and 


n(n + 2 Is) 


( V 2 a„ 


■2 ,- P -V 2 a„ 


(14— 3 lb) 


for n ^ 2s + p. All remaining a a are zero. The solution of Eq. (14-4) in the uniform 
cladding is proportional to K,(IV R), the modified Bessel function of the second kind. If 
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we normalize so that F, = 1 at R = 1, then 

CO 


F, = 


I «. 


K,(WR) 

F ‘-w- 1<J * <00 - 


(14-32) 


and 17, IF are defined inside the back cover. 


Eigenvalue equation 


Continuity of dF,/dR at R = 1, together with the recurrence relation of Eq. (37-73), 
leads to the eigenvalue equation 


WK l + i (W)/K l (W)= - X no. Us £ a„ 


U 1 + W 1 =v 1 . (14-33) 


The solution U for the fundamental mode (/ = 0, m = 1) is plotted against V in 
Fig. 14-8(a) for various values of q. As V increases, the value of 17 approaches a finite 
limit only for the step profile. For all other profiles 17 is unbounded as 
V -* oo. If we compare U with the analytical form of Eq. (14-9) for the infinite power- 
law profiles when V = 8, and use the values of G(q) in Fig. 14— 2(c), the error is less than 
3.5 % for the values of q shown. In other words, most of the fundamental-mode power is 
confined within the core, where the clad and infinite power-law profiles are identical, 
and the region beyond R — 1 has little effect. 




Fig. 14-8 (a) The modal parameter U for the fundamental mode of the 
clad power-law profiles and (b) the upper limit V c on the range of single- 
mode operation given by the solid curve. The dashed curved is the analytic 
approximation of Eq. (14-45), and the solid curve V c is the equal volume 
curve for the profiles of Fig. 14-7 (b). 
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Cutoff 

The cutoff values V c of the higher-order modes are the solutions of Eq. (14-33) when 
U — V = F c and W= 0. Using the asymptotic forms of Eq. (37-86) for the K , when 
H 7 -* 0. we deduce that V c satisfies 

I (n + 2ls)a„ = 0. (14-34) 

n — 0 

In Fig. 14— 8(b) the solid curve gives V c as a function of q for the modes with the smallest 
cutoff value, i.e. the / = 1, m = 1 or TE 01 , TM 01 , HE 2 i modes. 


Intensity distribution 

The intensity, or power flow density, S is defined in Table 13-2, page 292. To compare 
the intensity distribution of the fundamental mode on different profiles, we normalize S 
so that there is unit total power in the mode, i.e. P = 1. Using the definition of P in 
Table 13-2, the normalized intensity S is defined by 

S = F 2 0 j ^2np 2 | F 2 0 R dpj. (14-35) 


If we substitute for F 0 from Eq. (14-32) and use the integral in Eq. (37-93), then the 
integral in the denominator is expressible as 




OO 

0 


F 2 RdR= l - 


Kl(fV) 

K 2 0 m 



+ L I 

m = 0 n = f 


2sa m a„ 

2 s + m + n 



(14-36) 


We normalize with the core cross-sectional area and plot np 2 S against R in Fig. 1 4—9 (a) 
for various values of q with V = 2.405. For the step profile (q — co), S is then given in 
closed form by Eq. (14-16). 


Distortion parameter 


In the absence of material dispersion, pulse spreading on single-mode circular fibers is 
proportional to the distortion parameter D, as expressed by Eq. (13-18). To calculate 
this quantity for the clad power-law profiles, we first rearrange the definition as 


d k k U 2 U dU 

dV + V~V T ’ K = FdF’ 


(14-37) 


where k is given in Table 13-2, page 292, in terms of integrals of F 0 of Eq. (14-32) over 
the cross-section. By differentiating this relationship with respect to V, we obtain 


djc 

dV 


2 



’ ev 


RdR 



F 2 RdR, 


(14-38) 
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Fig. 14-9 (a) The normalized intensity distribution for the fundamental 
mode on clad power-law profiles assuming V = 2.405 and unit total 
power, and (b) the corresponding intensity distribution assuming the 
equal volume profiles of Fig. 14-7 (b) with V = V c = 2.405. 


and by differentiating Eqs. (14-32) and (14-31) with respect to V [13] 

where b 0 = 0 and the remaining b„ satisfy the recurrence relations 

b 2 ms= -^ n f^0 2 b 2ms -2 S + 2VKa 2 m S -2^ (14-40a) 

if n < 2s + p, while for n > 2s + p 

b n = { V 2 bn-2,- P + 2 Va„-2s-p - U 2 b n _ 2s - 2 V K a„-2s}< (14-40b) 

where the a„ are determined from Eq. (14-31). From this analysis, we calculate the 
plots of D in Fig. 14— 10(a) [13, 14], We denote the value of V for which 
D = 0 by V d , and plot V d as a function of the exponent in Fig. 14— 10(b). When 
D = 0 there is no waveguide dispersion. Hence only profiles with exponents in the range 
2 < q < co can satisfy this condition. However, if we examine the cutoff values of V in 
Fig. 14-8(b), we deduce that a single-mode fiber will never have zero waveguide 
dispersion. 


14-10 Equal volume profiles 

The general profile n(R) of a circular fiber has the form of Eq. (14-1). If we 
consider fibers with a uniform cladding of index n cl , and recall the definition of 
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(a) 


V 


(b) q 


Fig. 14-10 (a) The distortion parameter for the fundamental modes of 
clad power-law profiles and (b) the values of the fiber parameter at which 
waveguide dispersion vanishes, the q = oo line corresponding to the value 
for the step profile. 


A inside the back cover, we can express the profile as 

n 2 (R) = n c 2 ,|l +r ^(l-/)|; 0 < R < 1, (14-41a) 

= n 2 ,; 1 < R < oo. (14-41b) 

The function 1 -/ is the profile shape S(r ) introduced in Eq. (4-13), and is 
proportional to the excess or ‘height’ of n 2 (R) above its cladding value n 2 ,. Now 
consider all clad profiles with the same value of A, and therefore the same value 
of n co , and define an effective ‘volume’ Q to be the integral of 1 — / over the 
infinite cross-section of the fiber. This is identical to Eq. (4-14), whence 


Q 


(l-f)dA = 2np 2 (l-f)RdR. 


(14-42) 


where p is the core radius or profile scaling length. Equal volume profiles have 
the same value of Q, but, in general, will have differing core radii p. 

The purpose of the equal volume concept is to normalize profiles with 
common values of n cl and A in such a way as to separate effects which are 
dependent on profile shape from those which are almost independent of profile 
shape. To illustrate the idea we consider the profiles of the previous section. 
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Clad power-law profiles 

The step profile ( q = oo) of core radius p is taken as a reference profile, which 
fixes the value of Q in Eq. (14-42). We define p e to be the core radius of the clad 
power-law profile with the same volume Q. If we replace R by R e = r/p e 
everywhere in Eq. (14-28) and substitute into Eq. (14—42), then, 

Pe = {(4 + 2)M 1/2 P- (14-43) 

The equal volume profiles are plotted in Fig. 14-7 (b). 

Cutoff 

The cutoff value of V c is plotted against q in Fig. 14-8 (b). For the equal volume 
profiles the cutoff value for each profile is still given by V c , although V c is now 
proportional to p e . If we define V c to be the corresponding cutoff value in 
terms of p, then Eq. (14-43) gives 

K = (p/p e ) v c = {<?/(<? + 2)} 1/2 V c . (14-44) 

The plot of V c in Fig. 14 — 8(b) is virtually flat for q > 1, with a difference at 
q = 1 of 5.1 per cent compared to q = oo. In other words, V c is virtually 
independent of profile shape in this range, and is well approximated by the step- 
profile value of 2.405. On rearranging Eq. (14-44) 

K = 2.405 {(<7 + 2)/q} 1/2 , (14-45) 

which corresponds to the dashed curve in Fig. 14-8 (b). 

Intensity distribution 

The fundamental-mode inensity distribution is plotted in normalized form in 
Fig. 14— 9(a), assuming V = 2.405 for each profile. If we consider the equal 
volume profiles, then for each profile we use the value of V given by 
Eq. (14— 45). The corresponding value of 17 follows from Eq. (14-33) and plots 
of the normalized intensity np 2 S are given in Fig. 14— 9(b). For q > 1 the 
intensity distribution is almost independent of profile shape. 

Distortion parameter 

We showed in the previous section that the distortion parameter D can have a 
zero for values of V of practical interest only if q > 2. Consequently, the 
vanishing of waveguide dispersion depends primarily on profile shape. 


Arbitrary profiles 

We have shown that clad power-law profiles of equal volume have a 
fundamental-mode intensity distribution and a maximum value V c of the fiber 
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parameter for single-mode operation which are relatively insensitive to profile 
shape. By generalizing the above discussions to clad single-mode fibers of 
arbitrary profile shape and given F, a qualitative description of power 
distribution is given by the step-profile expression of Eq. (14-16) using a fiber 
parameter value F given by 


f 

f co 1 /2 

F = F(Q/tt) 1/2 = V12 

(l-f)RdR\ , 

l J 

o J 


(1446) 


assuming the profile volumes of Eq. (1442) are equal [15]. Similarly, by 
generalizing Eq. (14-45), a first estimate of F c is given by 


F c = 2.405 (Q/rr) 1/2 


= 2.405 { 


2 

l J 


(l-f)RdR 


1/2 


(1447) 


Both of these expressions assume common values of n cl and A. 


14-11 Fundamental mode for small F 

On a weakly guiding clad fiber of otherwise arbitrary profile, the fraction of 
fundamental-mode power residing in the core becomes negligible as F -+ 0. 
For the step profile, this is clear from the plot of fj in Fig. 14— 3(a). 
Simultaneously, the fields become nearly uniform over the core, as is evident 
from the intensity distributions in Fig. 14-3(c), and hence are comparatively 
insensitive to profile shape. Accordingly, we postulate that the fields depend 
primarily on the profile volume Q of Eq. (14-42). It then follows from the 
discussion of the previous section that we can relate the fields of an arbitrary 
profile, with fiber parameter F, to the known fields of the step profile with fiber 
parameter F through Eq. (14-46). Thus we replace Fby Fin the small- Fforms 
for the step-profile fiber listed in Table 14-5. The same conclusion can be 
derived more formally from the scalar wave equation, as we now show. 


Derivation from the scalar wave equation 

If the fiber parameter F for an arbitrary profile fiber decreases and A is fixed, 
then the wavelength X increases, as is clear from the definition inside the back 
cover. When Fis sufficiently small that X P p, where p is the radius of the core, 
then the core electric field is given by the quasi-static approximation, as 
expressed in Eq. (11-52). Since the fiber is weakly-guiding we ignore the term 
in V t Inn 2 and obtain Laplace’s equation for the potential 'F describing the 
transverse electric field 


V 2v F = 0; 


e t = V t T, 


(14-48) 
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where V 2 and V t are defined in Table 30-1, page 592. The even and odd HE! ! 
modes have separable solutions R cos (p and R sin (p of this equation which are 
bounded at R = 0. With reference to Fig. 14-1, T = x for the even mode and 
consequently e t = x or F 0 = 1, where x is the unit vector parallel to the x-axis. 
Hence the core field is uniform as discussed above. 

In the cladding the scale length is always greater than X unless X — oo. Since 
V is small, but finite, we must retain the scalar wave equation to describe the 
fields there. We use the integral form of this equation for U 2 given in 
Table 13-2, page 292, and set / = 0. It is convenient to rearrange this equation 
by setting U 2 = V 2 — W 2 , and then put/ = 1 in the cladding, with F 0 S 1 and 
dF 0 /d R = 0 in the core, leading to 

** = { v2 j’ o <** - n *“*} / {H/* * dR }• 

(14-49) 

The first integral in the numerator is proportional to the profile volume fi of 
Eq. (14-42), and in the cladding F 0 = K 0 ( WR)/K 0 (IF). Using the integrals in 
Eq. (37-93) and rearranging we deduce that 

IF 2 / V 2 = (Q/n)K 0 ( W)/K 2 (IF). (14-50) 

Substituting from Eq. (37-86) for the small IF forms of the modified Bessel 
functions, and from Eq. (14-16), we obtain the explicit form 

IF = 1.123 exp { -271/0 F 2 } = 1.123 exp {- 2/F 2 }. (14-51) 

For the step profile/ = 0 and O = 7i, so we recover the asymptotic form in 
Table 14—5. 
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The weak-guidance approximation, described in Chapter 13, greatly simplifies 
the determination of the modal fields of optical waveguides, because it depends 
on solutions of the scalar wave equation, rather than on vector solutions of 
Maxwell’s equations. For circular fibers, with an arbitrary profile, the scalar 
wave equation must normally be solved by purely numerical methods. We 
discussed the few profiles that have analytical solutions in Chapter 14. These 
solutions, including those for profiles of practical interest such as the step and 
clad power-law profiles, are given in terms of special functions or by series 
expansions, which usually necessitate tables or numerical evaluation to reveal 
the physical attributes of the modes. 

An exception is the infinite parabolic profile of Section 14-4. The 
fundamental-mode fields of Table 14-2, page 307, have the simple Gaussian 
dependence exp(-| V 2 ) and other modal properties have very elementary 
forms, from which their physical behavior is immediately apparent. To these 
facts we add the observation that the fundamental-mode intensity 
pattern - and hence the field distribution - for step and clad power-law profiles 
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in Fig. 14— 9(a) is approximately Gaussian. Accordingly, we can take advantage 
of the simplicity of the Gaussian description and readily elucidate the physical 
attributes of a general profile by assuming that the fundamental-mode field 
distribution of an arbitrary profile can be approximated by some Gaussian 
function [1-3]. This observation together with a simple variational procedure 
is the basis of the Gaussian approximation presented here [4,5], The main 
purpose of this chapter is to show how to determine the Gaussian field for a 
particular profile. The propagation constant and other quantities of interest on 
single-mode fibers can then be accurately expressed by simple analytical 
functions [5], 

In Section 14—10, we introduced the concept of profile volume. We showed 
in the case of clad power-law profiles of equal volume that some properties, 
such as the range of single-mode operation and the fundamental -mode 
intensity distribution are insensitive to profile shape, whereas other properties, 
such as waveguide dispersion, depend critically on profile shape. Within the 
Gaussian approximation, we can demonstrate directly the insensitivity of the 
intensity distribution to profile shape. 

We also discuss generalizations of the Gaussian approximation to other 
low-order modes. Finally, we briefly describe the equivalent step-profile 
approximation [4], and compare it with the Gaussian approximation. 


FUNDAMENTAL MODES 

We begin with a brief review of the weak -guidance approximation for 
fundamental modes on circular fibers. In Sections 13-2 and 13-4, we showed 
that the two fundamental modes are virtually TEM waves, with transverse 
fields that are polarized parallel to one of a pair of orthogonal directions. The 
transverse field components for the x- and y-polarized HEj i modes are given 
by Eq. (13-9) relative to the axes of Fig. 14-1. The spatial variation F 0 (r) is the 
fundamental-mode solution (/ = 0) of the scalar wave equation in Table 13-1, 
page 288. Hence 

{^ + ~r^ +k2n2{r) ~P 2 } F ° = 0 ’ (15_1) 

where n(r) is the refractive-index profile, k = 2 u/a and A is the free-space 
wavelength. Throughout this chapter we consider only scalar quantities, and 
therefore the - denoting scalar quantities can be omitted. 


15-1 Gaussian approximation 

Our main objective is to find a good approximation for the field dependence 
F 0 (r) and the propagation constant fi in Eq. (15-1). We know from examples 
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that F 0 has a maximum at r = 0 and decreases to zero as r increases and, for the 
profiles of Fig. 14-9(a), F 0 is approximately Gaussian. Hence we assume that 
F 0 can be approximated by 

(15-2) 

where r 0 is the spot size. To determine r 0 , we use a simple variational method 
[4, 5]. If Eq. (15-2) is a good approximation to the solution of Eq. (15-1), it can 
be used as a trial function in a stationary expression for (3. The value of r 0 then 
corresponds to the largest value of fi [6], We are reminded that, by definition, 
the fundamental mode has the largest value of the propagation constant )3, or, 
equivalently, the smallest value of the modal parameter U. 

To derive the stationary expression, we multiply Eq. (15-1) by rF 0 and use 
the identity 



to re-express the left side. We then integrate from r — 0 to r = oo, noting that 
F 0 and dF 0 /dr vanish exponentially at infinity, and rearrange to obtain [5] 


(15-4) 


where k = 2%f). and X is the free-space wavelength. This is identical to the 
expression in Table 13-2, page 292, when 1 = 0. By using a stationary 
expression for /F, a first-order error between the Gaussian approximation to 
F 0 and the exact solution of Eq. (15-1) results in only a second-order error 
in fi 2 . In other words, the approximation for fi 1 given by substituting Eq. 
(15-2) into Eq. (15-4) is more accurate than the original approximation for F 0 . 

We determine the spot size by substituting Eq. (15-2) into Eq. (15-4) and 
solving the equation 

(15-5) 

The propagation constant is found by substituting this solution back into 
Eq. (15—4). Knowing r 0 and [3, the fields are specified by substituting into 
Table 15-1. 

The analysis for finding r 0 and [3 is facilitated by working with the fiber and 
modal parameters V and [/, since both are dimensionless and U is independent 
of the profile height parameter A. We substitute Eq. (15-2) and the profile 
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Table 15-1 Gaussian approximation for circular fibers. Gaussian approximation 
for the fundamental-mode fields of weakly guiding, circular fibers. Parameters are 
defined inside the back cover and coordinates are illustrated in Fig. 14-1 


Even HEj j mode ( x-polarized ) 


Odd HEi , mode ( y-polarized ) 


1 r 2 
2r, 


E x = ex p-j — --y > exp (ipz) 


1 r 2 

£ y = exp<J --p-[-exp (ifiz) 


H„ 


Mo 


1/2 


"co E x 




Mo 


1/2 




n 2 (R) = n 2 0 {l-2A/(R)}; V=kpnJ2A)^ 2 ; R 0 = j 


Variational equation for the propagation constant [i 


SW 


Equation for spot size r 0 


1 

w 



r 0 — pR 0 


representation of Table 15-1 into Eq. (15-4), perform the integration in the 
denominator, integrate by parts in the numerator and rearrange to obtain the 
expression for U 2 . If i? 0 denotes the normalized spot size r 0 /p, then Eq. (15-5) 
is equivalent to dU 2 /dR 0 = 0, and substitution of U 2 leads to the equation in 
Table 15-1. 


Approximations for fundamental-mode quantities 

If we substitute the Gaussian approximation of Eq. (15-2) into Table 13-2, 
page 292, we obtain the expressions in Table 15-2 for fundamental-mode 
quantities on an arbitrary profile. We have generalized the function 77 -the 
fraction of modal power within the core - and define t](R) to be the fraction of 
modal power within normalized radius R = r/ p. This is a more useful quantity 
for profiles with no well-defined core-cladding interface. The expressions for 
v g and D follow from Eqs. (13-17) and (13-18). If for a particular profile the 
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Table 15-2 Gaussian approximation for fundamental-mode properties. Defi- 
nitions are taken from Table 13-2, page 292, for modal quantities. The approximate 
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cutoff value V c is given by Eq. (14—47). Parameters are defined inside the back cover. 
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spot-size equation can be solved analytically, then every quantity in Table 15-2 
can be given explicity in terms of the fiber parameter. 

Range of single-mode operation 

One piece of information not provided by the Gaussian approximation is the 
upper value V c of the fiber parameter for single-mode operation. In Section 

14- 10 we showed by example that the value of V c depends primarily on the 
profile volume Q of Eq. (14-42) and is relatively insensitive to profile shape. 
For clad profiles with the same maximum core index n co and cladding index n cl , 
an estimate for V c is obtained by assuming that profiles with the same value of 
Q have approximately the same value of V c . This leads to Eq. (14-47), based on 
the step profile of volume Q, which is included in Table 15-2. 

The Gaussian approximation is of greatest use for profiles which do not 
have analytical solutions of the scalar wave equation. Our first example 
considers one such profile and demonstrates the accuracy of the Gaussian 
approximation by comparison with numerical solutions. 

15- 2 Example: Gaussian profile 

The Gaussian refractive-index profile is illustrated in Fig. 15-1 (a), and is defined by 

n 2 (R) = n* 0 {l — 2A(1 — exp[ — R 2 ])}; 0 < R < oo, (15-6) 

where R = r/p, and hence f(R) = 1 -exp( -R 2 ). Thus n{R) decreases smoothly from 
n co to n Q | as R increases from 0 to oo. There is no well-defined interface, and the linear 
dimension p scales the profile. When p -» 0, the profile narrows to a spike about R = 0, 
and as p -> oo the profile becomes very flat. This profile is of practical interest, since it 
approximates the profiles of fibers whose core and cladding materials diffuse into one 
another during manufacture. It also leads to simple expressions for all characteristics of 
fundamental mode propagation. 

Substituting Eq. (15-6) into the spot size equation in Table 15-1, we find that [4, 5] 

r 0 = p/(K— l) 1 ' 2 . (15-7) 

The fact that this expression is physically meaningful only when V > 1 does not detract 
from a useful description of practical fibers. Fibers with V ^ 1 have little fundamental- 
mode power flowing close to the axis. The methods of Section 14-1 1 can be used to 
describe the small- V fiber. 

If we substitute the spot size back into Table 1 5-1, we deduce the expressions for the 
propagation constant and modal parameter in Table 15-2, which in turn lead to the 
remaining expressions for fundamental-mode quantities. 


Range of single-mode operation 

The profile volume, defined by Eq. (14—42), is identical for the Gaussian profile of Eq. 
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Fig. 15-1 (a) The Gaussian profile of Eq. (15-6), (b) the modal 

parameter U of Table 15-2 as a function of the fiber parameter, (c) the 
normalized intensity distribution np 2 S of Eq. (15-8) for V= K c ±l, 
where V c = 2.592 is the cutoff of the second mode, and (d) the distortion 
parameter of Table 15-2. In (b)-(d) the dashed curves denote numerical 
solution of the scalar wave equation [7], 

(15-6) and the step profile of Eq. (14-12). Consequently the range of single-mode 
operation is the same for both profiles and V c = 2.405. Using numerical methods [7], 
the exact value is found to be V c = 2.592, so that the approximate value is in error by 
7.2%. 

Propagation constant 

The propagation constant, expressed in terms of the mode parameter U, is plotted 
against V in Fig. 1 5—1 (b), where the solid curve denotes the expression in Table 15-2, 
and the dashed curve is the exact solution. At V = 1 the error is 1.4%, rising to 1.8 % at 
V = 1.25 and then steadily decreasing as V increases. For V = V c = 2.592, the error is 
0.6% [7], 
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Intensity distribution 

We define S to be the intensity distribution when there is unit power in the fundamental 
mode, i.e. \a\ 2 N = 1, where a is the modal amplitude and N the normalization. If we 
normalize S with the cross-sectional area within radius p, then Table 15-2 gives 

np 2 S = (F — l)exp{ — i? 2 (K— 1)}, (15-8) 

which is plotted as the solid curve in Fig. 15-1 (c) for V = V c + 1 and V = V c — 1. The 
dashed curved is the exact numerical solution. We note the characteristic behavior that 
as V decreases, power is distributed over an increasing area. This effect is described by 
the expression t] (R ) in T able 1 5-2 for the fraction of power with radius r. If we keep this 
fraction fixed, then roc p/( V— l) 1 ' 2 , which increases rapidly as V -* 1. 


Profile dimensions for maximum light concentration 

We can determine the Gaussian profile for which the concentration of fundamental- 
mode power around the fiber axis will be maximized. In other words we find the 
value of p for which the spot size r 0 is a minimum. Noting that V is proportional 
to p, this minimum occurs when r 0 = p and V — 2 in Eq. (15-7), whence 
p = X/{n(n 2 0 — n 2 { ) 112 } from the definitions at the back of the book. In Section 10-2 
we derived this result qualitatively by using physical arguments. At this value of r 0 , the 
intensity distribution and the profile have the same shape. 


Group velocity and pulse spreading 

If 0 < V < 2.592 the fiber is single moded. The pulse transit time of Eq. (11-36) is 
inversely proportional to the group velocity, and pulse spreading due to waveguide 
dispersion is proportional to VAD = A/V 2 , where D is the scalar distortion parameter. 
The expression for D in Table 15-2 is plotted as the solid curve in Fig. 15-1 (d). 
Compared with the dashed curve, calculated numerically, the maximum relative error is 
9.6% at V = 2.9, while at V = V c this error is 9.4%. There is no zero of waveguide 
dispersion. 


15-3 Example: Step profile 

The fundamental-mode properties of the weakly guiding, step-profile fiber were 
given in analytical form in the previous chapter, but, nevertheless, numerical sol- 
ution of a transcendental eigenvalue equation is required. Within the Gaussian 
approximation the propagation constant is given explicitly, and all other modal pro- 
perties have much simpler analytical forms, at the expense of only a slight loss of 
accuracy [4, 5]. 

The derivative df/dR for the profile of Eq. (14-12) is given by the Dirac delta 
function <5 (R — 1). Substitution into Table 15-1 leads to the spot size in Table 15-2 and 
the remaining modal quantities. The accuracy of these expressions can be judged by 
comparison with the numerical values in Table 14-4, page 314. If we differentiate the 
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spot-size expression, the core radius p for maximum light concentration close to the 
fiber axis occurs when V = e 1/2 = 1.65 and r 0 = p. Using the definitions at the back of 
the book, this leads to p = 0.83A/{7i(«f o — n*,) 1/2 }, which is 17% smaller than the 
corresponding expression for the Gaussian profile. Accordingly light is more confined 
by the step profile. 


15-4 Example: Smoothed-out profiles 




2 3 4 5 


(b) v 


Fig. 15-2 (a) Plots of the smoothed-out profiles of Eq. (15-9), where 
m = 0 is the Gaussian profile and m = oo is the step profile, and (b) the 
solid curves are the approximation of Table 15-2 for the distortion 
parameter, while the dashed curves are numerical solutions of the scalar 
wave equation [7], 


As our final example, we consider a continuum of profiles, illustrated in Fig. 1 5— 2(a), 
which at one extreme reduces to the step profile and at the other extreme reduces to the 
Gaussian profile. These profiles are defined by [5] 

n 2 (K) = n^{l-2A/(K)}; /(K) = 1 - 1 P° rexp(-f)df, 

1 (m+ 1) J (m+1 , R 2 

(15-9) 

where T is the gamma function, m> -1 is a constant and R — r/ p. If m is a 
nonnegative integer, integration by parts leads to 

f{R) = 1 — exp{ — (m + 1)8 2 } I ' —R 2n (15-10a) 

n = 0 n - 

30 (m + 1 )” 

= exp{ — (m+ 1)R 2 } I — -y—R 2 ". 

n=m + 1 ^ ■ 


(15-1 Ob) 
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The Gaussian and step profiles correspond to m = 0 and m = oo, respectively. 
For R-4 1, expansion of the exponential function in Eq. (15-10) leads to f{R ) 
= (m+ l) m R 2m+2 /ml, which represents a set of power-law profiles similar to 
Eq. (14— 28a). 


Modal properties 

If we substitute Eq. (15-9) into Table 15-1, we obtain the expressions in Table 15-2. 
The limits m~* 0 and m~* oo correspond to the forms for the Gaussian and step 
profiles. For m 1 we can express quantities as a small perturbation of the step-profile 
results by setting F 2,<m + 2) = exp {2 -In Vj(m + 2)}, e.g. 

^- = 21nF+ — In F(ln V — 1); U 2 s 1 + 2 In F + —(In F) 2 , (15-11) 

r^m m 

We show in Table 15-3 that there is only a very small error between the approximate 
and exact values of U for the fundamental mode, calculated at the exact cutoff F c of 
single-mode operation for each profile [7]. The distortion parameter of Table 15-2 is 
plotted as the solid curves in Fig. 15-2(b) for the m = 2 and step profiles, together with 
the dashed curves for the exact values [7], If F d denotes the values of F for which there 
is no waveguide dispersion, i.e. D = 0, then 

f m + 2 1 <m+2)/2 f l) 

— > Sexp|l + -V; m> 1. (15-12) 

Only for the Gaussian profile (m = 0) of Fig. 15-1 (d) is there no zero of dispersion. 


Table 15-3 Parameter values and relative errors for the smoothed-out profiles. 

Comparisons between approximate and exact values of the fundamental-mode 
parameter U when F = F c , and between the exact value of F c and the approximate 
value of Eq. (15-13). 


m 

u 

exact 

U 

Gaussian 

approx. 

Relative 

error 

(%> 

K 

exact 

K 

Equal 
spot size 

Relative 

error 

(%) 

0 



-0.6 

2.592 

2.755 

-6.3 

2 



—0.4 

2.508 

2.512 

-0.2 

4 



—0.4 

2.477 

2.466 

0.4 

8 

1.713 

1.721 

-0.5 

2.451 

2.437 

0.6 

16 

1.683 

1.694 

-0.6 

2.432 

2.421 

0.4 

32 

1.666 

1.678 

-0.7 

2.420 

2.413 

0.3 

OO 



1.646 

1.660 

-0.8 

2.405 

2.405 

0 
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Equal volume profiles 

We showed in Section 14-10 that the fundamental mode intensity distribution and the 
maximum value of the fiber parameter for single-mode operation are relatively 
insensitive to profile shape, being strongy dependent on profile volume. On the other 
hand, waveguide dispersion is strongly dependent on profile shape. The Gaussian 
approximation, when applied to the smoothed-out profiles, provides an easy way to 
verify these general conclusions. These profiles all have the same profile volume, as may 
be verified by substituting Eq. (15-9) into Eq. (14—42), reversing the order of integration 
and recalling the definition of the gamma function in Eq. (37-104). 


Intensity distribution and distortion parameters 

The intensity distribution 5 in Table 15-2 varies exponentially with — R 2 /Rl , where 
R 0 is the normalized spot size. At the extremes in profile shape, l/Rl = V — 1 for the 
Gaussian profile (m = 0) and 1/Ro = 2 In K for the step profile (m = go). If we use the 
cutoff values V c = 2.592 for the former and V c = 2.405 for the latter, it is readily verified 
that l/Ro varies in value by about 9%, and thus S is relatively insensitive to profile 
shape. On the other hand, it is clear from either Table 15-2 or Eq. (15-12) that the 
distortion parameter depends on profile shape, i.e. on m. 


Range of single-mode operation 

If we assume that spot size is independent of profile shape when V = V c , we can use the 
Gaussian approximation to check if the consequence of this assumption is consistent 
with the exact value of V c . The normalized intensity is independent of profile shape only 
if the spot size has the same value r 0 for all profiles. Thus we set V = V c in the ratio 
S/|a| 2 N, as given by Table 15-2, and use the step profile with V c = 2.405 as a reference 
profile which determines the value of r 0 . On rearranging 



(15-13) 


Values of this expression are compared with the exact values of V c in Table 1 5-3. There 
is negligible difference except for the Gaussian profile (m = 0), so spot size is indeed 
nearly independent of profile shape when V = V c . This consistency check is a refinement 
of the approximation V c = 2.405 for all equal-volume profiles given in Table 15-2. 


15-5 Field far from the fiber axis 

On clad fibers with profiles such as those considered in the previous three 
examples, the refractive index assumes a uniform value n c , sufficiently far from 
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the fiber axis. In this region the solution of the scalar wave equation, Eq. (15-1), 
for the fundamental mode is K 0 (JVR), where R = r/p and K 0 is the modified 
Bessel function of the second kind. The mode parameter W is defined inside 
the back cover. When fVR$> 1, we find from Eq. (37-88) that K 0 varies 
as R~ t/2 exp(-fVR). Hence the Gaussian approximation, which varies as 
exp( — R 2 /2Rl), is deficient in this region. The far, or evanescent, field is usually 
of minor importance, but an exception occurs in the case of cross-talk between 
fibers, which is discussed in Chapters 28 and 29. This phenomenon relies on 
coupling between the far fields of the fibers, and consequently, the evanescent 
behavior of these fields must be accurately known. 

We can use the results of the Gaussian approximation to generate a more 
accurate expression for the far field [5, 8]. To do this, we substitute the profile 
representation of Table 15-1 into Eq. (15-1), rearrange, and write it in the 
dimensionless form 


f d 2 1 d . ] 

{^ + KdK-”" l \ro=-V>d-f)F 0 , (15-14) 

where V is defined inside the back cover, and / = 1 when n = n d . Since 1 — / is 
significant only in regions close to the fiber axis where the Gaussian 
approximation of Table 15-1 is accurate, we set F 0 = exp(- R 2 /2 Rq) 
on the right side. The resulting equation is solved by Green’s function 
methods in Section 34-9, and the solution is given by the first integral in 
Eq. (34—42) 


F 0 (R ) = V 2 K 0 (WR) R'{l-f(R')}I 0 (WR')exp 


R' 2 

'2 M 


where / 0 is the modified Bessel function of the first kind. 


d R', 
(15-15) 


Gaussian profile 

If we substitute f W = (V 2 - U 2 ) il2 and R 0 = r 0 /p for the Gaussian profile 
from Table 15-2, we find with the aid of Eq. (37-101) that 

F 0 (R ) = V 2 K 0 (WR) J X K7 0 (ITi?')exp|--^R' 2 JdK', 

(15-16a) 

V 2 { 1 (V— 1) 2 1 

-V^ k M v -V R) ™v\2-vTV]- 

When V = 2.5 and R >1.5, this approximation differs from the exact result by 
less than 4% [7], 
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HIGHER-ORDER MODES 

The fundamental modes of the infinite parabolic profile fiber have a Gaussian 
spatial variation; it is the exact solution of the scalar wave equation. Thus, the 
essence of the Gaussian approximation is the approximation of the 
fundamental-mode fields of an arbitrary profile fiber by the fundamental- 
mode fields of some parabolic profile fiber, the particular profile being 
determined from the stationary expression for the propagation constant in 
Table 15-1. Clearly this approach can be generalized to apply to higher-order 
modes, by fitting the appropriate solution for the infinite parabolic profile [9]. 


15-6 Approximations for the fields 

The spatial dependence of a general mode is approximated by the ap- 
propriately modified expressions in Table 14-2, page 307. Thus we have 

F, = (R/RoUSiL, (R 2 / Rl)e\p(— R 2 /2Rl), (15-17) 

where L^_ [ is the generalized Laguerre polynomial and the notation is 
defined in Table 15-1. To determine R 0 , we use the variational expression for 
U 2 in Table 1 3-2, page 292. Substituting Eq. (15-17) into the denominator and 
using Eq. (37-128), we obtain 


U 2 


(m — 1)! 2 

(l + m-iy.R 2 


•oo 

Jo 



(f + v ' f ) Ft 


RdR, 


(15-18) 


and the value of R 0 is found by solving the equation dU 2 /dR 0 — 0 for the 
minimum value of U 2 . To demonstrate the accuracy of the resulting 
approximations, we examine low-order modes of the Gaussian profile. 


15-7 Example: Gaussian profile 

We discussed the Gaussian approximation for the fundamental modes of this profile in 
Section 15-2. For all m = 1 modes, Eq. (15-17) reduces to 

F, = (R/Ro)‘ exp( - R 2 /2R 2 ). (15-19) 

Substituting into Eq. (15-18), setting/ = 1 — exp( — R 2 )and using Eq. (37-126) we find 


7 / T 1 7 

U 2 = ~r + V 2 {1 


1 


(Ro+ir 


and the equation for R 0 follows from Table 15-1 

{l + R 2 0 ) ,+2 =V 2 R%. 


(15-20) 


(15-21) 
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Apart from the / = 0 fundamental modes, there are analytical solutions for / = 1 and 
/ = 2, when Eq. (15-21) reduces to a cubic and a quadratic polynomial, respectively. The 
solution for R 0 and U 1 are presented in Table 15-4 [9], together with the exact cutoff 
values [7], If we compare the approximate and exact values of U, the error is less than 
1.2 % for the / = m = 1 modes ifK > 3, and is less than 0.9 % for the / = 2, m = 1 modes 
if V > 4.5. In both cases the error increases as V approaches V c , because the field 
distribution F, is a poor approximation to the spread-out fields of the Gaussian profile 
near cutoff. 


STEP-PROFILE APPROXIMATION 

This chapter is based on the concept that the modal field on a fiber of arbitrary 
profile can be well approximated by the corresponding modal field on another 
fiber of some specific profile shape, provided that the mode and fiber 
parameters are appropriately chosen. For example, the Gaussian approxi- 
mation is based on a profile of infinite parabolic shape, and the spot size and 
propagation constant are determined by the equations in Table 15-1. An 
alternative approximation, based on the fundamental mode field of the step 
profile, is known as the step-profile approximation [4], It is accurate over a 
larger region of space and a greater range of parameters than the Gaussian 
approximation, but with the penalty of a loss in simplicity. 


15-8 Fundamental modes 


With reference to Table 14-3, page 3 13, we assume that the fundamental-mode 
fields of an arbitrary profile fiber can be approximated by the fundamental- 
mode fields of some step-profile fiber, whose radial dependence is expressed by 


F 0 (R) = 


Jo(UR) 
MU) ’ 


0 R ^ 1; 


F 0 (R) 


K 0 (WR) 
K 0 (W) ’ 


1 ^ R < oo, 

(15-22) 


where R = r/ p, and the parameters U and W are expressed in terms of V 
through the eigenvalue equation 


UJ 1 (U)/J 0 (U) = WK i (W)/K 0 (W); U 2 +W 2 =V 2 . (15-23) 


Thus, F 0 is uniquely determined once V and p are specified. 

Following the conceptual lead of Section 15-1, we substitute Eq. (15-22) 
into the variational expression for U 2 in Table 13-2, page 292, and set 1 = 0. 
With the help of the integrals of Eqs. (37-92) and (37-93), the eigenvalue 
equation in Table 14-6, page 319, and the recurrence relations of Eqs. (37-72) 
and (37-73) we find that [4] 


U 2 = 2 


U K 0 (W) \ 2 
VK AW) j 


f(R)F 2 (R)RdR+^ 


p 2 V 2 


(15-24) 



based on the variational solution of Eq. (15-18). 
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where R = r/p and V, f(R) for the arbitrary profile are defined inside the back 
cover. We seek the solution which minimizes U 2 with respect to variations in p 
and V, by solving the simultaneous equations 


8U : 

dp 


= 0 ; 


SU 2 

~W 


= 0 . 


(15-25) 


In general these equations must be solved numerically. We refer elsewhere for 
details [4], 


The Gaussian profile 

If we use the step-profile approximation to determine the values of U for the 
fundamental modes of the Gaussian-profile fiber, then there is no limitation on 
the range of V, unlike the Gaussian approximation of Table 15-2. 
Furthermore, there is so little difference between the approximate and exact 
values of U, that a plot is indistinguishable from the dashed curve in 
Fig. 15-1 (b). Plots of the intensity distribution calculated from the step-profile 
approximation are virtually coincident with the exact solution away from the 
fiber axis, particularly for small values of V, whereas the Gaussian approxi- 
mation leads to a significant error, as is evident in the V = 1.592 plot of Fig. 
15-l(c). The Gaussian approximation has a far field which decreases too 
rapidly, as explained in Section 15-5, whereas the choice of field in Eq. (15-22) 
ensures the correct far field behavior for R P 1. 

Although the step-profile approximation is more useful in these two 
situations, the solutions of Eqs. (15-24) and (15-25) must be obtained 
numerically. The corresponding equations of Table 15-1 for the Gaussian 
approximation have the simple, explicit forms of Table 1 5-2, and the far field is 
readily corrected, as we showed in Section 15-5. 


15-9 Range of single-mode operation 

The higher-order mode approximation of Section 15-6 is inadequate for 
determining the range of single-mode operation of arbitrary clad-profile fibers. 
At cutoff V c of the l = m = 1 modes, the clad fiber fields satisfy Eq. (11-54) 
when n(R ) — n co , and thus have ank" 1 radial dependence in cylindrical polar 
coordinates. The corresponding dependence of Eq. (15-17) is always exponen- 
tial and is thus a poor approximation. To overcome this deficiency, we use the 
estimate for V c in Table 15-2 based on equal profile volumes. However, a much 
more accurate value can be obtained within the step-profile approximation. 

Cutoff of the second mode 

It follows from the above discussion that the modal fields at cutoff V c on an 
arbitrary profile fiber are approximated by the l = m = 1 modal fields of some 
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step-profile fiber at cutoff, i.e. U = V = V c = 2.405 and W= 0. We deduce 
from Table 14-6, page 319, and Eq. (37-86) that as W-* 0 the radial 
dependence of these fields is given by 


F 1 (R) = FAR) = L l^R< 00 . (15-26) 

In the variational expression for U 2 given by Table 13-2, page 292, we set 
U = V = V c , l = 1 and rearrange. Certain of the integrals can be evaluated 
from Eq. (15-26), Table 14-6 and Eqs. (37-91), (37-92), leading to [4] 


K = 2.892 


P 2 


[1 -/(*)] 


JllKR) 




RdR + 


[1 -/(*)] 

R 


d R 


(15-27) 


The value of V c is found by solving the equation dV 2 c /dp = 0 for p and 
substituting back into the above expression. This operation must be per- 
formed numerically for an arbitrary profile. 


The Gaussian profile 

If we use Eq. (15-27) to determine the range of single-mode operation for the 
Gaussian profile of Eq. (15-6), we find that V c = 2.62. This differs from the 
exact value in Table 15-2 by only 1.2% [4,7]. 
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The general procedure for constructing the modes of weakly guiding, 
noncircular waveguides was laid down in Sections 1 3-5 and 1 3-8. Noncircular 
waveguides are of particular interest because of their birefringent propagation 
characteristics. In this chapter we examine waveguides whose refractive-index 
profiles admit exact analytical solutions of the scalar wave equation, and in 
Chapters 17 and 18 we discuss approximate solutions. We concentrate on the 
elliptical fiber with an infinite parabolic profile, since this leads to simple 
expressions for all modal quantities, including the propagation constant. 
Furthermore, we can readily demonstrate that only the slightest noncircularity 
is necessary for all modes of the noncircular fiber to be uniformly polarized in 
the cross-section. This profile is also the basis of the Gaussian approximation 
for noncircular fibers in Chapter 17. 

16-1 Planar waveguides 

The simplest example of a noncircular waveguide is the planar waveguide of 
Chapter 12, whose modes are either TE or TM, as explained in Section 1 1-16. 
For each TE mode the electric field lies in the cross-section and is uniformly 
polarized. Consequently the weak-guidance solution is identical to the exact 
solution for the field e y and the propagation constant. Both satisfy the scalar 
wave equation of Eq. (12-16), and examples with analytical solutions are given 
in Table 12-7, page 264. Within the weak-guidance approximation the 

354 
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transverse electric field e x of each TM mode also satisfies Eq. (12-16), but the 
scalar propagation constant must be corrected for waveguide birefringence by 
using Eq. (13-11) for 


ELLIPTICAL FIBER OF INFINITE PARABOLIC 
PROFILE 


The circular fiber of infinite parabolic profile was discussed in detail in Section 
14-4. If the cross-section is deformed into elliptical shape, the profile is 
expressible as 


n 2 (x, y) = n 2 0 



— cc<x,y<cc, (16-1) 


where p x and p y are length scales in the x- and y-directions, respectively. 
Contours of constant index are illustrated in Fig. 16-1. They form a set of 
concentric ellipses, i.e. each ellipse has the same eccentricity e, where 

e = {1 -p 2 y/plY 12 -, Px> Py. (16-2) 


For example, if n = n cl , then the definition of A at the back of the book leads to 
the ellipse (x/p x ) 2 4 (y/p y ) 2 = 1. To accommodate the two length scales p x and 
p y , we generalize the parameters for the circular fiber by introducing two fiber 
parameters V x and V y ,and two modal parameters U x and U y which are defined 
in Table 16-1. 

The profile defined by Eq. (16-1) is unphysical, but by following the 
reasoning of Section 14-4, we see that the weak-guidance approximation is an 



Fig. 16-1 Contours of constant refractive index for the elliptical fiber of 
infinite parabolic profile defined in Eq. (16-1). 
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Table 16-1 Fundamental modes of the elliptical fiber of infinite parabolic profile. 

Undefined parameters appear inside the back cover. 
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accurate description of propagation provided that modal power is con- 
centrated close to the fiber axis. This leads to a restriction on the range of 
values for V x or V y , as we show below. 


16-2 Fundamental modes 

The derivation of the transverse fields of the two fundamental modes on a 
weakly guiding, noncircular fiber was described in Section 1 3-5. These fields 
are given in Table 16-1 in terms of the solution ^(x, y) of the scalar wave 
equation, which in cartesian coordinates has the form 

{I^ + i!f +k2n2(x ’ y) ~p 2 }' ¥=0 ’ ( i6 ~ 3 ) 

where /? is the scalar propagation constant and all other parameters are defined 
inside the back cover. If we substitute Eq. (16-1) into Eq. (16-3), it is readily 
verified that the fundamental-mode solution and eigenvalue equation are 
given by 

(16-4) 

from which we obtain the propagation constant 

(16-5) 

which is the largest value of any mode. A detailed derivation is given in 
Section 16-3. The polarization corrections df$ x and Sfi y for the x- and y-polariz- 
ed modes differ because of the fiber noncircularity, discussed in Section 13-5. 
To determine the corrections we set f(x,y) — (x/p x ) 2 + (y/p y ) 2 in Eq. (13-11) 
and substitute either e, = T'x or ej = 'Ey from Eq. (16-4). This leads to 
the expressions in Table 16-1 for the corrected propagation constants 
P x = + dfi x and /? y = /) + df} y . The small longitudinal field corrections are 

deduced from Eq. (13-13). 




Distribution of modal power 


The normalization expression in Table 16-1 follows from Eq. (16-4) and Table 
13-2, page 292, and leads to the normalized intensity distribution S, where 


KV y V' 2 


Hence contours of constant intensity form a set of concentric ellipses, whose 
eccentricity is smaller than that of the constant index contours. 
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Pulse propagation 

Consider a pulse within which only the two fundamental modes are excited. 
Waveguide dispersion describes the spread in each mode, but because of 
ellipticity the spread for each polarization is different. In addition, the slight 
difference 8j B x — dp y between corrected propagation constants implies the 
respective group velocities are unequal and consequently there will be 
intermodal dispersion between the two modes. Intermodal dispersion which 
relies on polarization difference is often referred to as a birefringence effect. 

If we substitute Eq. (16-4) into Table 13-2, page 292, the group velocity for 
both modes within the scalar approximation is just the on-axis speed of light 
c/n C0 . To incorporate the effects of the polarization corrections, we replace U, 
V and C/ (1) by U x , V x and 8U X / A, respectively, in Eq. (13-17) and, correct to 
order A 2 , obtain 



for the x-polarized mode, while for the y-polarized mode v gy is given by the 
same expression with the subscripts x and y interchanged. We describe 
waveguide dispersion through a generalization of the distortion parameter of 
Section 11-20, by defining D X (V, A) through Eqs. (11-58) and (11-59) with V 
replaced by V x . Correct to order A we deduce from Eqs. (16-7) and (13-1 8) that 


D X (V, A) = 





(16-8) 


for the x-polarized mode, together with a similar expression for D y (V, A) with 
the subscripts interchanged. 

Intermodal dispersion can be expressed in terms of the difference between 
the transit time t x and t y of the two modes over length z of fiber. Substituting 
Eqs. (16-2) and (16-7) into Eq. (11-36) gives for slight eccentricity 


= 2A : 


zn r 




2e 2 A 2 zn co 
V 2 c 


(16-9) 


Hence, the y-polarized mode leads the x-polarized mode, and the effect 
increases with increasing eccentricity assuming V y is fixed. 


Polarization characteristics — birefringence 

It follows from the above discussion that propagation of the two fundamental 
modes on the elliptical fiber is similar to plane-wave propagation in an 
anisotropic medium discussed in Section (11-23) [1], In particular, the total 
transverse electric field E t of the two modes is elliptically polarized and its 
direction changes with distance z along the fiber. On the other hand there is no 
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interference between the fields of the two modes and consequently the 
intensity pattern of the total field does not change along the fiber, i.e. the modes 
are plane polarized. 


Condition for weak guidance 

The weak-guidance approximation requires A 1 and fi = kn co , as discussed 
in Section 14-4, and this ensures that modal power is confined close to the fiber 
axis. We deduce from Eq. (16-5) that the fiber parameter V x must be 
sufficiently large to satisfy 

V x >2A(l+p x /p y ). (16-10) 

For highly eccentric fibers p x g> p y , which restricts the analysis to compara- 
tively large values of V x . 


Polarization corrections to the modal fields 


The first-order corrections to the transverse electric field are derived from the 
equation for ej 11 in Table 32-1, page 627, where / = {x 2 jp 2 ) + ( y 2 /p y ). For the 
x-polarized fundamental mode we set e t = Tx, U {1> = SU X /A from Table 
16-1 and replace p, U, V by p x , U x , V x , respectively. It is readily verified that 
the solution is 


e 


0 ) _ 
tx — 



4Vy y 

K + Vy Py 



(16-11) 


and the corresponding expression for is obtained by interchanging x and y, 
including subscripts. By hypothesis eji* and eJJ,* are small corrections to e tx and 
et y and consequently are valid only in the region defined by x p x /A 112 , 
y p y /A 112 , respectively. 


16-3 Higher-order modes 

The procedure for constructing higher-order modes of noncircular fibers was 
established in Section 1 3-8. For each mode the transverse fields are identical in 
direction and form to the fundamental-mode fields of Table 16-1, except that 
*F now denotes the appropriate higher-order solution of the scalar wave 
equation of Eq. (16-3). Only when the fiber cross-section is sufficiently close to 
circular is this representation inappropriate, as explained in Section 13-9. We 
quantify this transition in the following section. 

To determine 4 / , we substitute Eq. (16-1) into Eq. (16-3), make a change of 
variables, and express the solution in separable form, where 

* = F(w x )G(w) exp j; W;c = - Fi^ 2 , w, = V y 12 . 

( 2 j Px Py 

(16-12) 
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This leads to a pair of ordinary differential equations 


dw^ 

d 2 G 

dwj 


F „ dF \U 2 X 1 r 

-j-2w x —+< — + k-\}F = 0, 


. d G 

■ 2 "W 


[2V X 
f U 2 y 

— K ■ 

\2V y 


1 G = 0, 


(16-1 3a) 
(16—1 3b) 


where k is the separation constant and parameters are defined in Table 16-1. 
The solutions of these equations which ensure ¥ is bounded as |x|, |y| -* oo 
are the Hermite polynomials H„ [2]. The factors multiplying F and G in 
Eq. (16-13) must be even positive integers or zero. Elimination of k gives the 
eigenvalue equation. Hence 


T 

A mn 


= 



PxPy) 


U x U y = (2m-l)V y +(2n-l)V x , 



Px PyJ) 

(16-14a) 
(16-1 4b) 


where m, n = 1, 2 and the propagation constant follows from the 

definitions in Table 16-1. The fundamental-mode solution of Eq. (16-4) 
corresponds to m — n = 1. We give the explicit forms of the Hermite 
polynomials in Eq. (37-107) for low-order modes. The polarization correc- 
tions Sp x and SP y for each pair of modes corresponding to ¥ mn are determined 
from Eq. (13-11). 


16-4 Nearly circular fibers 

We can use the elliptical fiber to quantify the transition from the uniformly 
polarized modes of the noncircular fiber to the modes of the circular fiber in 
Table 13-1, page 288, which was discussed qualitatively in Section 13-9. For 
this purpose we consider the modes corresponding to the ¥21 and ¥ 12 
solutions, which are the successive lo west-order modes after the fundamental 
modes. Thus Eqs. (16-14) and (37-107) give to within constant multiples 


¥ 


21 


x 

= — exp 
Px 


Uv x v y 


2 \PxPv 


1/2 



U x U y =3V y +V x , 

(16—1 5a) 


¥ 12 = — exp 
Py 



U x Uy= Vy + 3V X . 

(16—1 5b) 


In the circular limit p x -> p y ^> p, V x ^> V y -> V, and, relative to the coordinates 
in Fig. 14-1, y/p — R sin <p, x/p = R cos <j>. Consequently ¥ 21 and ¥ 12 reduce 
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to the / = 1 solutions 

'Pg = R exp ( VR 2 ) cos *P 0 = R exp ( —5 VR 2 ) sin /, 

(16 16) 

respectively, obtained from Eq. (14-3) and Table 14-2, page 307. If / e and // 
denote the scalar propagation constants associated with ¥21 and *P 12 , 
respectively, it follows from Eqs. (16-1 5) and (16-2) that for small eccentricity 


Pc-P 0 = 


PI -PI 


Px = Py = P> 


(16-17) 


since p e , // = kn co and VJV y = p x /p y , UJU y = p x /p y . 

We show in Section 32-9, using perturbation theory, and in Section 13-9, 
using intuitive arguments, that the transition is described by the parameter A 
defined in Table 13-1, page 288. The difference Sp i —Sp 2 in 
the denominator follows from Table 14-2, page 307, with l = 1, and the 
numerator is given by Eq. (16-17). Hence 

A s — e 2 E/4A s - V{\ -p y /p x }/ 2A. (16-18) 

When [ A | 4, 1, the modal fields behave like the fields of the circular fiber, i.e. 
the linear combinations of Table 14-1, page 304, and when | A| > 1 the modal 
fields are uniformly polarized on the elliptical fiber. Since A <| 1 for a practical 
fiber, it is clear that only the slightest asymmetry is necessary for the modes to 
be uniformly polarized, and thus the circular fiber is an ideal which requires 
high precision to be realized. 


NONCIRCULAR PROFILES WITH ANALYTICAL 
SOLUTIONS 

Now we consider other noncircular waveguides with profiles which lead to 
analytical solutions of the scalar wave equation or to closed-form expressions 
for other modal properties. 

16-5 Homogeneous function profiles 

These profiles were introduced in Section 2-13 and have the form 

n 2 (x,y) = n 2 0 {1 — 2A f(x,y)}, —co<x,y<cc, (16-19a) 
where f(x,y) is a homogeneous function of degree q with the property that 

/(ax, a y) = cc q f{x,y). (16-19b) 

Using this property we can obtain analytical expressions for the propagation 
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constants of all modes. We substitute Eq. ( 1 6- 1 9a) into Eq. ( 1 6-3) and multiply 
by p 2 , where p is a characteristic length in the noncircular cross-section. The 
scaling argument of Section 33-6 can then be repeated with obvious 
modification, and we deduce from Eq. (33-26) 

U = GV 2/(q+2) , (16-20) 

where U and V are defined inside the back cover. The constant G depends on q 
and parameters describing the asymmetry, but is independent of V For 
example, the elliptical profile of Eq. (16-1) together with q = 2, p = p x and 
Eq. (16— 14b) leads to G = {2m — 1 + (2n— 1) (1 - e 2 ) 1/2 } 1/2 , where e is the 
eccentricity of Eq. (16-2). 


Group velocity and waveguide dispersion 

The functional dependence of U and V in Eq. (16-20) is identical to the 
dependence in Eq. (14-9) for the infinite power-law profiles on circular fibers, 
except that G is, in general, unknown. Since the profiles defined by Eq. (14-8) 
satisfy the homogeneity condition of Eq. (16— 19b), it follows that the group 
velocity and distortion parameter for the asymmetric profiles are given by Eqs. 
(14-10) and (14-11). Eliminating G, we have 



2 ~qU 2 \. 

2 + q V 2 y 


D = q 


(2 -q) U 2 
(2 + q) 2 V 3 ’ 


(16-21) 


and thus there is no waveguide dispersion on a q = 2 homogeneous profile. 

16-6 Separable profiles 

We introduced the class of separable profiles in Section 2-14. Each profile has 
a refractive-index distribution which is expressible as 

n 2 (x, y) = n£,{l -2A[/(x) + 0(y)]}; -oo<x,y<oo, (16-22) 

where f(x ) and g(y) depend only on x and y, respectively. If we substitute into 
Eq. (16-3) and set *F(x, y) = F(x)G(y), then the scalar wave equation can be 
replaced by the pair of ordinary differential equations 

p2 ^ + { V2f{x) + K } F = °> (16-23a) 

P 2< ^ + ^y-V 2 g(y)-K^G = 0, (16-23b) 

where k is the separation constant and p is a length scale in the waveguide 
cross-section. The requirement that both F and G be everywhere bounded 
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leads to two relationships between U and k. Eliminating k we obtain the 
eigenvalue equation. The parabolic profile of Eq. (16-1) is one example of a 
separable profile, for which the scalar wave equation was solved in Section 
16-3 using the procedure of this section. A second example is given below. 


16-7 Example: Infinite linear profile 

This profile varies linearly with both x and y, and is defined by 

n 2 (x,y) = {1 -2A[|x/p x | + |y/p„(]}; -oo<x,y<co, (16-24) 

where p x and p y are length scales. Contours of constant index comprise the diamond- 
shaped family in Fig. 1 6— 2(a), and, recalling the definition of A, the index contour n — n cl 




(a) (b) 

Fig. 16-2 Contours of constant refractive index for (a) the infinite 
linear profile of Eq. (16-24) and (b) the double parabolic fiber profile of 
Eq. (16-30), where d is the separation of the fiber centers. 


satisfies \x/p x \ + \y/p y \ = 1. Since the profile is separable, the scalar wave equation 
solution is given by Eq. (16-23) with /(x) = |x/p„| and g(y) = | y/p x \. By changing 
variables to 


w 


X 


1 

v¥ 




vr \p. 



(16-25) 


where parameters are defined in Table 16-1, we obtain the equations 

^-^-w x F = 0; ^ — w y G = 0, (16-26) 

dwj d tv; 

and 'F = FG. Hence, F and G both satisfy Airy’s equation, and the solution which is 
everywhere bounded, is given by 

T = ± Ai (wj Ai(Wj), 


(16-27) 
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where Ai is the Airy function of the first kind [2]. The sign of *F may vary from quadrant 
to quadrant in Fig. 16-2(a) depending on the symmetry with respect to x and y. 
Continuity of 'F, d'V/dx and d'V/dy along the axes in Fig. 1 6—2 (a) leads to the 
eigenvalue equation. For example, the fundamental mode solution takes the + sign in 
every quadrant and leads to the eigenvalue equation 


dAifwJ 

dw x 


x = 0; 


d Ai(w y ) = 

dwj, 


y = 0. 


(16-28) 


The largest value of the propagation constant is given by the first root of the Airy 
function derivative, namely w x = —1.018 when x = 0, and w y = — 1.018 when y = 0 
[2], Substituting from Eq. (16-25) and eliminating k, we obtain 



(16-29) 


in the notation of Table 16-1. The linear profile is also a homogeneous function profile, 
satisfying Eq. (16— 19b) with q = 1. Consequently, Eq. (16-29) is identical to Eq. (16-20) 
with q = 1 and p x p y — p 2 , and determines the parametric dependence of G on p x 
and p y . 


16-8 Example: Double parabolic profile 


The final example considers a profile which describes the refractive-index distribution 
for two parallel, infinite parabolic-profile fibers [3]. This profile is illustrated in 
Fig. 16— 2(b) and is defined by 


n 2 (x,y) = n 2 0 (1 — 2A[(|x/p| — d/2p) 2 -f (y/p) 2 ]}; - co < x, y < oo, (16-30) 


where d is the separation of the fiber axes and p is a scaling length for both fibers. As the 
profile is separable, the scalar wave equation solution is obtained by setting /(x) 
= (|x/p| —d/2p) 2 in Eq. (16-23a)andg(y) = (y/p) 2 in Eq. ( 1 6— 23b). The solution of the 
latter equation is found by analogy with Eq. (16- 13b) to be 


G = H„- 




2n - 1 = 


lr_ 

2V 



(16-31) 


where n = 1, 2, . . . , the parameters are defined at the back of the book, and H„^ 1 is the 
Hermite polynomial of order n — 1 [2]. If we substitute for k in Eq. (1 6— 23a) and change 
variables to 


w + =(2F) 1 ' 2 ^-^-,x>0; w. =(2F) 1 ' 2 ^±^, x < 0, (16-32) 

2 p 2 p 

we obtain the equation 

d 2 F f 1 iv 2 1 U 2 

_ Y + | v + __ T j f = 0 ; v = --„, (16-33) 

where w denotes w + orw_. This equation has a solution which is bounded as x -» + oo 
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and is expressed in terms of the parabolic cylinder function Z) v [2] by 

F = D v (w + ), x > 0; F = + D„(— w_), x < 0, (16-34) 


where + and — signs refer to symmetric and antisymmetric modes, respectively. The 
solution *P of the scalar wave equation is then given by the product FG of Eqs. (16-31) 
and (16-34). Continuity of d'P/dx at x = 0 for the symmetric modes and continuity of 
*P at x = 0 for the antisymmetric modes leads to the two eigenvalue equations 


d D v 


dw 

= 0; D v (w 0 ) = 0, 

*0 


respectively, where w 0 = — (2T) 1 ' 2 d/2p. 


(16-35) 
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The Gaussian approximation was introduced in Chapter 15 to provide simple, 
but accurate, analytical expressions for fundamental-mode quantities of 
interest on circular fibers of arbitrary profile. Here we show how to generalize 
this approximation and describe fundamental-mode propagation on weakly 
guiding fibers of arbitrary cross-section. 

The basis of the Gaussian approximation for circular fibers is the 
observation that the fundamental-mode field distribution on an arbitrary 
profile fiber is approximately Gaussian. Coupled with the fact that the same 
field on an infinite parabolic-profile fiber is exactly Gaussian, the approxi- 
mation fits the field of the arbitrary profile fiber to the field of an infinite 
parabolic-profile fiber. The optimum fit is found by the variational procedure 
described in Section 15-1. Now in Chapter 16, we showed that the 
fundamental-mode field distribution on an elliptical fiber with an infinite 
parabolic profile has a Gaussian dependence on both spatial variables in the 
cross-section. Accordingly, we fit the field of such a profile to the unknown 
field of the noncircular fiber of arbitrary profile by a similar variational 
procedure, as we show below [1, 2], 


FUNDAMENTAL MODES 

The two fundamental modes on a weakly guiding fiber of noncircular cross- 

366 
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section are uniformly polarized parallel to the optical axes of the fiber, as we 
showed in Section 13-5. Their transverse fields have the forms given by 
Eq. (13-10), and repeated in Table 17-1, in terms of the fundamental solution 
'P (x,y) of the scalar wave equation and the scalar propagation constant /?. To 
correctly distinguish between the propagation constant of the two modes, we 
also need the polarization corrections 6fi x and S(3 y due to the waveguide 
structure. Our purpose is to provide simple analytical approximations for 'P 
and 1 1 , and hence for 8(i x and SP y . 


17-1 The Gaussian approximation 

By analogy with the fundamental-mode solution for the elliptical fiber of 
infinite parabolic profile given in Table 16-1, page 356, we assume that the 
solution *P (x, y) of the scalar wave equation of Eq. ( 1 6-3) can be approximated 
by setting [1, 2] 

(17-1) 

where a x and a y are spot sizes to be determined. We use this expression as a trial 
function in the stationary expression for the propagation constant in Table 
13-2, page 292. The values of a x and ^correspond to the largest value of /?[3]. 
Relative to cartesian axes we have 




where k = 2n/X and X is the free-space wavelength. The spot sizes are 
determined by substituting Eq. (17-1) into Eq. (17-2) and solving the pair of 


simultaneous equations 




(17-3) 


Substitution back into Eq. (17-2) gives the propagation constant and hence the 
scalar fields in Table 17-1. The corrections dfl x and dfi y then follow from 
Eq. (13-11). 

The detailed analysis for finding a x , a y and /? is simplified by defining in 
Table 17-1 normalized coordinates X and Y, in terms of length scales p x and 
p y in the cross-section, fiber parameters V x and V y , mode parameters U x and 
U y and normalized spot sizes A x andA y . The variational equation and spot-size 
equations follow directly from Eqs. { 1 7—2) and (17-3) using integration by 
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Table 17-1 Gaussian approximation for fundamental modes of noncircular fibers. 

Parameters are defined inside the back cover and coordinates are illustrated in 
Fig. 16-1. 
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parts, and the propagation constant corrections from Eq. ( 1 3-1 1 ). To illustrate 
the method we consider a specific example. 


17-2 Example: Infinite power-law profiles 


We define a set of infinite power-law profiles for noncircular fibers relative to cartesian 
axes in the cross-section by 


n 2 (x,y) = « 



— oo < x,y < oo, 


(17-4) 


where q is a positive constant. The parabolic profile (q = 2) and the linear profile {q = 1) 
are members of this set and were discussed in the previous chapter. Within the Gaussian 
approximation we set/ = |A'|‘ , + |y| , in the spot-size equations of Table 17-1, and, with 
the help of the integral definition of Eq. (37-104), obtain a solution in terms of the 
gamma function 


t‘/2 


4 t = 


{qr(q/2+T/2)K> 


l/(« + 2) 


.J- 


4/2 


1<?T (<j/2 1/2)F: 


1/(9 + 2) 


(17-5) 


where the notation is defined in Table 17-1. Substitution back into the equation for the 
propagation constant leads to 


U x U y 


4+2 frr(g/2+i/2) p+ a > j^y* 2 * + j {K Kfl(q+2) 

(17-6) 


The power-law profiles satisfy Eq. (16-1 9b), and are therefore homogeneous function 
profiles. Consequently, the above expression is consistent with the more general result 
of Eq. (16-20). In the case of the infinite linear profile (q = 1), Eq. (17-6) reduces to the 
exact eigenvalue equation of Eq. (16-29), apart from a change in the multiplicative 
constant on the right from 1.018 to 3/(2n l/3 ) = 1.024, a relative error of 0.6%. This 
excellent agreement is independent of p x and p y , and demonstrates the accuracy of the 
Gaussian approximation for arbitrary eccentricity. 

Birefringence depends on the difference df} x — 6fl y between the corrected propag- 
ation constants of the two fundamental modes. We deduce from Table 17-1 and Eq. 
(17-5) that 




(2A) 3/2 rf qr(q/2+l/2) ] 4 


*TLr 


4/2 


y 2-39 


1/(9 +2) 


” p 49/(9+ 2) 

-Py. 


(17-7) 


which is identical to the expression in Table 16-1, page 356, for the parabolic profile 
(q = 2). For arbitrary q, birefringence increases with increasing eccentricity, i.e. with p x 
fixed and p y decreasing. 


CONCENTRIC ELLIPTICAL FIBERS 

In the cross-section of an elliptical fiber, contours of constant refractive index 
are closed ellipses. If the contours all have the same eccentricity, the fiber 
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profile is said to be concentric. The infinite parabolic profile of Fig. 16-1 is one 
such example. Any concentric fiber profile is expressible in the form 

n 2 (x,y) = n^jl + -co<x,y<co, (17-8) 

where/ is an arbitrary function of the single variable (x/p x ) 2 + (y/p y ) 2 . This 
representation leads to a simplification of the spot-size equations, as we show 
below, and, in the following section, we prove that an elliptical fiber has the 
same scalar propagation constant as a circular fiber, provided the eccentricity is 
small and the profile volumes are equal. 


Spot-size equations 

The elliptical cross-section is transformed to circular cross-section by 
making the change of coordinates 

X = x/p x = R sin <t>; Y = y/p y = R cos 0. (17-9) 

The profile function of Eq. (17-8) becomes the profile function f(R 2 ) for the 
circular fiber, and the spot-size equations of Table 17-1 are transformed to 
give 



R2 fifi eXp ( — aR2) 

R2 % e *P(- aR2 ) 



rin 

J o 


(1 — cos 20) exp (bR 2 cos 20) d0 d R, 

(17— 10a) 

(1 + cos 20) exp (bR 2 cos 20) d0 d R, 

(17— 10b) 


where a and b are constants defined by 


a = 


A x + A y 
2 AlAl 


b = 


A 2 


2 A 2 A 2 


(17-11) 


The 0 integration is expressible in terms of modified Bessel functions of the 
first kind through Eq. (37-64), and by adding and subtracting the resulting 
equations, we obtain, respectively 

+ -Aj = 2 £ R 2 exp (-aR 2 ) /„ (bR 2 ) d R, (17-12a) 
Xh~A <17-, 2b, 


For arbitrary eccentricity these equations must generally be solved by 
numerical methods, but if the eccentricity is small an analytical solution can be 
found. 
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17-3 Slight eccentricity 

To relate the elliptical fiber parameters to the circular fiber parameters, we 
assume the profile of Eq. (17-8) is clad and has the same profile volume Q as the 
corresponding circular fiber. Substituting into Eq. (14—42) and integrating 
over the elliptical core (x/p x ) 2 + (y/p y ) 2 ^ 1, we find with the help of Eq. 
(17-9) that 

PxP y = P 2 , (17-13) 

regardless of the profile, where p is the core radius. For small eccenricity we 
then deduce fromTable 17-1 that, correct to second order 

p x = p( l+e 2 /4); p y = p( l-e 2 /4); V x = V(l+e 2 /4); V y = V(l -e 2 /4), 

(17-14) 


where V is defined inside the back cover for the circular fiber. 

If we compare Eqs. (17-l)and (15—2) in the limit/?* = p y = p,then A x = A y 
= R q when e = 0, where R 0 is the normalized spot sizeofTable 15-l,page339, 
for the fundamental modes of the circular fiber. For small eccentricity we set 

A x = R 0 (1 +e 2 p x }-, A y = R 0 {l+e 2 p y }. (17-15) 

Thus Eq. (17-11) can be approximated by 

a = {1 -e 2 (p x + p y )}/Rfr b = e 2 (p y -p x )/Rl (17-16) 

The expansions of I 0 and / j for small argument follow from Eq. (37-85) 

I 0 (bR 2 ) = 1 + b 2 R*/ 4; /, (bR 2 ) S bR 2 / 2. (17-17) 

We substitute Eqs. (17-14) to (17-17) into Eq. (17-12a) and equate powers of 
e 2 . To lowest order we recover the spot-size equation of Table 15-1, page 339, 
for the circular fiber, and to second order deduce that 


Px + P y = 0; a=l/R 2 . (17-18) 

If we set U X U y = U 2 in Table 17-1, the equation for the propagation constant 
is readily shown to be the corresponding equation in Table 1 5-1, apart from an 
integration by parts. Hence we deduce that, within the Gaussian approxi- 
mation, the elliptical fiber has the same scalar propagation constant for the 
fundamental modes as the corresponding circular fiber, provided that the profile 
volumes are equal and the eccentricity is small. 

If we substitute Eqs. (17-14) to (17-18) into Eq. (17-12b)and equate lowest- 
order terms, we find that 


Px = -Py 


1 + 


2 R 2 o. 


R4 M exp \ 


R 2 

Ro 


(17-19) 


Thus, if the spot size for the circular fiber is known, the spot sizes for the 
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elliptical fiber are given explicitly to second order in eccentricity by substitut- 
ing Eq. (17-19) into Eq. (17-15). 

17-4 Example: Step profile 

The step profile has uniform core and cladding indices n co and n d , respectively, 
separated by the elliptical interface (x/p x ) 2 + (y/p y ) 2 = 1, relative to the axes in Fig. 
16-1. The spot-size equations of Eq. (17-12) are expressed in terms of the profile 
function for the step-profile, circular fiber. Hence df/dR = d(R — 1), where 5 is the Dirac 
delta function, and, on adding and subtracting Eqs. (17— 12a) and ( 1 7—1 2b), we find that 

A y = A x = A y V 2 y {I 0 + I 1 }e~°, (17-20) 

where/ 0 = / 0 (b), I x = 1 1 (h)and remaining parameters are defined in Table 17-1. If we 
multiply these two expressions together and similarly divide them, express A x and A y in 
terms of a and b of Eq. (17-1 1) and rearrange, the resulting two equations decouple to 
give 

« = - b n ~ e 2 l = In ( K, K,) + 1 In (I 2 -I ?), (17-21) 

e )i j — e i Q 

which holds for arbitrary eccentricity. 


Planar waveguide limit 

If we fix p y and let p x -» oo, the elliptical fiber is transformed into the symmetric planar 
waveguide of Fig. 12-1. In this limit, the spot size a x -» co, but the normalized spot size 
A x = ajp x -* 0. See, for example, the expression for A x in Eq. (17-5). Hence both a and 
b of Eq. (17-11) become unbounded. If we substitute the asymptotic forms of Eq. 
(37-88) for the modified Bessel functions into the second equation in Eq. (17-20) and 
retain lowest-order terms, we deduce 

A 2 y \n(2A y V 2 lJn)=\. (17-22) 

It is readily verified, by repeating the derivation in Table 15-1, page 339, for planar 
waveguides, that the above expression is the spot-size equation for the Gaussian 
approximation to the fundamental modes of a step-profile, planar waveguide of core 
half-width p y . 


Small eccentricity 

The solution of Eq. (17-21) for small eccentricity is given by Eqs. (17-15) and (17-19) 
with df/dR = d(R — 1) and R 0 = (2 In Vy 1/2 , according to Table 15-2, page 340. 
Hence 


1 


(2 In V) 


1/2 


1 


4 1 +ln Vy 


Ay (2 In V) 1/2 


1 + 


1 


4 1 +ln VV 


(17-23) 
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and the birefringence follows from Table 17-1 as 




e 2 (2A) 3 ' 2 4 (In K) 3 

p F 3 1+lnK’ > ’ 


(17-24) 


correct to second order in eccentricity, where p and V are the core radius and fiber 
parameter for the circular fiber of equal profile volume to the elliptical fiber. 


17-5 Example: Gaussian profile 


On an elliptical fiber the Gaussian profile is defined by 


n 2 (x,y) = n 2 0 


jl — 2A 


1 — exp 


( 



— oo < x, y < oo. (17-25) 


We set/ = 1 — exp ( — R 2 ) for the corresponding circular profile in Eq. ( 1 7-12), and with 
the help of Eq. (37-102) find that the normalized spot sizes satisfy the coupled 
equations 


A r = 


1/2 


1 + A 2 


(viy 

\yj 


1 +A\ 


(17-26) 


Elimination of A y leads to a quartic equation for A 2 , which has an explicit solution for 
arbitrary eccentricity [2]. The planar waveguide limit can be obtained by analogy with 
the previous example. 

For small eccentricity, we substitute R 0 = (V— 1)~ 1/2 from Table 15-1, page 339, 
into Eq. (17-19) and deduce via Eq. (17-15) that 


1 f, e 2 V ) 
4 2K — 1 J’ 


Ay 


1 I, e 2 V 1 

(V — 1) 1/2 1 + 4 2 K — 1 J ’ 


(17-27) 


correct to second order, where p and V apply to the circular fiber of Gaussian profile 
with the same profile volume as the elliptical fiber. The birefringence expression then 
follows from Table 17-1 


8P X -Sf) y = 


e 2 (2A) 3/2 

P 


(V- l) 3 
(2K- 1)K 3 ’ 


(17-28) 


which is physically meaningful only when V> 1. 
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So far in Part II we have considered waveguides and fibers whose cross- 
sectional geometry and profile variation allow the modal fields to be expressed 
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in exact or approximate analytical form. There are few exact solutions for 
arbitrary or weakly guiding waveguides, as is evident from Chapters 1 2, 14 and 
16. However, when there is no known solution of the scalar wave equation, 
propagation on weakly guiding waveguides can be described analytically by 
the Gaussian approximation of Chapters 15 and 17, with only a slight loss in 
accuracy. 

In this chapter, we consider both arbitrary and weakly guiding waveguides 
or fibers with cross-sections and profiles which differ only slightly, in some 
perturbation sense, from those of another fiber whose modal fields are known. 
For example, fibers that are slightly anisotropic, absorptive or elliptical, as well 
as composite waveguides consisting of two or more well-separated fibers, are 
perturbations of the circular fiber with an isotropic refractive-index profile. By 
taking advantage of the smallness of the perturbation, we can use approxima- 
tion techniques to derive accurate expressions for the modes of the perturbed 
fiber in terms of the known modes of the unperturbed fiber. 


Cylindrically symmetric perturbations 

The perturbations discussed in this chapter do not vary with distance 2 along 
the fiber. Hence, the perturbed fiber is cylindrically symmetric, or translation- 
ally invariant, and its modes have all the properties described in Chapter 11. 
The perturbed fiber is characterized by a refractive-index profile n(x, y) relative 
to cartesian axes in the cross-section, and the unknown electric and magnetic 
fields of one of its modes are expressed in the separable form of Eq. (1 1-6) as 

E(x, y, 2 ) = e(x, y)exp (ifiz); H(x, y, 2 ) = h(x, y)exp (ifiz), (18-1) 

where )3 is the propagation constant. The corresponding mode on the 
unperturbed fiber is characterized by the refractive-index profile n(x, y), and 
known fields with propagation constant /?, where 

E(x, y, 2 ) = e(x, y) exp (ifiz); H(x, y, 2 ) = h(x, y)exp (ifiz). (18-2) 

We omit the modal subscript since we shall be mainly concerned with only 
individual modes. In showing how e, h and )3 are expressed in terms of e, h and 
/?, it is convenient to consider weakly guiding and arbitrary fibers separately. 


MODES OF WEAKLY GUIDING PERTURBED FIBERS 

When the perturbed and unperturbed fibers are weakly guiding, the variation 
in both profiles n and n is small. The modal fields can then be constructed from 
solutions of the scalar wave equation, as described in Chapter 13. If 4* and 
denote the unknown solution and propagation constant for the perturbed fiber, 
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then they satisfy 

{ V t 2 + k 2 n 2 (x, y) — /? 2 } ¥ = 0, (18-3a) 

while the known solution and propagation constant, ¥ and /?, for the 
unperturbed fiber satisfy 

{V 2 t +k 2 n 2 (x,y)-p}V = 0, (18— 3 b) 

where V 2 is the transverse Laplace operator, k = 2n/X and X is the free-space 
wavelength. The ~ associated with scalar quantities in Chapter 13 is omitted 
here for clarity. 

In order to express ¥ and /? in terms of ¥ and )?, we use a reciprocal 
relationship between the two solutions. This relationship is derived directly 
from Eq. (18-3), as we show in Section 33-5, and is expressed by Eq. (33-20) as 

(18-4) 

where ,4 X is the infinite cross-section, and for convenience ¥ and ¥ are 
assumed real. We first consider perturbations involving single fibers. 
Perturbations involving composite systems of two parallel fibers are discussed 
later. 

18-1 Perturbation solution for isolated fibers 

For slight perturbations, it is normally sufficient to assume that the transverse, 
or x, y dependence of the modal fields on the perturbed and unperturbed fibers 
is similar, i.e. e S e, h = h, and consequently ¥ = ¥. An exception is the 
calculation of the polarization corrections to the scalar propagation constant, 
discussed in the following section, for which higher-order corrections to ¥ are 
required. These can be obtained using either eigenfunction expansions, as 
outlined in Sections 33-9 and 33-10, or Green’s functions, as discussed in 
Chapter 34. 

It is usually inadequate to ignore the difference between the propagation 
constants /? and J?. The longitudinal dependence of the perturbed fields in 
Eq. (18-1) involves the product /?z. Thus a small error in J? will eventually 
produce a significant error in the fields since z can be arbitrarily large. The 
perturbation correction to /? is given by Eq. (18-4) with ¥ = ¥. Some 
simplification is possible within the weak-guidance approximation by setting 
/? 2 — /J 2 = 2kn m (P — /? ) and n 2 — n 2 = 2 n co (n — n), assuming that n co is the 
maximum value of refractive index on both perturbed and unperturbed fibers. 
Hence 

(18-5) 
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where contributions to the integral in the numerator came from regions in 
which the perturbed and unperturbed fibers differ. 

The description of the modal fields on the perturbed fiber will be complete 
once the polarization of the transverse components is specified. 


18-2 Polarization of the perturbed fields 

If the unperturbed fiber is noncircular, the transverse electric field of each 
mode is polarized parallel to one of the optical axes, x 0 or y 0 , as discussed 
in Sections 13-5 and 13-8. The directions of the optical axes on the per- 
turbed fiber, which determine the polarization of the perturbed mode fields, 
are found either by inspection or by the formal methods of Section 
32-5. 


Perturbations which break circular symmetry 

In many of the examples below, the unperturbed fiber has a circularly 
symmetric cross-section and profile. For perturbations which maintain this 
symmetry, the polarization of each mode is unchanged, and obeys the rules laid 
down in Sections 13-4 and 13-7. However, for perturbations which break 
circular symmetry, the modes are polarized along the optical axes x 0 and y 0 of 
the perturbed fiber. Only the fundamental and HE lm modes remain plane 
polarized on the circular and noncircular fibers. If the perturbation is 
sufficiently small, the polarization of all other modes lies in the transition 
region between the circular and noncircular situations, as discussed in 
Section 13-9. 

Polarization corrections to the propagation constant 

The polarization corrections, and dfl y , to the scalar propagation constant 
ji for the Xq- and y 0 -polarized modes on the perturbed, noncircular fiber are in 
general unequal, and their difference describes the anisotropic, or birefringent, 
nature of propagation. This is of basic interest for the two fundamental modes 
on single-mode fibers. The calculation of the corrections from the formula in 
Table 13-1, page 288, requires first-order corrections to the approximation 
'P = 'F. We derive these corrections for the slightly elliptical fiber in Section 
18-10. 

We now apply the results of this and the previous section to a variety of 
perturbation problems, to show their wide range of utility. 


18-3 Uniform changes in profile 

There is a class of problems, typified by the seven examples below, for which 
the fiber perturbation is equivalent to a change in refractive index by a constant 
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throughout the perturbation region. In this region the profile of the perturbed 
fiber is given by 

n(x, y) = n(x, y) + Sn, (18-6) 

where Sn is a constant. Substituting into Eq. ( 1 8-5) and recalling the definition 
of power density from Table 13-2, page 292, gives 

/? = J} + krj p 6n, ( 18— 7a) 

where tj p is the fraction of the unperturbed mode’s total power flowing through 
the cross-sectional area A p of the perturbation, i.e. 

(18— 7b) 

Clearly, the greater the fractional power flow through the perturbation cross- 
section, the greater the difference between )? and /i. Exact expressions for T 
were given in Chapters 14 and 16 for various cross-sections and profiles, while 
the Gaussian approximation for ¥ on arbitrary profile fibers was given in 
Chapters 15 and 17. 

18-4 Example: Uniform changes in core and cladding indices 

When there is a uniform change 5n co in index over the core cross-section A m of a 
graded-profile, clad fiber, we set f/ p = t] and 5 n — Sn co in Eq. (18-7), where >] is the 
fraction of a mode’s power flowing in the core, defined in Table 13-2, page 292. 
The fraction of power flowing in the cladding is 1 — rj, so if, in addition to the core 
perturbation, there is a uniform change Sn d in the cladding index, the perturbed 
propagation constant is given by 

(18-8) 

where k = 2n/X and A is the free-space wavelength. This result is independent of both 
the profile and the cross-sectional geometry. The polarization of the perturbed mode 
fields is determined from Section 18-2. Exact and approximate expressions for i] are 
given in Chapters 14 and 15 for circular fibers. 

18-5 Example: Three-region fiber 

The unperturbed fiber is taken to be a clad, circular fiber with core profile n(r) and 
radius p, and uniform cladding of index n d . A third region is then introduced beyond 
radius p 0 > p with uniform refractive index n 0 = n cl , as shown in Fig. 18-1 (a). 
Provided Sn = n 0 — n a is sufficiently small, the perturbation is slight, and Eq. (18-7) 
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Fig. 18-1 Cross-section of a perturbed fiber, showing (a) three regions, 
(b) a thin layer at the core-cladding interface and (c) an isolated 
nonuniformity. 


gives the perturbed propagation constant 

P — p + kr[ p (n 0 — n cl ), (18-9) 

where tj p is the fraction of the mode’s power flowing through the region r > p 0 . 

To illustrate this result, consider the fundamental modes of the step-profile fiber. We 
substitute F 0 of Table 14-3, page 313, for T in Eq. (18-7b)and assume p 0 is sufficiently 
large that K 0 ( WR) can be replaced by the asymptotic form of Eq. (37—88). With the help 
of the integral in Table 14-6, page 319, we find that 


|S = ?+(«0-« cI )y 



exp(-2 Wp 0 /p) 
Kj(W) 


(18-10) 


where parameters are defined inside the back cover. 


Thin layer at the core-cladding interface 


Another example of a three-region fiber is illustrated in Fig. 18—1 (b). A thin concentric 
ring of width dp and uniform refractive index n 0 is introduced at the interface of the 
unperturbed fiber. Hence 5n = n 0 — n d in this region, and the perturbed propagation 
constant follows from Eq. (18-7) as 


p = ~fi + dp(n 0 -njkp'i' 2 (p) 


'¥ 2 rdr, 


(18-11) 


where T* (p) is evaluated at the interface of the unperturbed fiber. 

For the fundamental modes on a step-profile fiber, we set 'T = F 0 of Table 14-3, page 
313, and evaluate the integral from Table 14-6, page 319. We obtain 


P = P + 2(n 0 -n d )k 


6p$U K 0 (W) 
p | VKfW) 


2 


(18— 12a) 
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where the K \ s are modified Bessel functions of the second kind. A further simplification 
is possible if we employ the Gaussian approximation of Eq. (15-2) for F 0 . The spot size 
for the step profile is given in Table 15-2, page 340, and leads to 

/? = £ + 2(n 0 -n cl )/c^^ (18— 12b) 

provided V > 1. 


18-6 Example: Change in core radius 


Consider a step-profile fiber with core and cladding indices n co and n c] , and let the core 
radius change from p to p + dp. This perturbation is identical to the pertubation in 
Fig. 18—1 (b) if we set n 0 = n co . Hence, we deduce from Eq. (18-12) that the perturbed 
propagation constant is given by 


/? = /? + (2A ) 1 12 


bpU 2 K 2 0 {W) 
P 2 V K 2 (W)' 


(18-13a) 


S?+(2A) I/2 


bp In V 2 
p 2 V 


V > 1, 


(18-1 3b) 


using the exact fields and the Gaussian approximation, respectively. Since n m = rt c] 
within the present approximation, we can set n 2 a — n 2 t = 2 n co (n co — n cl ) in the definitions 
of V and A. 


18-7 Example: Isolated nonunifortnity 


Consider the circular fiber of arbitrary profile n(r) in Fig. 18—1 (c) with a small 
nonuniformity which remains unchanged along the length of the fiber. The non- 
uniformity has cross-sectional area bA, mean refractive index n 0 , and is located at 
distance p 0 from the fiber axis. For the fundamental modes, the perturbed propagation 
constant follows from Eq. (18-7) as 


fi = ^ + kbA{n 0 -n(p 0 )}'¥ 2 (p 0 ) 


2n 


4' 2 rdr, 


(18-14) 


since HP depends only on r. While this would appear to be a trivial example, the 
perturbation breaks the symmetry of the unperturbed fiber, and we must determine the 
polarization of the perturbed modes. From the discussion in Section 18-2 and the 
symmetry of the perturbed fiber, it is clear that the fundamental modes have a 
transverse electric field that is parallel to either the x- or y-axes in Fig. 1 8— 1 (c). We shall 
return to this problem later in the chapter when discussing arbitrary fibers. 


18-8 Example: Absorbing fibers 

A description of propagation on absorbing waveguides or fibers was given in Chapter 
11. When absorption is slight, we can treat the absorbing fiber as a perturbation of the 
nonabsorbing fiber. Here we consider clad fibers of arbitrary cross-section on which 
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absorption is described by the addition of imaginary constants i dri co to the core profile 
n(x, y) and i 5n‘ c] to the cladding index n cl . Hence, dn in Eq. (18-7) is imaginary, and the 
correction to [i is imaginary. If we denote the correction by JS 1 , then, by analogy with 
Eq. (18-8) we find 

p = + (18-15) 


where t) is the fraction of the mode’s power flowing within the core. We define power 
absorption coefficients a co = 2k 3n‘ co and a cl = 2k 3n‘ cl for the core and cladding. The 
power attenuation coefficient y of Table 13-2, page 292 is then expressible as [1] 


y = n* co + U-'/ki’ 


(18-16) 


and the mode’s power is reduced to exp(— yz) of its original value after distance z. 


Physical interpretation 

It is clear from Table 13-2, page 292, that the shape of the intensity distri- 
bution S on an absorbing fiber does not change as the mode propagates, but its 
amplitude is reduced to exp ( — yz) of its original value everywhere in the cross-section 
after distance z. If the power absorption coefficient a is uniform over the whole cross- 
section, then y - cl and power lost by attenuation at any position is exactly equal to the 
power absorbed there. This special case corresponds to a = 01 ^ = a cl in Eq. (18-16), 
whence y = a. However, if a is not uniform, then power lost by attenuation and power 
absorbed will differ at an arbitrary point, and, consequently, there must be a flow of 
power within the cross-section. This corresponds to the general case f « d in 
Eq. (18-16), when power flows across the interface to maintain the shape of the 
intensity distribution. The direction of this flow depends on the relative values of a c0 
and a d . For example, if a c , = 0, power flows into the core. 


18-9 Example: Anisotropic core 

We discussed anisotropy and anisotropic waveguides at the end of Chapter 11, gave 
examples in Chapter 12 and considered weakly guiding anisotropic waveguides in 
Section 13-12. Here, we consider slightly anisotropic waveguides as a perturbation of 
the corresponding isotropic waveguide, concentrating on clad fibers with anisotropic 
cores. This situation is relevant to visual photoreceptors [2-4}, and to crystalline core 
fibers [5]. 

Unbounded uniformly anisotropic medium 

For perspective, we first consider a z-directed plane wave propagating in an 
unbounded, slightly anisotropic (birefringent) medium characterized by refractive 
index n — h+ 5 n x , when the electric field is x-directed, and n = h+ 3n y , when the 
electric field is y-directed, where h is the refractive index of the isotropic medium, and 
3n x , 5n y are constants. In an isotropic medium the plane wave can be polarized in any 
direction, but in the anisotropic medium there are only two polarizations, characterized 
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by differing propagation constants. One wave is x-polarized with propagation constant 
ft x = kn + k8n x , and the other is y-polarized with propagation constant 
ft y = kn + kSn y . If we also allow for anisotropic (dichroic) absorption the power 
absorption coefficient a is also polarization dependent. For convenience we assume that 
the principal axes of the real and imaginary parts of the refractive-index matrix 
describing the anisotropy are identical. The power absorption coefficients for the two 
polarizations are then given by 

a x = 2k Sn l x ; <x y = 2k 5n' y , (18-17) 

where i 6n x and i Sn' y are small imaginary components associated with 8n x and Sn y , 
respectively. 


Anisotropic fiber 


It is clear from the above discussion that one of the fundamental modes of a circular 
fiber with an isotropic core is x-polarized with propagation constant ft x , and the other 
is y-polarized with propagation constant ft y . If n(x, y) is the profile of the isotropic fiber, 
then n = n + 8n x for the x-polarized mode and n = n + 8n y for the y-polarized mode. If 
the anisotropy is small and uniform, then 8n x and 8n y are constants. Accordingly we set 
<5/i C | = 0 in Eq. (18-8) and replace <5n co by 8n x or 8n y to obtain [2, 3] 


P x — ^ + kt\ Sn x ; ft y — ft J rkt] Sn y , 


(18-18) 


where fj is the fraction of fundamental-mode power flowing in the core of the 
unperturbed fiber, and ft isthe unperturbed propagation constant. We can repeat the 
discussion of Section 18-8, and deduce from Eqs. (18-16) and (18-17) that the power 
attenuation coefficients for the two polarizations are 



(18-19) 


Thus the fiber has an identical influence on both anisotropy and absorption. 


18-10 Example: Elliptical deformation 

A step-profile, circular fiber with core and cladding indices n co and n cl is deformed into 
the slightly elliptical fiber of Fig. 18— 2(a) in such a way that the core cross-sectional area 
is unchanged. If the semi-major and semi-minor axes of the elliptical fiber have lengths 
p x and p y , and e is the eccentricity, then 

p x p y = p 2 \ <? = {\-pHpI} 1 ' 2 < 1, (18-20) 

where p is the radius of the circular fiber. The perturbation region consists of the four 
shaded regions in Fig. 18— 2(a). As each area is very thin, we can approximate T (r, </>) by 
its value T (p, <p) on the circular interface, where r, </> are cylindrical polar coordinates 
as shown. Starting with the equation for the elliptical interface, (x/p x ) 2 + (y/p y ) 2 = 1, 
and transforming to polar coordinates, the radial width of the perturbation region 
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Fig. 18-2 (a) The elliptically deformed, step-profile fiber has the same 
core cross-sectional area as the circular fiber, (b) The normalized 
birefringence B p of Eq. (18-25), together with the Gaussian approxima- 
tion B g of Eq. ( 1 7—24), are plotted as a function of the fiber parameter. 


is Sr = (e 2 p/ 4) cos 20, correct to second order in eccentricity. Substituting into Eq. 
(18-7), the perturbed propagation constant is given by 

P = fi+k(n co -n a )(ri x + >/„), (18-21a) 

where /3 is the propagation constant on the circular fiber, and q x and are defined by 


fix = e 2 P 2 


V y = e p 


•«/ 4 

T 2 (p, 0) cos 20 d0 

/ 

*00 p 

0 J 

J 0 / 



fn/2 _ 

T 2 (p, 0) cos 20 d0 / 
J jt/4 / 

/ 

'•oo r 

o J I 


, 0)rd0dr, (18-21b) 


,0)rd0dr, ( 1 8—2 1 c) 


and correspond to the shaded areas which cross the x- and y-axes, respectively. 


Fundamental modes 

For the fundamental modes on a circular fiber, ¥ is independent of <t>. Consequently 
t] x — —t] y and j8 = Ji in Eq. (18-21). In other words, the propagation constants for the 
circular and elliptical fibers are identical for slight eccentricity, provided the core areas 
are equal [6], The latter condition is equivalent to requiring equal profile volumes, as is 
clear from Eq. (17-13). Hence the present result is consistent with the more general 
result of Section 17-3, which showed that, within the Gaussian approximation, fl = Ji 
on an arbitrary, elliptical-profile fiber of slight eccentricity, provided the profile 
volumes are equal. 
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Fields of the elliptical fiber 


The approximation = 'P is inadequate for determining the vector corrections to the 
scalar propagation constant on the elliptical fiber. In Section 34-8 we use Green’s 
functions to show that correct to second order in eccentricity 4* is given by 


J 0 (UR) , J 0 (U)K 2 (W)J 2 (UR) 

f- e 2 cos 2q>: 

J 0 (U ) 8 J^U)K 0 (W) J,( U) 

K 0 (WR) } 0 (U) J 2 (U)K 2 {WR) 

h e cos 2 <p: 

K 0 (W ) 8 JfU)J i(l/) K 0 (W) 


0 ^ R < 1, (18-22a) 

1 < R < oo. (18— 22b) 


The J.’s are Bessel functions of the first kind, the K t ’ s are modified Bessel functions of 
the second kind, R = r/p, and U, W are defined inside the back cover. The first term on 
the right denotes the solution 4* for the circular fiber, which is given by F 0 of Table 
14-3, page 313. This result can also be derived by using the eigenfunction expansions of 
Sections 33-9 and 33-10 [7]. 


Birefringence 


By symmetry the fundamental-mode fields of the elliptical fiber are polarized along the 
x- and y-axes in Fig. 18— 2(a). On a step profile, the corrections Sf} x and Sf} y to the scalar 
propagation constant /? can be obtained from Eq. (32-26) by setting e, = 'Px and 
e, = 'Ey, respectively, where x and y are unit vectors parallel to the axes. To second 
order in eccentricity, the birefringence is given by the line integral. 


SPx-SPy = 


(2A) 3/2 

4nV 


d'V 

’ dx 


dV 

' Sy 


}™i r 


4» 2 rdr, 


(18-23) 


where s is the elliptical interface and ds = p { 1 + \e 2 cos (2 4>)} d (j>. The components of 
the unit outward normal on s parallel to the axes are n x and n y , where 


n x = (1 - e 2 sin 2 4>) cos 4>; n y — (1 + e 2 cos 2 <p) sin cp. 


(18-24) 


to this order. We convert Eq. (18-23) to polar coordinates and substitute Eqs. (18-22) 
with R = 1 and (18-24). With the aid of the recurrence relations of Eqs. (37-72) and 
(37-73), Eq. (37-47) and the eigenvalue equation in Table 14-3, page 3 1 3, we obtain [8] 


(18-25) 


The normalized birefringence B p = (5fl x — 5p y )p/e 2 A 312 is plotted in Fig. 18-2(b) 
against the circular fiber parameter V, using the values of U and W from Table 14-4, 
page 314. There is a peak at V = 2.48 when d (fi + Sfl x )/d V = d (fi + Sf} y )/d V, i.e. the two 
fundamental modes have the same group velocity. For comparison, we also plot the 
corresponding normalized quantity B g , calculated from the Gaussian approximation of 
Eq. (17-24). This is given by the lower curve in Fig. 18-2(b), where there is a relative 
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difference of 19% at V = 2.48 and the peak is shifted to V = 2.33. Otherwise the two 
curves have the same characteristic shape. 


The 7 = 7 ’ mode set 


We next consider the modes of the elliptical fiber which correspond to the Z = 1 modes 
of the circular fiber. The two solutions of the scalar wave equation for the latter are 
given by 

*P e = F^R) cos <f>; *F 0 = F,(H) sin <t>, (18-26) 

where is expressed in Table 14-6, page 319, and the propagation constants have the 
common value fi. There is no cancellation of integrals over the shaded areas in Fig. 
1 8— 2(a) as there was for the fundamental modes. Instead we deduce from Eq. (18-21) 
and the integral in Table 14-6 that 


e 2 U 2 K\(W) 

^ ,,y ± 4 V 2 K 0 (W)K 2 (W)’ 


(18-27) 


where + and — signs refer to even and odd solutions, the K ,’s are modified Bessel 
functions of the second kind, and other parameters are defined inside the back cover. 
The propagation constants /% and fl 0 on the elliptical fiber follow from Eq. (18— 21a), 
and, in particular, their difference is given by 


, e 2 (2A) 1/2 U 2 K\(W ) 

4 :~p V K 0 (fV)K 2 (W)’ 


(18-28) 


since A = (1 —n a /n co ) within the weak-guidance approximation. 


The nearly circular fiber 


The polarization of the transverse electric field as the fiber changes from elliptical to 
circular cross-section is shown qualitatively in Fig. 18-3 (a) for the four / = 1 modes. 
Here we examine the transition region between the two extremes, as discussed in 
Section 13-9. The transition is described quantitatively by the parameter A of Table 
13-1, page 288. Substituting from Eq. (18-28) and Table 14-6, page 319, the absolute 
value of A is given by [9] 


A ± 


e 2 V 2 

iT 


W K 0 (W) 

+ 2 K t (W) ’ 


(18-29) 


where + and — signs denote <5/?! — <5/S 2 and <5/? 3 — <5/? 4 , respectively, in the denominator 
of A. The fields follow from Table 13-1. Plots of the normalized parameters 2A|A J/e 2 
appear in Fig. 18— 3(b). The minimum values of |A + 1 and |A_| are approximately e 2 / A, 
so that only a slight eccentricity is required for the elliptical modes to be linearly 
polarized, since A 1 on the weakly guiding fiber. When V = 3.8, there is no difference 
between <5/1, and Sfi 2 , and |A + | = oo. At this special value, the linearly polarized modes 
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t= INCREASING ECCENTRICITY $ 



Fig. 1S-3 (a) The transition of the l = 1 modes from the circular to 
elliptical fiber, where arrows denote the direction of the transverse electric 
field and the notation is defined by Eq. (32—42) and Fig. 32-1. (b) Plots of 
the normalized parameter 2A|A + |/e 2 of Eq. (18-29)asa function offiber 
parameter. The modes are cut off at V = 2.4 and the vertical dashed line 
corresponds to V = 3.8. 
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are modes of both the elliptical and circular fibers, for reasons explained in Section 
14-7. 


18-11 Nonuniform changes in profile 

When the perturbation is nonuniform, the difference between the perturbed 
and unperturbed refractive-index profiles varies with position, i.e. 

n{x,y) = n{x,y) + dn(x,y), (18-30) 

replaces Eq. (18-6). This complicates evaluation of the integral in the 
numerator of Eq. (18-5), and the simple interpretation of Eq. (18-7) no longer 
applies. However, some simplification is possible if we approximate by the 
Gaussian approximation of Chapters 15 and 17. 

Consider, for example, a circular fiber which has a perturbation with the 
Gaussian dependence 

Sn(r) = (5n(0)exp{ — (r/a) 2 }; |<5n(r)| -4 n(r), (18-31) 

where a is a length scale. If we approximate *F 2 by the Gaussian function 
exp( — r 2 /r\) for the fundamental modes, where r 0 is the spot size of 
Table 15-1, page 339, then we deduce from Eq. (18-5) with n — n- Srt(r) that 

/? = ?+/c<Sn(0)^^. (18-32) 

It remains to substitute the spot size. Examples are given in Table 15-2, 
page 340. 


MODES OF TWO PARALLEL FIBERS 

So far in this chapter we have examined perturbations which involve only a 
single fiber. Now we consider perturbations due to the introduction of a 
second fiber parallel to the first fiber. The composite two-fiber waveguide has 
the cross-section shown in Fig. 18-4. This waveguide is of practical interest, 
since it exhibits the phenomenon of optical cross-talk which is discussed below 
and in Chapter 29. We are primarily interested in pairs of identical, or nearly 
identical fibers, when, unlike the single-fiber perturbations discussed above, 
the fields of one fiber in isolation are not a good approximation to the fields of 
the composite waveguide. However, if the fibers are optically well separated, 
i.e. the contribution from one fiber to the field at the centre of the second fiber 
is small, and if they are also weakly guiding, then the fields of the composite 
waveguide are well approximated by a superposition of the fields of each fiber 
in isolation from the other. The restriction to weakly guiding fibers is more 
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than a convenient simplification. There is no known simple perturbation 
procedure for arbitrary index fibers, for reasons given in Section 18-21 below. 



Fig. 18-4 Cross-section of the composite waveguide comprises two 
fibers of core radii p t and p 2 with refractive-index profile n (x, y). The point 
P is defined by cylindrical polar coordinates r, , <f>, and r 2 , 4>i relative to 
the fiber axes, which are distance d apart. 


Polarization and number of modes 

On a single-fiber waveguide there are two orthogonally polarized fundamental 
modes whose fields are constructed from the fundamental solution of the 
scalar wave equation by the methods of Chapter 13. However, when two fibers 
are present, the symmetry of the composite waveguide doubles the number of 
modes which can propagate. Thus there are two fundamental solutions of the 
scalar wave equation, leading to two pairs of orthogonally polarized 
fundamental modes, i .e.four modes which are not generally cut off. Similarly, 
each set of four higher-order modes of the single fiber is replaced by a set of 
eight modes of the composite waveguide. Given each solution of the scalar 
wave equation for the composite waveguide, the polarization of the modal 
fields is determined by the methods of Chapter 13, i.e. either by symmetry or by 
perturbation methods. 


Propagation constants 

The propagation constants associated with the two fundamental-mode 
solutions of the scalar wave equation are generally distinct because of the 
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asymmetry of the composite waveguide. Hence we anticipate that the 
waveguide will exhibit characteristics similar to those of the anisotropic fiber 
of Section 18-9. In particular, cross-talk can be explained by scalar theory 
alone. Polarization corrections to the scalar propagation constants are 
required to distinguish between the two pairs of x- and y-polarized modes. 
However, as we show in Example 18-14 below, the length scale over which 
polarization corrections manifest themselves along the waveguide greatly 
exceeds that over which cross-talk is significant. 


Notation 

The composite waveguide has refractive-index profile n(x,y) relative to the 
axes in Fig. 18-4, and its modal fields in Eq. (18-1) are expressed in terms of 
¥(x, y) of Eq. (18-3a) through Table 13—1, page 288. In isolation, the 
unperturbed fiber 1 has refractive-index profile n 1 (x,y) and Scalar wave 
equation solution Tj (x,y), relative to the axes in Fig. 18-4. The corresponding 
quantities for the perturbing fiber are n 2 (x,y) and T 2 (x,y). We note that, in 
general, n =/= nj + n 2 . 


18—12 Fundamental modes of identical fibers 

When the two fibers in Fig. 18-4 are identical and well separated, the symmetry 
of the composite waveguide dictates that the two fundamental solutions 'P + 
and *P_ of the scalar wave equation are given approximately by [9] 

¥ + = 'P 1 + V P 2 ; 'F_='F 1 - v P 2 , (18-33) 

where and *P 2 are the fundamental solutions for each fiber in isolation, 
referred to the common axes in Fig. 18-4. If these combinations are not 
obvious, they can be deduced from the perturbation theory in Section 18-18 
below. 


Propagation constants 

The propagation constants associated with 'F + and *P_ are /? + and /?_, 
respectively, while /? is the propagation constant common to T, and 'P 2 . When 
the . fiber separation is infinite, then /?+ = /L = /?. For sufficiently large 
separation we set /? = /? ± , = ¥ , n = h i ,'¥ = in Eq. (18-4) and use the 

simplifying approximations above Eq. (18-5) to obtain 


P + k 


(« 


-H 1 )'F 1 'F + d A 


'F,'F + dA, (18-34) 
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where n denotes the composite profile, A x is the infinite cross-section, 
k = 2n/X and X is the free-space wavelength. Since the fibers are assumed to be 
electromagnetically well separated, we can simplify this expression by ordering 
the terms in the integrals. We substitute for T + from Eq. (18-33) and note that 
T 2 is exponentially small over the core of the unperturbed fiber. Thus the 
integral of is negligible compared with the integral of Tf in the 

denominator. In the numerator n — n l vanishes over the core of the un- 
perturbed fiber, so the dominant contribution to the integral comes from the 
core of the perturbing fiber 2. A similar argument applies to profiles with no 
well-defined interface. Hence Eq. (18-34) is well approximated by 


P±C; 


C = k 


d A\ 


}/ 

Ti dA, 

)l J 

A. 


(18-35) 


where C -* 0 exponentially with increasing separation. 


Polarization corrections 

The four fundamental modes of the two identical fibers are composed of pairs 
of symmetric and antisymmetric modes corresponding, respectively, to T + 
and of Eq. (18-33). By symmetry the transverse electric fields are polarized 

parallel to either the x- or y-axes, as shown in Fig. 18-5. If subscripts x,y 
denote polarization and +, - denote symmetry, then 

e x + = e y+ — 'V+, e x . = e y . = T_. (18-36) 

SYMMETRIC (+) MODES ANTISYMMETRIC (-) MODES 



Fig. 18-5 Orientation of the transverse electric field for the four 
fundamental modes of a pair of identical fibers. 
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The corresponding polarization corrections Sp x+ , Sp y + and <5/5 x _ , <5/^,- to the 
scalar propagation constants p+ and /?_, respectively, are obtained by 
substituting the appropriate field into Eq. (13-11). 


18-13 Cross-talk between identical fibers 

Consider a composite waveguide consisting of two well-separated, identical 
fibers which, in isolation from one another, are single moded. The fundamental 
solutions, 'E + , and scalar propagation constants, /1 + , for the composite 
waveguide were discussed in the previous section. Here we show that the 
phenomenon of optical cross-talk, whereby light initially in one fiber transfers 
to the other fiber during propagation, is a consequence of interference between 
the modal fields associated with the scalar solutions 4% and 4C . We consider 
this problem again in Chapter 29. 

We assume that only x-polarized modes are involved. Hence the magnitude 
£ of the total transverse electric field is given everywhere by 

E = b+ l F + exp (f/? + z) + b_ ¥_ exp (i/?_z), (18-37) 

where b + and b_ are modal amplitudes. Because of the large separation, we 
may assume approximately that, at the endface z = 0 of the composite 
waveguide, the first fiber is illuminated with unit power and there is zero power 
in the neighborhood of the second fiber, i.e. E = 0. We deduce from 
Eq. (18-33) that 4* + S -4 / _ =4*2 close t0 the second fiber, whence at z = 0 
Eq. (18-37) gives b+ = b _. For finite z, the field E 2 in the cross-section of the 
second fiber follows from Eqs. (18-37) and (18-35) as 

E 2 = 2 ib + 4*2 exp (i/lz) sin (Cz), (1 8— 38a) 

and similarly the corresponding field for the first fiber is 

= 2b + 4^ exp (ijSz) cos (Cz). (1 8— 38b) 


Power transfer and beat length 


The power flow P x (z) or P 2 (z) in each fiber is obtained by integrating the 
intensity (n co /2) (£ 0 //z 0 ) 1/2 |£i| 2 or (« co /2) (£ 0 //t 0 ) 1/2 |£ 2 | 2 over the infinite 
cross-section. Since by assumption P x (0) = 1 and P 2 (0) = 0, we deduce from 
Eq. (18-38) that 


P 1 (z) = cos 2 (Cz); P 2 (z) = sin 2 (Cz). 


(18-39) 


Thus power is conserved and unit total power flows along the composite 
waveguide. Furthermore, light power oscillates from one fiber to the other in a 
manner analogous to the behavior of a pair of coupled, identical pendulums. 
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If z b denotes the beat length, i.e. the distance along the waveguide in which 
there is total transfer of power from one fiber to the other fiber and back again, 
then Eqs. (18-35) and (18-39) give 


2n 4 n 

~C = /S + -/L' 


(18-40) 


As the separation increases, /)+ ->/)_ and the beat length becomes exponen- 
tially large. The transfer of power is clearly a consequence of interference, or 
beating, between the fundamental mode fields in Eq. ( 1 8-37), and depends only 
on the difference between the scalar propagation constants. There is no need to 
consider polarization corrections to the propagation constants in order to 
study cross-talk on the composite waveguide. 


18-14 Example: Two step-profile fibers 

The composite waveguide consists of two identical, step-profile fibers of core radius 
p = Pi = p 2 in Fig. 18 4 and center-to-center separation d. In isolation the fibers are 
single moded. Within each core n = n co , and n = n cl in the surrounding medium, while 
h l = n co over the core °f the fi rst fiber an d n , = n cl elsewhere. 


Beat length 

To calculate C of Eq. (18-35) we note that n — h t is nonzero only over the core of the 
second fiber, and that the integral in the denominator is proportional to the 
normalization N of Table 13-2, page 292. Expressions for *P,, Tj and N are deduced 
from Table 14-3, page 313. If r 1( 4> l and r 2 , 4> 2 denote cylindrical polar coordinates 
based on the fiber axes in Fig. 18-4, then 


1 /A \ il2 U 2 K 0 (W) f 2 " f" 

V\2 ) ~V K\(W)J 0 (U) J 0 Jo 


r 2 K 0 (Wrfp)J o (Ur 2 /p)dr 2 d<p 2 , 

(18-41) 


where parameters are defined inside the back cover and apply to either fiber, assuming 
A = 1 —njn^. We use the expansion of Eq. (37-81) to express K 0 (Wr t /p)in terms of 
r 2 and <p 2 . The <i> 2 integration reduces the expansion to a single term, which involves the 
modified Bessel function of the first kind I 0 (Wr 2 /p), and the r 2 integration follows 
from Eq. (37-99). This introduces the factor WJ 0 (U)1 1 (W)+ UJ i{U)I 0 (W) which 
reduces to J 0 {U)/K 0 ((E) with the help of the eigenvalue equation in Table 14-3 and the 
Wronskian of Eq. (37-79). Hence we obtain 


(2 A) 1/2 U 2 K 0 (Wd/p) ~ f rrA | 1/2 U 2 exp (-Wd/p) 
~~p V 2 Ki(fV) V 1 Kj(W) 


The approximate form follows from Eq. (37-88) and is no less accurate than the first 
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form since the fibers are assumed to be well separated electro-magnetically, i.e. 
Wd/p P 1. Substitution of Eq. (18^42) into Eq. (18-40) leads to the exponential 
dependence of beat length on separation as anticipated in the previous section. We 
return to this problem in more detail in Chapter 29. 


Polarization corrections to the propagation constants 


The scalar propagation constants /?+ and /?_ for the fundamental modes of the 
composite waveguide are given by Eq. (18-35) in terms of the fundamental mode 
propagation constant Ji for either fiber in isolation and C of Eq. (18-42). We explained 
in Section 13-5 that polarization corrections are required to correctly distinguish 
between the propagation constants of each pair of fundamental modes associated with 
/?+ or /?_. To determine each correction, we substitute the approximate transverse 
electric field of Eq. (18-36) into Eq. (13-12), where l now denotes the interface of both 
fibers. Thus, in the notation of Section 18-12, and with the help of Eqs. (18-36) and 
(18-33), we obtain Sp x± by setting 

e t =*e x± = *«P ± =5('? 1 ±'P 2 ), (18-43) 

where x is the unit vector parallel to the x-axis in Fig. 18-4. We simplify 
Eq. (13-12) using arguments similar to those below Eq. (18-34). In the denominator the 
integral of the cross-term ± 24% *P 2 is exponentially small compared with the integral 
of *F i + 4*2, which is proportional to twice the normalization of the Table 14-3, page 
313. By ignoring products of exponentially small terms, the integral in the numerator is 
expressible in terms of the coordinates of Fig. 18-4 giving 




(2A) 3/2 U 2 K 2 0 (W ) f 2 * 
"2 tT V*K\(W)] n 


' ¥ 2°~±~('i'i'i'2)\cos<p 2 dcP 2 , 


where Table 14-3, page 313, and Fig. 18—4 give 


'Pi 

8 

Bx 


K 0 (WrJp) K 0 (Wr 2 /p) 

K 0 (fV) ’ 2 K 0 (W) ’ 


sin 4 > 2 B 
p 3<p 2 


+ COS 02 


B 

Br 2 


(18-44) 


(18— 45a) 
(18— 45b) 


where B/8r 2 is evaluated on r 2 = p, and parameters are defined at the back of the book. 
We expand K 0 (Wr l /p) in terms of r 2 and cp 2 through Eq. (37-81) and perform the 
integration to obtain 




(2A) 3/2 U 2 W K 0 


+ 


2 P 

1 2 
K n 


V 3 K t 


1 + 


Uo Ki 


IT K 0 (Wd/p) 


K t 


\k 2 w/p) 


(18—46) 


where I, = Ii(fV) and K t = K t (tV). Similarly 6f) y± is given by the same expression with 
the sign of K 2 (Wd/p) reversed. The common factor on the right is the polarization 
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correction for either fiber in isolation. Terms involving the fiber separation d arise from 
the interaction between fibers. As the fibers are well separated, some simplification is 
possible if we replace K 0 (Wd/p) and K 2 (Wd/p ) by their asymptotic forms of Eq. 
(37-88). 

The polarization corrections cause interference effects between pairs of fundamental 
modes with the same propagation constant. For example, if the modes associated with 
P+ are excited, the difference between SfS x+ and 5f} y+ accounts for the apparent 
rotation of the total transverse fields as they propagate [9], This was examined in 
Section 14-7, and can be characterized by a beat length 4 n/(SP x+ - Sfi y+ ). We can 
compare the cross-talk beat length of Eq. (18-40) with the rotation beat length. For 
large separation, Eqs. (18—40), (18-42) and (37-88) give 


Wx+ -&Py + 


2A W{I 2 (W)K, (W) - 1, (W)K 0 (W)}. 


(18—47) 


Since A <g 1, cross-talk is the dominant effect regardless of separation. 


18-15 Example: Double parabolic-profile waveguide 

We next consider the fundamental modes of the double parabolic profile waveguide, 
which has the profile of Eq. (16-30), illustrated in Fig. 16-2(b). Despite the fact that 
such a waveguide is unphysical for the reasons given in Section 14-4, it provides the 
simplest perturbation problem for any two-fiber waveguide. The unperturbed fiber has 
the infinite parabolic profile 

n 2 i = «co {! -2A[(x/p + d/2p) 2 + {y/p) 2 ]}, (18^48) 


where p is the scaling length, and the perturbing fiber has the same profile except that 
the sign of d is reversed. By appropriately modifying the solution in Table 14-2, page 
307, the fundamental-mode solution of the scalar wave equation for each fiber in 
isolation is given by 


v Pi ,2 = exp 


V[(2 x±d) 2 
2 I 4 p 2 



(18—49) 


where -I- and — refer to 1 and 2, respectively, and V is defined inside the back cover. To 
calculate C, we substitute Eqs. (16-30), (18-48) and (18—49) into Eq. (18-35), set n — fi 1 
= ( n 2 —nj)/2n co , and deduce the integral in the denominator from the normalization 
expression in Table 14-2. Noting that n 2 —n 2 is nonzero only for x > 0, straightfor- 
ward integration over x and y leads to 


C = 



d> 


2 P 

yt/2’ 


(18-50) 


since the fibers are assumed well separated. The Gaussian dependence of C on 
separation, instead of the simple exponential dependence of Eq. (18—42) for step-profile 
fibers, is a consequence of the infinite variation of the parabolic profile. The scalar 
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propagation constants follow from Eq. (18-35) and Table 14-2, and the polarization 
corrections can be simply determined from Eq. ( 1 3- 1 1 ) by paralleling the derivation in 
the previous example. 


Comparison with exact solution 

We derived the exact solution of the scalar wave equation for the double parabolic 
profile in Section 16-8. The propagation constants for the fundamental modes are 
given implicitly by the eigenvalue equations of Eq. (16-35). If the normalized 
separation is sufficiently large to satisfy d/p > 2/K 1/2 , it can be readily verified that the 
asymptotic forms of the parabolic cylinder functions lead to the perturbation solutions 
p + and p _ derived above. Similarly, the accuracy of the superposition approximation of 
Eq. (18-33) can also be shown. We refer elsewhere for details [10], 


18-16 Higher-order modes of identical fibers 

We showed in Section 14-3 that there are four modes associated with each 
value / > 0 on a circular fiber. If 'P 1 and ‘P 2 denote the same scalar wave 
equation solution for one of these modes relative to identical fibers 1 and 2 in 
Fig. 18-4, then, by symmetry, the two corresponding perturbation solutions 
'P + and of the composite waveguide are given by Eq. (18-33). Thus the 
four modes of the circular fiber correspond to eight modes of the composite 
waveguide. According to Section 13-8, each higher-order mode has a 
transverse electric field which is uniformly polarized parallel to the x- or y-axis 
in Fig. 18-4, as is clear from symmetry. Only when the fiber separation is 
infinite do we recover the polarization patterns of the circular fiber, e.g. the 
transition in Fig. 18-6(a)forthe mode which reduces to a superposition of two 
even HE 21 modes. This transition was discussed qualitatively in Section 13-9. 
In the following example we show quantitatively how the transition depends 
on separation. 


18-17 Example: Two step-profile fibers 

The change from the uniformly polarized modes of the composite waveguide to the 
/ = 1 patterns of the single fiber can be described quantitatively by A of Table 13-1, 
page 288. We take P c and p 0 to be the propagation constants for the even and odd scalar 
solutions 

T +e = + = F 1 (r 1 /p)cos<j> 1 +F l (r 2 /p)cos<j> 2 , (1 8— 51a) 

T +0 = < ? 1o + 'F 2o = F l (r l lp)s\n<j> l +F l (r 1 lp)sm4> 2 , (18-51b) 
respectively, in the notation of Fig. 18-4, where p = p 2 = p 2 and F 1 is defined in Table 
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Fig. 18-6 (a) The transition of an l = 1 mode of the two-fiber wa- 
veguide to the superposition of two even HE 2 i modes, where arrows 
denote the direction of the transverse electric field, (b) Plots of the 
normalized parameter 2A | A | of Eq. (18-53) as a function of the fiber 
parameter- for various values of d/p. The mode is cut of at V = 2.4 and the 
vertical dashed line corresponds to V = 3.8. 


14-6, page 319. To calculate J3 e , it is adequate to use Eq. (18-35) with 4 > 1 =*P le , 
*P 2 = 'P 2e , and similarly for /? 0 . By paralleling the development in Section 18-14, it is 
readily verified that 


(2A) 1/2 U 2 K 2 (Wd/p) 
p V s K 0 (W)K 2 (W)' 


(18-52) 


Finally, by substituting from Table 14-6, we deduce from Table 13-1, page 288, that [9] 


1 K 2 {Wd!p) WK 0 (W) - 1 

2A Kf(W) 2 K^fV) 


(18-53) 


The quantity 2A| A | is plotted in Fig. 18-6(b)as a function of the parameter V for either 
fiber and for various values of the normalized separation d/ p. Corresponding values of 
W are generated from the l = 1 eigenvalue equation in Table 14-6. The composite 
waveguide behaves as two fibers in isolation from one another if A -*• 0. This occurs if 
the separation is large or V 1. In the latter case, modal power is essentially confined to 

the fiber cores and the evanescent cladding field is very small. For V = 3.8, the modes of 
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the composite waveguides are uniformly polarized for arbitrary separation, for reasons 
explained in Sections 14-7 and 18-10. 


18-18 Fundamental modes of nonidentical fibers 

It is convenient to distinguish between pairs of distinctly different fibers, and 
pairs that are nearly identical. 


Distinctly different fibers 

Consider two parallel fibers which are significantly different from one another, 
e.g. the unequal core radii of Fig. 18-4. The fundamental solution of Eq. 
(18-33) for the composite waveguide is inappropriate because of the lack of 
symmetry. However, because of the dissimilarity it is intuitive that the 
fundamental-mode fields of the composite waveguide are just the correspond- 
ing fields of either fiber in isolation. Hence, provided the fibers are 
electromagnetically well separated, we have in the notation of Section 18-12 

T + =T t , ¥_=4> 2 , j8_=? 2 , (18-54) 

where and (l 2 are the fundamental mode propagation constants for each 
fiber. 


Nearly identical fibers 

Clearly there must be a transition from the fundamental solutions of 
Eq. (18-54) to those of Eq. (18-33) as the fibers become similar. In the 
situation where the fibers are nearly identical, the fundamental-mode solutions 
of the composite waveguide may be expressed, for later comparison with 
Eq. (18-33), in the general form 


T 1 +u + 'F 2 V 1+ a. V 2 

(1 + a 2 ) 1/2 ( 1 +« 2 ) 1/2 ’ 


(18-55) 


using the notation of Section 18-12, and a + , a_ are constants. To determine 
the constants and the corresponding propagation constants /(+ and j?_,we set 
¥ = 9 lt jff = ft, n = n 1 and ¥ == ¥ ± of Eq. (18-55) in Eq. (18-4). The fibers 
are assumed to be well separated, so we can parallel the arguments leading 
from Eq. (18-34) to Eq. (18-35), and, with the help of the approximations 
above Eq. (18-5), obtain 

P± =? 1 +a ± C 12 , (18-56a) 


where denotes p+ or fi _ , a ± denotes a+ or a_ ,and C 12 = C of Eq. (18-35). 
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A second equation is derived similarly by setting ¥ = *P 2 , P = P 2 and n = n 2 
in Eq. (18^1) with T = T ± as before. This leads to 


a ±P± = a+Pi +C 2 i, (18— 56b) 

where C 2 1 is given by C of Eq. (18-35) with subscripts interchanged. 
Elimination of a ± between these two equations gives the consistency condition 
for nontrivial solutions. Within the accuracy of Eq. (18-56) we can set 
C 12 = C 2 i = C since the fibers are nearly identical. Hence the propagation 
constants are given by 


h 


P1+P2 c 

2 ~ F’ 


F = 



Uh-th ) 2 } 112 

4 C 2 j 


(18-57) 


where 0 ^ F ^ 1. Substitution of Eq. (18-57) into Eq. (18-56) gives 


a ± 


Pl~Pl 1 

2 C ~F' 


(18-58) 


When the fibers are identical Pi = P 2 , whence F = 1, a ± = +1 and Eq. 
(18-55) reduces to Eq. (18-33) apart from an amplitude factor. If the fibers 
differ significantly \Pi~P 2 \p 2 C, whence F->0, a + ->0,a_->oo and Eq. 
(18-55) reduces to Eq. (18-54). We recall from Eq. (18-35) that C decreases 
exponentially with increasing separation. Consequently, however slight the 
difference between fibers, F -» 0 provided the separation is large enough, and 
the fibers behave as if isolated from one another. 


18—19 Example: Two step-profile fibers of similar core radii 

Consider a composite waveguide consisting of two step-profile fibers of core radii p and 
p + Sp, and common core and cladding indices n co and n c] . Using the notation of the 
previous section, the difference /h — /? 2 in fundamental-mode propagation constants is 
given by /? — p of Eq. (18-1 3a), and C follows from Eq. (18-42), assuming the fibers are 
well separated. Hence 

= V ' 2 V 2 Kl(W)txp(Wdlp), (18-59) 

2 C p \ np ) 

where parameters are defined at the back of the book. For a separation d = 4p and 
V = 2.4, we deduce from Table 14—4, page 314, that the value on the right is 
approximately 280 <5 p/p. Hence for a 1% change in core radius, Eq. (18-57) gives 
F S 0.3. 
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18-20 Cross-talk between nonidentical fibers 

The discussion of cross-talk in Section 18-13 can also be applied to a pair of 
nonidentical fibers, provided we use Eq. (18-55) in Eq. (18-37) instead of 
Eq. (18-33). We again assume the fibers are well separated and the first fiber is 
illuminated with unit power. The field in the neighborhood of the second 
fiber is zero at z = 0, and this leads to the requirement a + b+ = — a~b _. 
Consequently the fields corresponding to Eq. (18-38) can be expressed as 

exp{;'(/Ti + /? 2 ) z /2}j(a_ -a + )cos^z^ + i(a_ + a+)sin0z 

(18-60a) 

E 2 = 2 ia+ b+ ^2 exp{i(^! + /? 2 )z/2} sin^z^. (18— 60b) 

By analogy with Eq. (18-39) we find from Eqs. (18-57) and (18-58) that 

(18-61) 

Consequently the fraction of total power transferred between the two fibers is 
F 2 , and the beat length z b = 2nF/C. Using the figures from the previous 
section a 1 % difference in core radii of the two fibers results in a maximum 
exchange of 10% of total power. We consider this problem again in 
Chapter 29. 

MODES OF PERTURBED FIBERS OF ARBITRARY 
PROFILE 

All of the perturbation situations considered so far assume that (i) each fiber is 
weakly guiding, i.e. only a slight variation in profile, and (ii) the refractive index 
in the perturbation region is similar to the refractive index in the same region 
of the unperturbed fiber. Here we show that standard perturbation methods 
are generally inaccurate for describing the modal fields and propagation 
constants due to perturbations of fibers with arbitrary refractive-index 
profiles. The inaccuracy is due to polarization properties of the perturbation 
region. In certain special cases, alternative methods can be used, as described in 
the examples below. 

Relationship between the modes of the perturbed and unperturbed fibers 

We again consider perturbations which do not vary along the length of the 
fiber. The perturbed fiber with refractive-index profile n(x, y) has unknown 
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modal fields and propagation constants expressed by Eq. (18-1). Similarly, the 
unperturbed fiber with arbitrary refractive-index profile h{x, y) has known 
modal fields and propagation constants expressed by Eq. (18-2). The two 
situations can be related exactly through Maxwell’s equations, as we show 
in Section 31-7, and the analogous expression to Eq. (18-4) is given by 
Eq. (31-39). Dropping suffices we have 


P = P + k 



(n 2 — n 2 )e-e* dA 



exh* + e*xh} -z dA 


(18-62) 


where A ^ is the infinite cross-section, z is the unit vector parallel to the fiber 
axis, * denotes complex conjugate and remaining parameters are defined inside 
the back cover. This expression reduces to Eq. (18-4) when both perturbed and 
unperturbed fibers are weakly guiding, as may be verified from Table 13-1, 
page 288. 


18-21 Perturbation solution 

We consider perturbations for which (i and /? of Eq. (18-62) are similar. For 
convenience, we restrict attention to situations involving only a single fiber. 
Since n 2 — h 2 can be arbitrarily large, the perturbation region must either be 
small or be located far from the fiber axis where the fields are exponentially 
small. Fora sufficiently small perturbation region, the magnetic fields must be 
similar everywhere, i.e. h = h, since Maxwell’s equations require that h be 
continuous across the boundaries of the perturbation region. However, this is 
not generally true of the electric fields. The condition e = e holds everywhere, 
except within the perturbation region and possibly close to it. This proviso arises 
because e is a solution of Maxwell’s equations and must therefore satisfy 
continuity of the normal component of n 2 e at a discontinuity in profile. We can 
best explain this by a simple example. 


Step discontinuity 

Consider an unperturbed fiber with the step profile of Fig. 18-7. The 
perturbed profile includes the narrow hatched region. Relative to the 
cylindrical polar directions in Fig. 14-1, the tangential, i.e. azimuthal and 
longitudinal components e <t and e z of the perturbed electric field are 
continuous across the interfaces at r = r 1 and r = r 2 . Hence e z = e 2 and 
e $ S e <tl everywhere including the perturbation region. However, since n 
changes abruptly from n cl to n 0 at the interfaces, the normal, or radial, 
component e r must be discontinuous to ensure continuity of n 2 e r 
Consequently e r differs from e r within the perturbation region, the difference 
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Fig. 18-7 The unperturbed step profile of core radius p has arbitrary 
core and cladding indices n m and n cl . A perturbation of width dp <s p and 
arbitrary index n a is introduced in the cladding. 


increasing as the difference between n 0 and n cl increases. Furthermore, even if 
n 0 = n cl , it may be inadequate to assume e T = e r within the perturbation 
region, as we show in the first example below. A similar argument applies to 
continuous profiles with rapidly varying perturbations. 

It follows from the above discussion that, in general, we may simplify only 
the denominator of Eq. (18-62) by assuming e = e, h = h since the perturb- 
ation region gives only a negligibly small contribution to the integral. This 
leads to 


2 \Ho 


/* 

V /Z 4 

0 I 


(n 2 — n 2 )e-e* cL4 


1 


(18-63) 


exh* -z cL4 


where A p is the cross-section of the perturbation region. Thus, there is no 
perturbation expression for the arbitrary profile fiber that is analogous to 
Eq. (18-5) for weakly guiding fibers. This complicates the analysis because we 
have to find an approximation for the perturbed field e in the perturbation 
region. There is no single, universal method for determining e, and each case 
needs to be considered individually. We now consider examples. 


18-22 Example: Infinitesimal nonuniformity 

We reconsider the isolated nonuniformity of Section 18-7. The core profile and the 
refractive index n 0 of the nonuniformity in Fig. 18-1 (c) are now arbitrary, and we 
assume that 5A is sufficiently small that the largest linear dimension satisfies d 0 4 A, 
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where A is the free-space wavelength. Under this condition, there is negligible spatial 
variation in the transverse dependence of the electric field within the perturbation 
region. Consequently, the longitudinal component of the perturbed field, which is 
continuous across the boundary of the perturbation region, satisfies e 2 = e z (p 0 ) within 
the perturbation region, where x = p 0 ,y = 0 locates the nonuniformity. On the other 
hand, the transverse electric field, which is discontinuous across the boundary, can be 
determined using the quasi-static approximation, i.e. the implicit time dependence 
exp( — icot) is retained, but the transverse spatial dependence e t (p 0 ) within the 
perturbation region is determined by Laplace’s equation rather than by Maxwell’s 
equations. The same conclusion can be obtained formally by multiplying the vector 
wave equation of Eq. (11^40a) by d%, setting n — n 0 , and ignoring terms involving 
powers of d 0 /A. Accordingly, we need to solve the electrostatic problem for an infinitely 
long dielectric cylinder of uniform refractive index n 0 which is surrounded by a medium 
of uniform refractive index h(p 0 ) and is subjected to a constant transverse field e t (p 0 ). 
Solutions are available for elliptical and circular cross-sections [11,12], For the circular 
cross-section 

e t(Po) = - 2 2 ,” \ P °\ «.(Po)- (18-64) 

« (Po) + «o 

Thus if n 0 and n (p 0 ) are sufficiently dissimilar, the perturbed and unperturbed fields can 
differ greatly within the perturbation region. Even if n 0 s h (p 0 ) we need to retain Eq. 
(18-64) without further approximation in order to describe correctly polarization 
effects due to the nonuniformity, e.g. the difference in fundamental-mode propagation 
constants. 


Fundamental modes of the perturbed step-profile fiber 


The direction of the fundamental-mode transverse electric field within the core of an 
arbitrary step-profile fiber is shown schematically in Fig. 12-6. When the non- 
uniformity of Fig. 18-1 (c) is included, the symmetry of the circular fiber is broken. 
However, since the nonuniformity is infinitesimal, it is clear that the two fundamental- 
mode patterns are oriented as shown in Fig. 18-8. The propagation constants 
associated with Figs. 18— 8(a) and 1 8— 8(b) are (i x a.nd fi y , respectively. If we substitute Eq. 
(18-64) into Eq. (18-63) and recall the normalization definition in Table 1 1-1, page 230, 
we obtain 


<5/4 




^V ,2 A 

V N 


\ 2nl\e x (Po)\ 2 

1 + 


+ MPo)| : 


(18-65) 


where n co is the unperturbed core index, and for clarity we omit the - from unperturbed 
quantities. Similarly, ji y is given by the same expression with e x replaced by e y . The 
components of e are deduced from Table 12-3, page 250, by setting v = land/? = p 0 /p. 
For components associated with p x , we put <j> = 0 in the even HE n mode fields and 
obtain 


a lJp(Uo)+ U2J 2 (AAq). 


iU MU 0 ) 

pP JAU)’ 


e. 


JAU) 


e. 


(18-66a) 
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Fig. 18-8 Orientation of the transverse electric field for (a) the x- 
polarized and (b) the y-polarized fundmental modes on an arbitrary step- 
profile fiber with an isolated, small nonuniformity. 


while for f} y we set 4> = 0 in the odd HE, , mode fields and get 


e 


y 


aiJo(Uo) ~ a 2J i(U o) % 
7 Jy(U) 


e z = 0, 


( 1 8— 66b) 


where U 0 = Up 0 /p and a,, a 2 are defined in Table 12-3. Hence Eq. (18-65) leads to a 
measure of the asymmetry, or birefringence, given by 




SA f e 0 V 12 k | 8 a^nl 

J\(U) 4 \J N \ n 2 0 + nl, 


Jo(U 0 )J2(U 0 ) + -^2 

P P 


JUU 0 )}, 

(18-67) 


for arbitrary values of n 0 and n Q0 . In the weak-guidance limit n 0 = n co , and with the help 
of Tables 12-3, page 250, 12-6, page 260, and 14-3, page 313, the above expression 
reduces to 


(2A) 1 ' 2 


no-n^ SAU* K 2 o m 
n co np 3 V 3 J 2 (U)K 2 m 


{ J i (0 o ) - Jo(Uo)J 2 

(18-68) 


where U 0 = Up 0 /p, and parameters are defined at the back of the book. It is clear from 
Table 12-6 that this result requires e z correct to order A 1 /2 and e, correct to order A. If 
we had used e, = e, in Eq. (18-63) instead of Eq. (18-64), we would not have obtained Eq. 
(18-68), even when n 0 = n co . 


I&-23 Example: Change in core radius 

The effect of a slight change dp in the core radius p of a weakly guiding step-profile fiber 
was discussed in Section 18-6. Here we allow for an arbitrary difference between the 
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core and cladding indices n co and n d . We recognize that this problem is superfluous 
because the known solution for the unperturbed fiber applies to any core radius. 
However, it is included to demonstrate very simply the basic idea involved. Unlike the 
previous example, the perturbation region width can be large compared with the 
wavelength A, provided dp p. The situation is shown in Fig. 18— 9(a). 




Fig. 18-9 (a) An arbitrary step-profile fiber is perturbed slightly by 
increasing its core radius from p to p + dp. (b) The radial component of the 
unperturbed and perturbed electric field across the perturbation region is 
given by e t and e„ respectively. 


The field e in the perturbation region is expressible in terms of the field e of the 
unperturbed fiber through the boundary conditions of Maxwell’s equations. Hence 
both the longitudinal and azimuthal components of the unperturbed and perturbed 
fields must be continuous at r — p and r = p + dp, respectively. Accordingly we set 
e z — e z (p), e# = e^,(p) within the perturbation regioa The radial component of the 
unperturbed field must satisfy continuity of n 2 e r at r = p. With reference to Fig. 
18-9(b), this gives 

n l,e I (p-) = nfc(p + ), (18-69) 

where subscripts —and + refer to the inner and outer sides of the interface. The 
perturbed component e r is continuous across r = p and satisfies e T (p . ) = e r (p _ ) since 
dp is small. Substitution into Eq. (18-69) leads to 

e T (r) £ (nJn co ) 2 e I (p+) £ (njn m ) 2 e z (r), (18-70) 

within the perturbation region. In other words, e is given by the analytic continuation of 
the core field e into the perturbation region. Since n and h differ only within this region, 
the error in assuming e = e in Eq. (18-63) can be arbitrarily large. However, if n co = n d , 
the approximation e = e is sufficient since the perturbation does not break circular 
symmetry, unlike the previous example. We can then recover the weak-guidance result 
of Eq. (18— 13a), as may be readily verified. 
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18-24 Example: Elliptical deformation 

We reconsider the slight elliptical deformation of Fig. 18-2 (a). When the core and 
cladding indices of the step profile are arbitrary, the fields in the four perturbation 
regions can differ greatly from the fields of the circular fiber. If we apply the reasoning 
of the previous section, the perturbed field e in the shaded areas which cross the x-axis is 
given by the analytic continuation of the core field e of the circular fiber. Similarly, e 
within the shaded areas which cross the y-axis is given by the analytic continuation of 
the cladding field e of the circular fiber. With this substitution, Eq. (18-63) gives the 
appropriate propagation constant for the perturbed mode, provided the eccentricity is 
small. If we substitute the even and odd fundamental-mode fields from Table 12-3, 
page 250, into Eq. (18-63), then, with the help of Section 18-10 and Table 12-6, page 
260, it is straightforward to recover Eq. (18-25) for the difference between perturbed 
propagation constants in the limit n c0 = n cl [8], 

18-25 Example: Absorbing fibers 

On an arbitrary profile fiber which is slightly absorbing, it is sufficient to assume e = e 
in order to calculate the small imaginary correction to the propagation constant. We set 
P = jff+jS 1 , n = tf + in' in Eq. (18-63), where superscripts r and i denote real and 
imaginary parts and n' < n'. Using the definitions inside the back cover and in Table 
11-2, page 232, we deduce that 


(18-71) 


where y is the power attenuation coefficient and the transverse field components of the 
unperturbed fiber are assumed real. This expression is identical to Eq. (11-63), which 
was derived from the Poynting vector theorem, since e t and TT t are assumed real. 
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The previous chapter was concerned with perturbations due to nonunifor- 
mities which do not vary along the length of the fiber. However, fibers can also 
have nonuniformities which depend upon position along the fiber, e.g. 
variations in the core radius of a circular fiber or the twisting of the cross- 
section of an elliptical fiber. This chapter introduces a technique for describing 
propagation on such fibers with arbitrary profiles and arbitrarily large 
nonuniformities, provided only that the nonunijormities change sufficiently 
slowly along the fiber, as discussed below. Conceptually the method is the 
modal analogue of the ray analysis for slowly varying, multimode fibers in 
Chapter 5. However, our main interest here is in the application to single-mode 
fibers. 


LOCAL MODES 

Fibers which change along their length are not translationally invariant, 

407 
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and therefore they cannot support the modes described in Chapter 11. 
Furthermore, there are, in general, no exact solutions of Maxwell’s equations. 
However, if the fiber is slowly varying, it is intuitive that the modes of some 
unperturbed fiber are accurate approximations to the solution of Maxwell’s 
equations within local regions. We call such approximate modes local modes in 
analogy with the local plane waves of Chapter 35. The characteristics of local 
modes can be best appreciated by deriving their fields. 

19-1 Fields of local modes 


The slowly varying fiber in Fig. 19-1 (a) has the z-dependent refractive-index 
profile n(x,y,z). To construct its local mode fields, we approximate the fiber by 
the series of cylindrical sections in Fig. 19-1 (b) [1], The profile is independent 



(a) (b) 


Fig. 19-1 (a) A nonuniform fiber varies along its length and has 

refractive-index profile n (x,y,z) and (b) the approximate model is a series 
of sections, where z c denotes the center of each section and bz is the length 
of a particular section. 

of z within each section and is defined at the center z = z c , where it coincides 
with the profile of the nonuniform fiber, i.e. n = n(x,y,z c ). We approximate the 
fields within the finite section by the modal fields of an infinitely long fiber with 
profile n(x,y,z c ). Clearly, this approximation is very accurate provided the 
length of the section bz is large compared with the biggest length scale for the 
fields, as discussed below. By analogy with Eq. (1 1-3), the fields of the jth local 
mode have the separable forms 

E j = e ; (x, /ij(z c )) exp {i^(zjz}; H ; = hj(x,y,/i,(z c ))exp {ift(z c )z}, 

(19-1) 

within each section, where x and y are coordinates in the fiber cross-section. 
The Cj and h ; are solutions of the vector wave equations of Eq. (11^10) with 
n = n{x, y, z c ), and the propagation constant (lj (z c ), which is implicit in and 
hj, is determined from the eigenvalue equation. 
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Power and phase 

Although the fields expressed by Eq. (19-1) vary as the profile varies from 
section to section, the power of a local mode must be conserved along the 
nonuniform fiber. This requirement is automatically satisfied if we use the 
orthonormal forms of Eq. (11-15) for the fields in each section, i.e. replace 
and h y by e, and hy, respectively, in Eq. (19-1). 

As a local mode propagates, its phase increases across each section by the 
product of Pj(z c ) and the section length 6 z. Consequently, the phase at an 
arbitrary position along the nonuniform fiber is a sum of such products. 
However, the slow variation of the fiber means that the propagation constant 
/?y(z c ) varies only slightly from one section to the next. Hence we can accurately 

approximate the phase sum by the integral j* Pj(z)dz. Likewise we can replace 

Pj (z c ) b y PA Z ) in e; and 

To summarize, the local-mode fields at position z are given by 


Ey = ey(x,y,)Sy(z))exp- 

f 

i\ 

f z 

Pj(z) dz 

0 

•; Hy= hy(x,y,/?y(z))exp- 

['J 

2 j8y(z)dz 
0 

[• 

(19-2) 


where ey, hy and /J,(z) are determined from the prescription below Eq. (19-1) 
with z c = z. Thus ey and hy depend implicitly on z through jSy(z). This result can 
also be derived formally from Maxwell’s equations, as we show in Chapter 28. 

Our derivation of the local-mode fields is sometimes called the adiabatic 
approximation, since it assumes all changes in profile occur over such large 
distances that there is a negligible change in the power of the local mode [2]. 
Thus, although a local mode is an excellent approximation for a slowly varying 
fiber, it is not an exact solution. The small correction to the local-mode fields is 
determined by the methods of coupled local modes in Chapter 28 or by the 
induced current method of Section 22-10. 


19-2 Criterion for slow variation 

In nonuniform fibers many problems of practical interest can be easily solved 
by using local modes, as we demonstrate in the examples below. However, the 
local-mode fields will be an accurate approximation to the exact fields only if 
the nonuniformities vary sufficiently slowly along the fiber. Since the local- 
mode fields are constructed from the modal fields of the locally equivalent, 
cylindrically symmetric fiber, the appropriate slowness condition is determined 
by the largest distance over which the total field of the cylindrically symme- 
tric fiber changes significantly due to phase differences between the various 
modes. 
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Beat length 

We recall from Eqs. (11-2) and (11-3) that the total field on a cylindrically 
symmetric fiber can be represented by a summation of modes. It is then clear 
that the total field can undergo a significant change in a distance equal to the 
beat length, z b , between a pair of modes. We need the largest beat length, which 
is given by 

z b = 2«t/|/Jj ~P 2 \’ (19-3) 

where and /? 2 denote the two closest propagation constants. Hence the fiber 
nonuniformity must change over a distance large compared with z b to ensure 
the accuracy of the local-mode solution. We note that z b is much larger than the 
distance 2 n/fij necessary for a significant change in the phase of an individual 
mode. 


Single-mode fibers 

On a circular, nonuniform fiber that carries only the fundamental mode with 
propagation constant P 1 , the propagation constant (l 2 in Eq. (19-3) refers to 
a packet of radiation modes. These modes are discussed in Chapter 25, and 
they constitute the radiation field. If the fiber has uniform cladding index n cl , 
the radiation-mode propagation constant assumes all values in the range 
0 < p 2 < kn d , as do plane waves in an unbounded medium of index n d . Thus the 
largest value of z b over which the field of the fundamental mode can change is 
given by Eq. (19-3) with fl 2 = kn d . This is equivalent to assuming that the 
radiation is principally due to a z-directed plane wave and is therefore an 
overestimate in any practical problem. If we assume the fiber is weakly guiding, 
we can express this upper bound on z b in terms of the parameters inside the 
back cover as 

2n 4np V 

= = 19 ^ 
since ft = kn c0 = kn d , where n c0 is the maximum core index. 


Multimode fibers 

On a multimode fiber, the separation of modal propagation constants 
decreases as the fiber parameter V increases, and hence the slowness criterion of 
Eq. (19-3) gives z b -* oo as V -» oo. However, for the multimode-fiber problems 
of Chapters 1 to 9 this requirement is unnecessarily restrictive. We showed 
above that z b arises from the phase difference between a pair of modes, whereas 
diffuse illumination of a fiber excites all modes, or, equivalently, all ray 
directions, and the importance of modal phase is de-emphasized. By ignoring 
phase, z b is replaced by a distance we call the modal half-period. This is the 
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distance along the fiber associated with the flow of power within a mode and is 
contained implicitly within the eigenvalue equation. For modes which 
propagate only on multimode fibers, the modal half-period is identical to the 
ray half-period z p of Section 5-5. On fibers which propagate only a few modes, 
the modal half-period generally is larger than the ray half-period, as may be 
anticipated from the discussion of the lateral shift in Section 10-6. For the step- 
profile planar waveguide, the modal half-period is the sum of z p and z„ as 
illustrated in Fig. 10-4(a). 


Summary 


Using the expressions derived above, we can give qualitative criteria for the 
validity of local-mode solutions on a nonuniform fiber with refractive-index 
profile n(x,y,z). Over distance z b , the change in profile varies as (dn 2 /dz)z h , 
whence we deduce from Eqs. (19-3) and (19-4) that the slowness criteria are 


2n 1 dn 2 ^ 4np V 1 dn 2 ^ t 

< ; IT < 


(19-5) 


for weakly guiding fibers propagating two or more modes and one mode, 
respectively, where /?,, [i 2 , V and W are evaluated at position z. 

While these criteria are only qualitative, they provide insight into the 
requisite slowness in variation along a fiber for a local mode to propagate 
without losing significant power. Later, in Chapter 28, we derive exact 
expressions for the slowness criterion from Maxwell’s equations. 


19-3 Example: Nonuniform core radius 

Consider a clad fiber whose core radius p (z) changes along its length, such as the taper in 
Fig. 19-1 (a). For simplicity we assume the fiber is weakly guiding and has a step profile. 
As a particular local mode propagates, the fraction of its power within the core, q (z), at 
each position z decreases as p(z) decreases. This is evident from Fig. 14-3(c) since the 
local fiber parameter V is proportional to p (z). 


Absorbing core 

If the core material is slightly absorbing with power absorption coefficient a co , then Eq. 
(18-16) shows that the power attenuation coefficient is y (z) = tj(z)a co at position z. The 
modal power P(z) is found by replacing y with y (z) in Eq. (11-62) and integrating to 
obtain 

P(z) = P( 0)exp | -a co | rj{z) dzj = P(0)exp { -a co >/ av z}, (19-6) 

where ^ av is the average value of tj(z) over length z of fiber. This result also applies to 
fibers where both the core radius and profile change slowly with z. 
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The above results will be accurate provided the fiber radius does not change significantly 
over a distance equal to the appropriate beat length in Eq. (19-5), i.e. |<5p/p(z)| 4 1 
where <5p = z b dp(z)/dz. For a fiber supporting more than the fundamental mode z b is 
given by Eq. (19-3), which leads to 

\n(z)\<\^-p 2 \p(z)/2n, (19-7) 

where fi(z) = tan Q(z) = dp(z)/dz is the local taper angle relative to the z-direction. The 
requirement that the ratio of the two sides of this inequality be constant suggests a taper 
shape along which the local mode is equally accurate everywhere. For a single-mode 
fiber, z b of Eq. (19-4) gives 

|Q(z)|<g(2A) 1/2 H> 2 /4jtK, (19-8) 

where parameters are defined inside the back cover and the value of IT for each local 
value of V is found in Table 14-4, page 314. When this condition is satisfied, local 
fundamental modes can propagate with negligible radiation loss. However, if the taper 
angle is fixed and the index difference A is reduced, we anticipate that the fiber becomes 
more susceptible to radiation losses. 


19-4 Example: Twisted elliptical fibers 

Consider a single-mode, elliptical fiber whose refractive-index profile rotates along its 
length, as shown in Fig. 19-2. We recall from Section 13-5 that in the weak-guidance 
approximation one fundamental mode of the cylindrically symmetric, elliptical fiber is 
plane polarized with its transverse electric field parallel to the x-axis in Fig. 19— 2(a) and 
has propagation constant [l x . The other fundamental mode’s field is parallel to the y-axis 
and the propagation constant is fi y . It is intuitive that the two local fundamental modes 
propagate along the twisted fiber with their transverse electric fields parallel to the 
rotating x- and y-axes in Fig. 19-2(b), and have constant propagation constants p x and 



Fig. 19-2 The cross-section of an elliptical fiber rotates along its length. 
Axes x and y are fixed along the major and minor axes, and axes x 0 and y 0 
are fixed in space. 
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[i y , respectively. Thus the only difference between the local modes and the correspond- 
ing modes of the translationally invariant fiber is the rotation of the field vectors to 
maintain alignment with the x- and y-axes at each position along the fiber. Similar 
arguments apply to twisted, anisotropic fibers. 


Slowness criterion 

The slowness criterion requires the twist be only slight over a distance equal to the beat 
length between the two fundamental modes in order for the above description to be 
accurate. By setting fi l = ji x and fi 2 = j} y in Eq. (19-5), the criterion is expressible as 

\r(z)\<\fi x -fi t \/2K, (19-9) 

where r(z) = (l/n 2 )3n 2 /dz defines the local rate of twist. 

In the case of a step-profile fiber of slight eccentricity e and mean core radius p, it is 
clear from Fig. 18— 2(b) that fi x ~P y is of order e 2 (2A) 3/2 /10p. If we define z r to be the 
distance for the fiber to twist through a complete revolution, then Eq. (19-9) gives 

z r = 27 i/|t(z)| g> 40rc 2 p/{e 2 (2A) 3/2 }. (19-10) 

For a typical single-mode fiber e 2 = 0.5, 2A s 0.02 and p = 3 pm, whence z r must be a 
few metres to satisfy this condition. 


LOCAL MODES OF TWO NONUNIFORM FIBERS 

The local-mode concept also applies to slowly varying composite waveguides, 
such as the two identical libers in Fig. 19-3(a) and the pairs of nonidentical 
fibers in Fig. 19-4, and is therefore a powerful method for studying the 
properties of nonuniform couplers. 

19-5 Fields of local modes 

The construction of the local-mode fields for the composite waveguide is 
straightforward. In analogy with Section 19-1, we first approximate the two 
fibers by the sections in Fig. 19-3 (b). Thus each differential section is regarded 
as part of a composite waveguide consisting of two parallel, translationally 
invariant fibers with refractive-index profile evaluated at the center of the 
section. Assuming the fibers to be weakly guiding and sufficiently well 
separated, the fundamental-mode solutions and propagation constants for the 
scalar wave equation are given by Eqs. (18-33) and (18-34). If we parallel the 
discussion of Section 19-1, the local fundamental solutions ^ (x, y, /?(z)), 
*P 2 (x, and propagation constant j?(z) of the scalar wave equation for 

each fiber in isolation depend on z. Consequently, the perturbation solutions 
'P + , /?+ and *F_, /J_ for the composite waveguide are z-dependent. The 
complete spatial dependence of the transverse electric field for the x- or y- 
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(a) (b) i— 6z — 


Fig. 19-3 (a) A composite waveguide comprising an identical pair of 
parallel, nonuniform fibers and (b) the approximate model consisting of a 
series of sections, where z c denotes the center of each section and Sz is the 
length of a particular section. 


polarized local fundamental modes then follows from Eqs. (18-36) and (19-2) 


E ± = T±(x,y,z)exp|t J 0 ± (z)dzj. 


(19-11) 


The same expression is applicable to nonidentical fibers, provided we replace 
Eqs. (18-33) and (18-34) by Eqs. (18-55) and (18-57), respectively, where the 
a + of Eq. (18-58) now vary with z. Slowness criteria are discussed below. 


19-6 Example: Cross-talk between identical fibers 

One immediate consequence of using local modes for pairs of identical, slowly varying 
fibers is a simple description of power transfer due to cross-talk between fibers. If fiber 1 
in Fig. 19— 3(a) is initially illuminated with unit power and fiber 2 with zero power, the 
distribution of power along the composite waveguide is given by a simple modification 
to the corresponding problem for cylindrically symmetric fibers in Section 18-13. We 

'z rz 

replace j?z and Cz by the integrals jl(z)dz and C(z)dz, where C(z) is defined by 

• o Jo 

Eq. (18-35) in terms of z-dependent quantities. Hence Eq. (18-39) is replaced by 

(19-12) 

Thus the two local fundamental modes interfere, and all power is transferred from one 
mode to the other mode and back again over a distance equal to the local beat length z b . 
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defined by 


4 7t 2n 

' h = jS + (z)-/J.(z) = CM' 


(19-13) 


This description of cross-talk is accurate provided there is insignificant change in the 
fiber over distances large compared with z b . 


TAPERED COUPLERS 

We now consider couplers consisting of pairs of nonidentical, single-mode 
fibers, such as those illustrated in Fig. 19-4. These couplers are of great 
practical importance [3] , and their properties are readily explained in terms of 
local modes provided only that the couplers are sufficiently well separated and 
slowly varying. 




1 

GRADUAL 

1 . 

2 

CHANGE 

*z 


z=-l z=t 


Fig. 19-4 (a) Two tapered fibers with equal core radii p at z = z c , while 
at zi and z 2 the core radii are reversed, (b) Qualitative behavior of the 
local-mode propagation constants along fibers 1 and 2 of (a) in isolation, 
(c) Coupler consisting of bent fibers of constant core radius, (d) Schematic 
representation of an arbitrary tapered coupler consisting of fibers 1 and 2 
of increasing and decreasing core radii, respectively. 
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19-7 Local-mode propagation 

We examine the propagation of local fundamental modes along the composite 
waveguide, or coupler, in Fig. 1 9—4 (a), which for simplicity consists of two 
parallel fibers with equal and opposite taper angles. It is clear from applying 
the results of Section 18-18 to each position z along the coupler, that, apart 
from a small region about z = z c where the core radii are virtually identical, the 
local modes of the coupler are essentially the local modes of each fiber in 
isolation. Suppose for instance the local fundamental solution T+ in 
Eq. (19-11) satisfies *¥+ = 4^ at z = z 2 in Fig. 19-4(a), where is the local 
fundamental solution for fiber 1 in isolation. Hence the local mode of the 
coupler is associated with the smaller of the core radii at z = z 2 . The same local 
mode at z = z 2 , where the core radii are reversed, by definition must be 
associated with the smaller core radius, i.e. that of fiber 2, and consequently 
T+ S T 2 , where T 2 is the local fundamental solution for fiber 2 in isolation. 
In other words, the fields of the T + local mode switch from being concentrated 
around fiber 1 to being concentrated around fiber 2 as the mode propagates from 
z ! to z 2 . Similarly, the fields of the T _ local mode switch from fiber 2 to fiber 1 
as it propagates from z t to z 2 . 

It is not necessary for the fibers to have the symmetry properties shown in 
Figs. 1 9^4(a) and (c). The description of the T , and T_ modes requires only 
that the core cross-section of one fiber, measured in the plane transverse to the 
z-axis, decreases slowly with z and the corresponding cross-section of the other 
fiber increases slowly with z, as shown schematically in Fig. 19-4(d). We discuss 
below how gradual these changes should be for the local-mode description to 
be accurate. 

Mathematical description 

The above conclusions, derived from physical arguments, can also be shown 
analytically. Following the discussion of Section 19-5, the expression for T + 
at position z follows by analogy with Eqs. (18-55), (18-57) and (18-58). Hence 


T^a+lzl'P, /? 2 (z)-/? l( z) , 

+ {1 + «+ (z)} 1/2 ’ +w 2C(z) 

, [Mz)-0 2 (z)] 2 ’ 

4C 2 (z) ^ 

1/2 

’ 

(19-14) 


where ^ l {z),P 2 (z) are the local-mode propagation constants for each fiber 
in isolation, and C(z) is the z-dependent generalization of Eq. (18-35). At 
z = z l in Fig. 19-4(a) the core radii are sufficiently dissimilar that 
fifizfi- ^(zfip C(z 1 ), assuming C(z 1 )>0, and hence Eq. (19-14) gives 
a + = 0 and T + = t . It is clear from symmetry that the values of the 
propagation constants, which are plotted qualitatively in Fig. 19^t(b), are 



Sections 19-8, 19-9 Slowly varying waveguides 417 

reversed at z = z 2 , but the coupling coefficient C is unchanged. Accordingly 

Pi (z 2 )-/Mz 2 ) = -{Pi{zi)rP 2 (zi)} <C(z 2 ) = C( Zl ), (19-15) 

and we deduce from Eq. (19-14) that a + -*• oo and 4% = > E 2 . 

The switch in the local-mode fields from fiber 1 to fiber 2, or vice-versa, occurs 
in the region about z = z c where the core radii are virtually identical. This is 
evident from Eq. (18-55), since *F + and T / _ then depend on both 'Tj and 'P 2 . 


19-8 Cross-talk 

The simplicity of the local-mode description of propagation on couplers is 
evident in the analysis of cross-talk between the constituent fibers. If only fiber 
1 is illuminated at z ^ —l in Fig. 19— 4(d), it is clear from the previous section 
that the *F + mode of Eq. (19-11) is excited and no power enters the TC mode. 
Consequently propagation is described entirely by the characteristics of the 'F + 
mode, and thus all of its power is carried by fiber 2 for z > /. In other words, 
there is essentially a 100% transfer of power from one fiber to the other on a 
tapered coupler, provided only that the slowness criterion below is satisfied. 


19-9 Criterion for slow variation 

F olio wing the reasoning of Section 1 9-2, the local-mode description of tapered 
couplers will be accurate provided the critical length 21 in Fig. 19— 4(d) for 
complete power exchange between the component fibers is large compared 
with the local beat length z b at z = z c in Fig. 19-4(a), where the fibers have equal 
core radius p, and center-to-center separation d. We showed in Section 18-13 
that the beat length for identical fibers increases exponentially with separation. 
Since the expression for V P + and in Eq. (18-33) assume a sufficiently large 
separation, the accuracy of the local-mode description is acutely sensitive to 
separation. 

The critical length 21 corresponds to a change 2 dp in core radius of both 
fibers, assuming an equal and opposite taper angle Q in the neighborhood of 
z = z c . We then deduce from Eq. (19-13) the slowness criterion 

ft = -r- < — {P + (Z C ) -P- (2c)} = 2—C (z c ). (19-16) 

/ n n 

When both fibers have a step profile, a difference of 1 % in core radii is sufficient 
to reduce power transfer to 10% of total power, as shown in Section 18-20. 
Consequently 6p/p need be only a few per cent for the fibers to be effectively 
isolated, and as C(z c ) is exponentially small, the taper angle, 12, will be minute. 
Since 21 > z b , the critical length for total power transfer between tapered fibers 
is large compared with the beat length for total power transfer between 
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identical, translationally invariant fibers with core radius p. The accuracy of the 
local-mode description of couplers will be examined in Chapter 28. 


LOCAL MODES OF BENT FIBERS 

So far in this chapter it has been convenient to assume a direction of 
propagation for local modes fixed parallel to the z-axis of the fiber or composite 
waveguide. However, in the case of the bent fiber of Fig. 19-5 (a), it is more 
appropriate to use the curved axis of the fiber as the direction of propagation. 
Then, by analogy with Section 19-1, the local-mode fields are constructed by 
approximating the bent fiber with the series of sections in Fig. 19— 5(b). If the 
fiber profile and cross-section do not vary around the bend, the local-mode 
fields in the neighborhood of the fiber are just the fields of the straight fiber as 
given by Eq. (11-3) with /?z replaced by R</>, where R is the radius of the bend 
and (f) is the angular displacement along the bend in Fig. 1 9-5. Clearly, the local 
modes so constructed will be a good approximation to the exact fields close to 
the fiber axis provided R is sufficiently large. 



Fig. 19-5 (a) Bent fiber of radius R where (j> is the angular displacement 
along the bend and (b) the equivalent sections. 


Bent single-mode fibers 

The slowness criterion for the local fundamental mode on a bent, single-mode 
fiber can be derived from the arguments of Section 19-2. Over the beat length 
z b of Eq. (19-4), there must be negligible change in the angle <f, i.e. z b /R <£ 1. 
Assuming weak guidance, this is equivalent to 

R/p$>4nV/{(2A) ll2 W 2 }, (19-17) 

where p is the core radius and other parameters are defined at the back of the 
book. When this condition is satisfied, we anticipate that the local-mode fields 
accurately approximate the fields close to the fiber axis. 
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MULTIMODE FIBERS AND RAYS 

At each position z along a nonuniform, multimode fiber, a high-order local 
mode is equivalent to a single family of rays, as is clear from Section 36-2. Each 
ray follows a path which changes slowly over the local half-period z p (z) of 
Eq. (5-12). This is the ray analogue of the multimode-fiber discussion in 
Section 19-2. Furthermore, the equivalence of mode and ray transit times, 
which is demonstrated in Section 36-9, is readily extended to slowly varying 
fibers, for which the transit time is given by Eq. (5-11). 

The modal propagation constant fi(z) satisfies the local eigenvalue equation 
for each value of z. This equation has the plane-wave form of Eqs. (36-12) and 
(36-13) for high-order modes on step- and graded-profile fibers. Using the 
relationships between mode and ray parameters in Table 36-1, page 695, we 
find that the local eigenvalue equation has the form of the adiabatic invariant 
of Eq. (5-41). 

Step-profile fiber 

Consider the parameter U for a mode on a nonuniform, step-profile fiber of 
core index and radius n(z) and p(z), respectively. It is clear from Fig. 12-4 that U 
is constant as the fiber parameter V -* oo, regardless of varations in the fiber 
provided they occur slowly. The relationships between U, [i and 9, in Table 
36-1, apply at each position z, and hence 

C7 = kp(z)n(z) sin0 z (z) (19-18) 

is constant along the fiber, where 9 z (z) is the angle between the local ray 
direction and the fiber axis. Thus U /k is identical to the invariant derived either 
in Eq. (5-20) from the ray equation or in Eq. (5-44) from the adiabatic 
invariant. 
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In earlier chapters we established the properties of bound modes and showed 

420 
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how to construct the fields. Now we consider the excitation of these modes 
when the endface of the fiber is illuminated by an external source, such as a 
beam of light. Not all of the source power incident on the endface is 
transformed into bound-mode power; part of it is reflected from the endface 
and part of it excites the radiation field of the fiber. The present chapter is 
concerned with the spatial steady state, as discussed in the Introduction to Part 
II. This state is realized sufficiently far along the fiber, where only bound 
modes are necessary to describe light propagation. We showed in Chapter 8 
how illumination of multimode fibers can be described by simple ray methods. 
Here we are primarily concerned with fibers that propagate only one or a few 
modes. 

MODE LAUNCHING 

Consider the fiber of arbitrary profile and cross-section in Fig. 20-1 (a) whose 
endface, i.e. the infinite cross-section at z = 0, is illuminated by an arbitrary 
light source. The amplitudes of the bound modes launched at the endface are 
easily determined whenever we specify either the total transverse electric field 
distribution E, at z = 0 or the corresponding magnetic field H t . We represent 
the fields of the fiber by an expansion over its modes and determine the modal 
amplitudes from orthogonality relations. However, the fields E t and H t are the 
sum of both the illuminating fields which are prescribed, and the fields reflected 
from the endface which are unknown. The exact determination of the latter is 
extremely complicated. Fortunately, a simple and accurate approximation can 
be used for weakly guiding fibers. We first give the general theory [1-4], then 
the approximation for weakly guiding fibers, followed by examples. 



(a) 



Fig. 20-1 (a) The endface z = 0 of a fiber of arbitrary profile and cross- 

sectional geometry and (b) refraction of a finite beam at the endface of a 
weakly guiding fiber. 
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20-1 Modal amplitudes and power 

The total transverse fields of the fiber at its endface, E t and H„ can be 
represented by the transverse portion of the eigenfunction expansion of 
Eq. (11-2). Clearly only the forward-propagating modes are required. We use 
the representation of Eq. (11-6) for the bound-mode fields, and denote the 
transverse portions of the radiation fields at z = 0 by E tr and H tr . Continuity of 
the transverse fields at the endface requires that 

E t (x, y) = X aje t j(x, y) + E tr (x, y), (20-la) 

j 

(x, y) = X a i hy (*> y) + H tr (*> y)> (20-lb) 

j 

for all values of x and y, where the constants aj are the modal amplitudes and 
j = 1, . . . , M. We have assumed that the source is monochromatic, with the 
same implicit time dependence exp ( — ia>t) as the modal fields. For an arbitrary 
source, the right side of Eq. (20-1 ) must include a superposition over frequency. 

We recall from Section 1 1-4 that each mode is orthogonal to the radiation 
field and all other bound modes. Assuming that the fiber is nonabsorbing, we 
take the cross product of Eq. (20-la) with hj, Eq. (20-lb) with e t * and 
integrate over the infinite cross-section A x . We deduce from Eq. (1 1-13) that 

a J =~[ E t xh*.-zdA=^- [ e* xH t • zdA, (20-2) 

where z is the unit vector parallel to the fiber axis, and * denotes complex 
conjugate. The normalization Nj of Eq. (11-12) is real if we use the convention 
of Eq. (11-8) and chose the transverse fields to be real. The power Pj 
propagating in each mode is given by Eq. (11-22). Consequently, the total 
power P in the guided portion of the fields is 

E = EP J = ZK| 2 N J , (20-3) 

j j 

where the summation is over all bound modes. 


ILLUMINATION OF WEAKLY GUIDING FIBERS 

In order to determine the modal amplitudes of Eq. (20-2), we must know either 
E t or H t at the fiber endface. In general, it is not possible to determine analytical 
expressions for these fields. However, the problem is much simpler when the 
fiber is weakly guiding [2], as we show below. 
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20-2 Fields at the endface 

The small variation in the refractive-index profile of a weakly guiding fiber 
means that the fields E t and H t at the endface are approximately those at the 
boundary between two semi-infinite media of refractive indices n, and n(x,y) 
= n c0 = n d , as shown schematically in Fig. 20-1 (b). Here n, is the refractive 
index of the region z < 0 containing the source of illumination, and n c0 , n d are, 
respectively, the maximum core and uniform cladding indices of the fiber. 
When the fiber is illuminated by a beam of diameter 2 p s , the spread in angles 
due to the finite width of the beam can be ignored provided 2 p s p X, where X is 
the free-space wavelength. Consequently, E t and H t are determined from the 
familiar expressions for plane-wave reflection from a dielectric interface. In this 
approximation we ignore small scattering effects due to the nonuniformity of 
the fiber profile over the endface, and assume the medium z > 0 has uniform 
refractive index n co . 

Refraction 

Following the above discussion, the fields at the endface are the transmitted 
fields in Fig. 20-1 (b) associated with the illuminating field. If the beam makes 
angle 0* with the fiber axis, then it is refracted at z = 0 and makes angle 0 Z with 
the fiber axis for z > 0 given by Snell’s Law 

«j sin 0j = n co sin 9 Z . (20-4) 

In practice n x < n c0 so that 9 Z < 9 X and the beam refracts towards the fiber axis. 
The relationships between E t , H t and the incident beam fields Ej and Hj are 
provided by the Fresnel reflection coefficients for plane-wave reflection at a 
dielectric interface, discussed in Section 35-6. In general, these coefficients 
depend on the polarization of the beam, but, if 9, is small, they are independent 
of polarization and are given by Eq. (35-18) with « co and n d replaced by n i and 
n c0 , respectively. Thus we deduce from Eqs. (35-lb), (35-15) and (35-17) that 

(20-5) 

where Ej and Hj are approximately transverse to the fiber axis when 9^ 1, 
i.e. when 0, S 0 z = n/2 in Eq. (35-18). 

Transmitted power 

The fraction of beam power transmitted across the interface depends on the 
product of E t and H t , and is given by the Fresnel power transmission 
coefficient T of Eq. (35-21) with n c0 and n d replaced by n x and n c0 , respectively. 
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( 20 - 6 ) 

for 6 1 <$ 1. In other words only a fraction T of incident power crosses the 
endface. 

From the form of Eq. (20-5), it is clear that we can solve Eq. (20-2) for a } by 
first assuming n co = n t and 9 Z = 0, in Fig. 20-1 (b), and then replacing the 
resultant expression for 0,(0;) by T ll2 a j (n i 0 i /n co ). In practice, virtually all of 
the beam power is transmitted across the endface, since, for the usual case of an 
air-fiber interface, — 1 and n c0 = 1.5, leading to T- 0.96. Throughout the 
rest of the chapter we shall assume n co = n t and 0 Z = 0 r Thus the transverse 
fields on the endface are those of the illuminating beam, i.e. E t = E; and 
H t = Hj. When n c0 f n { , our results may be corrected using the procedure 
described above. 


20-3 Fields of the illuminating beam 

We now consider illumination by light beams that are parallel to, or subtend 
only small angles 0 t to the axis of the fiber. The fields of the beam at the endface 
of the fiber have the form of a local plane wave whose wave vector is parallel to 
the direction of the beam. If the electric field, E ; , is uniformly polarized parallel 
to the x-axis in Fig. 20-2 (a) and the beam is parallel to the x-z plane, with 
a symmetric amplitude distribution /(r), then 

Ej ■= E x x = x f (r) exp { ikn^ (xO l + z) } = x/(r)exp {iknfO/ cos <j> + z)}, (20-7a) 

Hi= (jr) 1/2 ” i2xEi = H ^’ (20_7b) 

where x, y and z are unit vectors parallel to the axes in Fig. 20-2(a), and 
remaining parameters are defined inside the back cover. The total z-directed 
power in the beam, P t , follows from Eq. (11-25) as 

( 20 - 8 ) 

which allows for beams of finite or infinite width. 


20-4 Gaussian and uniform beams 

Later in the chapter we shall consider illumination by Gaussian and uniform 
beams. The Gaussian beam has an infinite width, and the radial distribution and 
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total power of Eq. (20-8) are given by 

(20-9) 

respectively, where p s is the spot size. If we consider a step-function radial 
distribution, then the uniform beam will carry the same power as the Gaussian 
beam provided its radius is equal to the spot size, i.e. 

( 20 - 10 ) 

which may be verified from Eq. (20-8). 

20-5 Modal amplitudes and power 

When the fiber is weakly guiding, the transverse fields e tJ - and h y of each mode 
are simply related by Eq. (13-1). Assuming n co = in Fig. 20-1 (b), the fields at 
the endface are given by Eq. (20-7), subject to the modifications discussed in 
Section 20-2 when n co f n r Thus we deduce from Eq. (13-1) and the first 
expression for aj in Eq. (20-2) that 

( 20 - 11 ) 

where E x is evaluated at z = 0, and e xj is the x-component of e t; -. If we use the 
second expression in Eq. (20-2), the resulting form for a, is consistent with Eq. 
(20-1 1) only when the angle of incidence of the beam is small. This restriction is 
a consequence of assuming both E t = E s and H t = H s at the endface, whereas 
the exact expressions for E t and H t depend on the fiber structure [2]. However, 
the assumption is consistent with the intuitive statements at the end of Section 
20-2. Hence Eq. (20-11) is accurate for weakly guiding fibers illuminated by 
beams at a small angle to the fiber axis. If either of these two conditions is 
relaxed, there is no comparable simple theory for determining a,. 

We note that Eq. (20-11) can be derived directly from the scalar wave 
equation. In the weak-guidance approximation, the fields e tJ - in Eq. (20-la) 
satisfy the scalar wave equation. Consequently, the above result follows 
directly from the orthogonality condition of Eq. (33— 5b). 

The restriction 9 t <t 1 is of little practical concern for weakly guiding fibers. 
In terms of the local plane-wave vector, each bound mode field makes an angle 
9 Z with the fiber axis, and this angle lies within the range 0 < 6 Z < 6 C , where 
9 C = {1 — n 2 Jn 2 C0 } 112 is the complementary critical angle. By hypothesis 
n c0 = « c |, whence both 6 C and 0 2 are small. 
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Modal power 

The power in each mode follows from Eq. (20-1 1) and Table 13-2, page 292. 
For fibers of arbitrary cross-section 


n C0 l 

2 \Fo 


1/2 


* 

2 / f 

E x e* xj dA 

/ K-I 2 d4, 

Ja x 



( 20 - 12 ) 


while for fibers of circular cross-section, it is clear from Table 14-1, page 304, 
that 



r- 

rin 

2 / 1 


p r ri co / fc 0 J 

' 471 \Fo) 

Jo . 

E x %RdR d<f> 

0 

/J 

Ff (R)RdR, 

0 


(20-13) 


where p is either the core radius or scaling length, T, denotes F,(R) cos l(f> or 
F t (R) sin /</> and F^R) satisfies the scalar wave equation, Eq. (14—4). By 
symmetry, the power excited in each mode of a circular fiber is independent of 
the polarization of the beam fields, and therefore does not depend on our 
choice of an x-polarized electric field in Eq. (20-7a). We now consider specific 
examples. 



Fig. 20-2 (aj Coordinates for describing the fields of the beam incident 
on the endface and (bj the fraction of total power of a Gaussian beam 
entering the modes of an infinite parabolic-profile fiber as a function of 
the tilt angle 0,. The orientation of the Gaussian beam is shown for (c) on- 
axis, (d) tilted and (e) offset illumination. 




Sections 20-6, 20-7 


Illumination, tilts and offsets 427 


INFINITE PARABOLIC-PROFILE FIBER 

This profile is the simplest example for determining the physical attributes of 
Gaussian-beam illumination [5-7], and is defined by 

n 2 (R) = n 2 0 { 1 - 2AR 2 }; 0 ^ R < oo, (20-14) 

where R = r/p and A 4, 1. Although the profile becomes unphysical as R -* oo, 
the discussion of Section 14-4 shows the weak-guidance approximation is 
valid provided the fiber parameter is large enough, e.g. V > 4A for the 
fundamental modes. 


20-6 Example: On-axis Gaussian beam 


When the Gaussian beam is at normal incidence, 6, = 0 in Fig. 20-2(c) and Eqs. (20-7a) 
and (20-9) show that the electric field on the endface reduces to E x = exp( — r 2 /2p 2 ), 
where p s is the beam spot size. Thus E x is independent of cj > , and Eq. (20-13) shows that 
only the / = 0, or HE lm , modes are excited. For the x-polarized fundamental mode, 
Table 14-2, page 307, gives *F 0 = F 0 = exp( — r 2 /2rl), where r 0 = p/V 112 is the mode 
spot size. If we substitute into Eq. (20-13) and take the ratio with Eq. (20-9), then the 
fraction of beam power entering the fundamental mode, assuming — n m , is 


P 0 / p i = { 2 7Vo/(Ps + r o)} 2 - 


(20-15) 


Consequently, all beam power goes into the fundamental mode only when r 0 — p s , i.e. 
when the beam and mode spot sizes are equal. The greater the departure of p s from r 0 , the 
smaller the fraction of beam power entering the fundamental mode, as more power 
enters higher-order ElE lm modes. 


20-7 Example: Tilted Gaussian beam 

The situation is identical to that in the previous example, except the beam is now 
inclined at a small angle 0; to the fiber axis, as shown in Fig. 20— 2(d). The significant 
property of off-axis illumination is the excitation of modes with / > 0, in addition to the 
l = 0 modes. To account for the excitation of all modes, we use Eq. (37-80a) to expand 
the exponential dependence on <t> in Eq. (20-7a) and obtain 


expO'fcnjflircos^) = J 0 (kR) + 2 £ i‘J t (kR)cos/</>, (20-16) 

i = i 

where k = kpnfi, and J, is the Bessel function of the first kind. If we substitute Eq. 
(20-7a) into Eq. (20-13) and divide by Eq. (20-9), we obtain the fraction of beam power 


P, 

Pi 


F,(R)J,(KR)ex p( — R 2 p 2 /2pl)R.dR 


RFf(R)dR, (20-17) 
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assuming = n co . Note that only even order modes are excited, i.e. = F t (R) cos l<f>. If 
we consider only the lowest-order mode for each value of /, then Table 14-2, page 307, 
shows that F t (R) = (r/r 0 ) 1 exp{ — r 2 /2rl) where r„ = p/V il2 is the modal spot size. 
Substituting into Eq. (20-17) and applying Eqs. (37-100b) and (37-125) leads to 



(20-18) 


These ratios give the efficiency with which the Gaussian beam excited modes, as a 
function of the tilt angle 9 1 . For each value of /, this efficiency is a maximum at angle 
found by differentiating Eq. (20-18) with respect to 9 { . Thus 


(20-19) 


To illustrate these results, we plot PJP { in Fig. 20-2(b) as a function ofkp s n,9 v assuming 
r 0 = p s . As 0; increases, less power enters the fundamental mode and power increases in 
each higher-order mode up to the optimum value 


20-8 Example: Offset Gaussian beam 

In this case the Gaussian beam is incident normally on the endface, but the center of the 
beam is shifted a distance r d along the x-axis in Fig. 20-2(e). Thus the fiber is illuminated 
asymmetrically, so less power enters the fundamental mode, and higher-order modes 
will be excited. In this situation, it is clear from Eqs. (20-7a) and (20-9) that on the 
endface 

E x = exp{-[(x+ r d ) 2 + y 2 ]/2pf}, (20-20) 


relative to the coordinates in Fig. 20-2(a). If we express F 0 (R) of Table 14-2, page 307 in 
terms of cartesian coordinates and substitute into Eq. (20-13), we find with the help of 
Eqs. (37-127) and (20-9) that the fraction of beam power exciting the fundamental 
mode, when = n co , is given by 


p o/P i = {2p s r 0 /(pf+ r 2 )} 2 exp{~r^/(r 2 + p 2 )}. 


( 20 - 21 ) 


Thus the excitation efficiency decreases exponentially as the beam is displaced farther 
away from the fiber axis. 


20-9 Example: On-axis uniform beam 

If the Gaussian beam of Section 20-6 is replaced by the uniform beam of Section 20-4 
with radius p s , then we can parallel the derivation of Eq. (20-15) and deduce that the 






Section 20-10 Illumination, tilts and offsets 429 

fraction of beam power exciting the fundamental mode is 


P 0 / P i = (2 r 0 /pf (1 -exp(-p 2 /2rg)} 2 , 


( 20 - 22 ) 


where r 0 = p/V 1 ' 2 . Thus, unlike the Gaussian-beam result of Eq. (20-15), not all of the 
power in the uniform beam can excite the fundamental mode, and higher-order HE lm 
modes must be excited simultaneously. The maximum excitation efficiency for the HE[ j 
mode is P 0 /P\ = 81 % when p s = 1.6r 0 . 

The expressions for the fundamental-mode excitation efficiency P 0 /Pi in this and the 
previous three examples are conveniently repeated together in Table 20-1. 


Table 20-1 Excitation efficiency for the fundamental mode. These expressions are 
exact for the infinite parabolic-profile fiber when r 0 = p/V 112 , and, within the 
Gaussian approximation, r 0 is the spot size of Eq. (20-24). Here p s is the radius or spot 
size for the beam. P t is the total beam power and P 0 is the power entering the 
fundamental mode. 


Gaussian beam 

On 

axis 

Po 1 ''DPs 2 

Pi fl + plf 

Tilted at 
angle 6 t to axis 

Pi ( rl+p] ) 2 P (. r 2 0 +p 2 J 

Offset 

r d from axis 

P °=4 rlp2 > exp { r « ] 

Pi (r 2 +p 2 ) 2 eXP i r 2 + p 2 j 

Uniform beam 

On 

axis 


On axis 
with lens 



20-10 Example: Oblique plane wave 

Illumination by an infinite plane wave corresponds to the uniform beam in the limit 
p s -> oo. We can then repeat the calculation of Section 20-7 for oblique incidence at angle 
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8 j to the fiber axis by suppressing the exponential term in Eq. (20-17). The result 
corresponding to Eq. (20-18) is readily shown to be 


P, = 2nrln, 



(fcr 0 ni8j) 21 

/! 


exp{ — {kr 0 nfi{) 2 }. 


(20-23) 


assuming fir) = 1 everywhere in Eq. (20-7a). When 0; -> 0, the power entering the 
fundamental mode is 2nrlni(E 0 /p 0 ) 112 ; this agrees with Eqs. (20-22) and (22-10) in the 
limit p s -* oo. The power density of the plane wave is (nj 2) (« 0 /Fo) 1/2 > so that the 
incident power P { is infinite. 


ILLUMINATION OF SINGLE-MODE FIBERS 

The efficiency with which beams excite the fundamental modes of circular 
fibers, with the fields of Eq. (13-9), is of particular interest when the fiber is 
single moded. In order to account for weakly guiding fibers of otherwise 
arbitrary profile, when analytical solutions of the scalar wave equation for 
F 0 ( r ) are not available, we use the Gaussian approximation of Chapter 15. The 
radial dependence of the fundamental-mode transverse fields is approximated 
in Eq. (15-2) by setting 

F 0 (r) = exp(-r 2 /2r 2 ). (20-24) 

The spot size, r 0 , depends on the particular profile shape. Examples, including 
the step and Gaussian profiles are given in Table 15-2, page 340. If we 
approximate F 0 (r) by Eq. (20-24), it follows that all of the results for 
fundamental-mode excitation of the infinite parabolic-profile fiber, derived 
earlier in this chapter, apply equally to arbitrary profile fibers provided the 
appropriate expression for r 0 is substituted into Table 20-1. 


20-11 Junctions between fibers 

A further consequence of the Gaussian approximation is a simple and accurate 
description of power loss at junctions between single-mode fibers. In practice, 
junctions are imperfect because of (a) mismatches between fibers, (b) tilts and 
(c) offsets, as illustrated in Fig. 20-3. If the incident, fundamental-mode fields of 
the fiber for z < 0 are described by the Gaussian approximation and have spot 
size p s , i.e. F 0 {r) = exp( — r 2 jlp\), then each junction imperfection can be 
regarded as a Gaussian beam incident on the fiber in z > 0. If we also use the 
Gaussian approximation for the latter, as described above, the fractional 
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power loss at the junction is given by 1 — Po/Pj, where we substitute the 
appropriate expression for P 0 /Pj from Table 20-1. 




(a) (b) 



Fig. 20-3 Imperfections at a junction between two fibers due to 
(a) mismatch, (b) tilt or (c) offset. 


STEP-PROFILE FIBERS 

To complement our examples of beam illumination of the infinite parabolic- 
profile fiber, we now derive expressions for the efficiency of a uniform beam in 
exciting the modes of a weakly guiding, step-profile fiber. 


20-12 Example: Tilted uniform beam 


When the uniform beam of Section 20-4 is tilted at angle 0, to the fiber axis, the analysis 
parallels Section 20-7 as far as Eq. (20-17), which becomes 



'Ps/P 

F,(F)7,(kF)F d R 
J o 



Ff(R)RdR, 


(20-25) 


where k = kpnfl { in the notation of Fig. 20-2(a), and F,(F) is given in Table 14-6, page 
319. Integrals of products of Bessel functions can be found in Eqs. (37-94) and (37-98); 
these together with the integral in Table 14-6 lead to [2] 


P, ^U 2 Kf(W) f { UJi + i (Us)Ji( K s) ~ K Ji(U s )J\ + i ( K s )} 2 

Pi F 2 K,- 1 (IF)K I + 1 (IF) I (U 2 -k 2 )J,(U) 


(20-26a) 


for p s ^ p, while for ft ^ p we find that 


p, 

{2 P cn 2 

K?(W) 

\UJ 1+1 (U)J,(k) 

— KJ t (U)J l+1 (k) ) 

Pi 

1ft FJ K.- 


l (U 2 - 

k 2 )MU) J 


(20-26b) 


A = 


{kK,(W s )J 1 + 1 (k s )-WK 1 + 1 (W s )J 1 (k s )} Ps -{kK i (W)J i + 1 (k)-WK i + 1 (W)J 1 (k)}p 

(fV 2 +K 2 )pK l (W) 


(20-26c) 
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where U s = Upjp, W s = Wp s /p, k s = np s j p and for clarity we have omitted the - from 
U and W as defined at the back of the book. We are reminded that in the present 
approximation = n co = n d . If n { differs significantly from the fiber indices, the 
corrections of Section 20-2 are required, 

To illustrate these results, we consider a F = 5 fiber when the beam and core radii are 
equal, i.e. p s = p. It is clear from Fig. 14-4 and the even symmetry of excitation about the 
x-axis that the x-polarized beam field of Eq. (20— 7a) excites only the TM 01 and even 
HE n , HE 12 , HE 2 i, HE 31 ,EH 11 modes. In Fig. 20-4(a) we plot the ratios P/P, where P 






Fig. 20-4 (a) The fraction of total power in a uniform beam that excites 
modes of a step-profile fiber as a function of the tilt angle 6 t , where P 
includes all modes with the same values of U in Fig. 14-4, and ^bm is the 
total excited power [2]. (b) Variation of the excitation efficiency with 
the fiber parameter for on-axis illumination, where solid curves denote 
the exact solution of Eq. (20— 27c) and the dashed curve is the Gaussian 
approximation of Eq. (20-28a). (d) The corresponding curves for the 
fundamental mode for various ratios of beam to core radii calculated from 
Eqs. (20-27c) and (20— 28b). (c) Plots of P 0 /P; for the fundamental mode 
and different ratios of beam to core radii. 
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is the total power in modes with the same value of U, and P bJ P i> where P bm is the total 
power in all the modes, as a function of the normalized beam angle 9J9 C . The angle 
9 C = (2A) 1/2 = { 1 — n l\l n loY 12 is the complementary critical angle. As 9 I increases from 
zero, the power in the fundamental mode decreases, and higher-order modes are excited. 
However, the total bound-mode power decreases rapidly as more beam power radiates 
from the fiber. 

Optimum inclination 

For a given value of the fiber parameter V, there is an optimum inclination 0, which 
maximizes the power entering a particular mode. In Fig. 20-4(a) these values of 9 t 
correspond to the peak values of P/P Now it is intuitive that maximum excitation 
should occur when is similar to the characteristic angle 9 Z which the local plane-wave 
vector of the modal field makes with the fiber axis, as discussed in Section 36-2. Since 9 C 
and 9, are small on a weakly guiding fiber, the relationship with the modal parameter U 
in Table 36-1, page 695, shows that 0J0 Z = (6J9 < .) ( V/U). If we insert the values of 9J9 c 
at the peaks in Fig. 20-4(a) and the corresponding values of V/U, from Fig. 14-4, we find 
that 9J9 Z = 1. A more rigorous analysis shows the peaks in Fig. 20-4(a) for all but the 
fundamental modes are proportional to J t+l (U) provided V > U [2]. For the HE! ! 
mode the maximum possible efficiency of 85 % occurs when 8 i = 0 and 
V s 3.8. 


2(1-13 Example: On-axis uniform beam 


If, in the previous example, the beam is on axis, then 9, = k — 0 and, by symmetry, only 
the HE U and HE 12 modes are excited. Thus Eq. (20-26) reduces to [2] 


P 0 [ 2 K 0 (fV) ■/ 1 (I/ 5 ) | 2 < 

Pi \VK X (W) •/„((/) j ’ Ps " P ' 


2 u l 2 [ v 2 Ps K.m \\ 
VW S \ \U 2 pK^W))’ 


Ps^P, 


(20-27a) 

(20-27b) 


using the same notation. When the beam and core radii are equal 

P 0 /Pi = (2W/UV) 2 ; Ps = p, (20-27c) 

and if tjie beam radius is much larger than the core radius, Eq. (37-88) gives 

P 0 /Pi St (2 p V/p s l /WO 2 ; p s > p. (20-27d) 

In this case, the power excited in each HE lm mode varies with the ratio of core to beam 
cross-sectional areas. 


Numerical results 

The ratio P 0 /P, of Eq. (20-27c) is plotted as a function of V in Fig. 20— 4(b) for the first 
three HE im modes. Cutoff values are V = 3.832 for the HE 12 mode and V = 7.016 for 
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the HE, 3 mode. The peak efficiency of 85 % for the HE, , mode occurs at V = 3.8, and 
the dashed curve is the Gaussian approximation of Table 20-1 with p s = p and r 0 
= p/(2 In V) 112 , giving 

P 0 /P { = (2/ln V)( V- l) 2 /V 2 , (20-28a) 

which is indistinguishable from the exact expression for V < 2.4. 

In Fig. 20-4(d) we show how an increase in beam radius affects the fraction of power 
exciting the fundamental mode, as calculated from Eq. (20-27b). For larger values of V, 
less power enters the HE, , mode as p s increases. The dashed curves are the Gaussian 
approximation of Table 20-1 with r 0 = p/( 2 In V) t/2 , Le. 

P 0 /P,= (2p 2 / p^n F){ 1 — exp ( — p\ (In V)/p 2 )} 2 , (20-28b) 

and are in good agreement with the exact values for V > 2.4. 

When either the HE, 2 or HE, 3 mode is close to cutoff, a significant fraction of power 
propagates in the cladding, as is clear from Fig. 14-6. Thus a beam that is very much 
wider than the core can excite substantial power in a mode when that mode is close to 
cutoff, although most of this power propagates in the cladding. When the beam and core 
radii are equal, negligible power is launched into a particular mode unless that mode is 
well above cutoff, as exemplified by the HE, 2 and HE, 3 modes in Fig. 20-4(b). 

20-14 Comparison with geometric optics 

A useful comparison can be made with the geometric optics analysis of 
uniform-beam illumination of a multimode, step-profile fiber in Section 4-9. 
We assume the beam and core radii are equal, and ignore the effect of the 
endface. Then, if the beam angle satisfies 0 ^ 0, < 9 C , where 9 C is the 
complementary critical angle, all of the beam power entering the core excites 
bound rays and P br /Pj = 1, where ^br denotes the total bound-ray power. 
However, when 9 t > 9 Q no power goes into bound rays and PJP^O.A plot 
of P br / Pi against normalized beam angle 9J 9 C corresponds to the V = oo curve 
in Fig. 20-4(c). 

The corresponding modal calculation determines the fraction of beam 
power entering all bound modes that are excited for a given value of the 
waveguide parameter V. Thus P bm /P; is calculated by summing Eq. (20-26) 
with p s — p over all bound modes. As V increases, more bound modes are 
excited, but only when V = oo is there exact agreement with the ray analysis 
[8], For finite values of V, the geometric optics analysis does not take into 
account spreading of the beam fields due to the diffraction at the fiber endface, 
as discussed in Chapter 10. 


LENS ILLUMINATION 

The presence of a lens in front of the endface of a fiber can increase the amount 
of power entering the bound modes. Consider the situation in Fig. 20-5 where a 
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Fig. 20-5 On-axis lens illumination of a fiber assuming equal beam and 
lens radii. The focal point of the lens is on the endface. 


uniform, on-axis beam of radius p; passes through a convex lens, positioned so 
that its focus coincides with the center of the endface. The effect of the lens on 
the beam is to produce a far-field diffraction pattern in the focal plane due to a 
circular aperture equal in radius to the lens radius p t . Assuming that the angle 
20j subtended by the lens at the endface is small, then the polarization of the 
beam fields is only slightly changed on passing through the lens. We also 
assume that the power of the beam is conserved on passing through the lens. 
For comparative purposes, the total power in the incident beam is taken to be 
F; of Eq. (20-10), which, with the aid of Eq. (37-91) and Table 13-2, page 292, 
determines the normalization of the far-held diffraction pattern of the lens at 
the endface [9] 

E Pi K = Kf)n ^ R = r_ (2Q _ 29) 

P R p 

where is the Bessel function of the first kind, n, is the refractive index of the 
beam medium and 0j is the angle subtended by the lens, i.e. if/is the focal length 
0i = p-Jf The radial coordinate r is shown in Fig. 20-2 (a) and p is the core 
radius or scaling length. We now consider examples. 


20-15 Example: Infinite parabolic profile 

Only the HE lm modes are excited on the circular fiber, and the power in each mode is 
determined by substituting Eq. (20-29) into Eq. (20-13) and using the expressions for 
Fi(R) in Table 14-2, page 307. For the fundamental mode the integral in the numerator 
of Eq. (20-13) is given by Eq. (37-100a), whence we deduce the excitation efficiency is 

[103 


P 0 /Pj = (2/£2) 2 {l —exp ( — fl 2 /2)} 2 ; Q = 


(20-30) 
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where r 0 = p/V 1 ' 2 is the spot size. This expression is functionally identical to Eq. 
(20-22), and therefore the maximum excitation efficiency is 81 % when £2 = 1.6. Thus we 
have the interesting conclusion that the maximum excitation efficiency for uniform- 
beam illumination of the fundamental mode on an infinite, parabolic-profile fiber is 
independent of the presence of the lens. However, if the beam power density is the same in 
both cases, the actual power P 0 in the fundamental mode when the lens is present can be 
arbitrary large compared to when no lens is present. In the first case, the beam and lens 
radius p, and the focal length / are increased simultaneously so that remains fixed at its 
optimum value. 

20-16 Example: Gaussian approximation 

The expression in Eq. (20-30) for the fundamental-mode efficiency is also the result 
which we would obtain using the Gaussian approximation of Eq. (20-24) for an 
arbitrary profile. Thus we have a general expression for lens illumination. For example, 
Table 15-2, page 340, gives r 0 = p/(21n V) 1 ' 2 for the step profile, and at V = 2.4 the 
error between Eq. (20-30) and an exact analysis is less than 1 % [10], 


DIFFUSE ILLUMINATION 

So far in this chapter we have considered mode excitation due to a single beam 
directed at a particular angle to the fiber axis. Let us now consider the effect on 
mode excitation when the illumination is composed of a family of beams which 
differ in their angles of incidence at the endface, e.g. the source of diffuse 
illumination depicted in Fig. 20-6(a). Such sources are known as (partially) 


T 

p. 

1 


I 

Ps 

I 


(a) 


(b) 


Fig. 20-6 (a) A diffuse source of radius p s abuts the endface of a fiber. 
Each point on the source emits light within a cone of half angle 0 m . (b) The 
model of the source superposes beams making a variable angle Q with the 
fiber axis. 
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spatially incoherent sources, whereas the uniform and Gaussian beam used 
earlier in the chapter are approximately spatially coherent, i.e. all points on a 
cross-section of the beam have virtually the same phase, as on a plane-wave 
front, provided the angle of incidence is small. 

The partially diffuse source in Fig. 20-6(a) is modelled as a superposition of 
(coherent) beams, one of which is shown in Fig. 20-6(b). There is a random 
relative phase between adjacent beams, and consequently, the total power P s 
radiated by the source is found by summing the power in each beam. Assuming 
that the source is axisymmetric we have 

P s = 2n j S " P(9) smOdd, (20-31) 


where P(0) is the total power in the beam at angle 9 to the fiber axis per unit 
angle. If Pj denotes the power excited in the y'th mode, it is composed of the 
modal powers due to each incident beam. Hence 

Pj = In P" Pj (9) sin 9 d 6, (20-32) 


where Pj(d) is the power contributed to the mode by the beam incident at angle 
9. Thus the efficiency with which the source excites the y'th mode, assuming that 
each beam contains the same power, i.e. P(9) = P, is given by the ratio 


Pj 


1 


1 — COS0, 


p- PjW 
Jo P 


sin0d0 


2 

91 


r 


Pj(0) 


9d9, 


(20-33) 


where the second expression assumes 9 m <g 1. The ratio Pj(9)/P is given by the 
ratio of Eq. (20-13) to P, of Eq. (20-9) for circular fibers. Hence Eq. (20-33) 
confirms the intuitive suggestion that the modal power excited by a diffuse 
source is simply the modal power averaged over all the incident beams that 
compose the diffuse source. Thus, by knowing the modal excitation due to a 
beam at an arbitrary angle 9, we can determine the power due to diffuse 
illumination by superposition. 


20-17 Example: Single-mode fibers 

The partially diffuse source of Fig. 20-6(a) illuminates a single-mode fiber. We showed 
in Sections 20-7 and 20-12 that the fundamental mode is most efficiently excited by on- 
axis beams. Thus, it is intuitive that the more diffuse the source, i.e. the larger 6 m , the 
lower the efficiency of the source in exciting the fundamental mode. To demonstrate 
this behavior quantitatively, we consider a source with a Gaussian intensity 
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distribution over its cross-section which is modelled by a superposition of Gaussian 
beams. The Gaussian approximation is used for the fundamental-mode fields, whence 
Pj{9)/P in Eq. (20-33) is given by P 0 /P, fora tilted Gaussian beam in Table 20-1 with 9 { 
replaced by 9. Straightforward integration leads to 


Po 4 91 p 2 

P s V 2 9 2 m r 2 +p 2 


1 — exp 



01 rl r 

0 2 r 2 o + p 2 J_ 


(20-34) 


assuming equal source and core radii, i.e. p s = p, where V is the fiber parameter, 9 C = 
(1 -n c 2 i/”ro) 1/2 > s the complementary critical angle, and n : = n co , neglecting the slight 
reflection loss from the endface. We plot P 0 /P s as a function of 9 m /9 C for given values of 

V in Fig. 20-7 (a). With reference to Table 15-2, page 340, the step profile (s) 
corresponds to r 0 — p/( 2 In V) 112 and V = 2.41 at the cutoff of the second mode, the 
Gaussian profile (g) corresponds to r 0 = p/(V- 1) and V = 2.59 at the cutoff of the 
second mode, and the infinite parabolic profile (p) corresponds to r 0 — p/ V 1 12 and 

V — 3, for which Eq. (20-34) is exact. 



(a) 0m / 9c 



Fig. 20-7 (a) The fraction of power, calculated from Eq. (20-34), that 
enters the fundamental mode as a function of the angular spread 9 m of a 
diffuse source for step (s), Gaussian (g) and infinite parabolic (p) profile 
fibers, (b) The percentage error in the geometric optics analysis of totally 
incoherent illumination of a multimode fiber as a function of the fiber 
parameter. The solid curve is the exact result calculated from Eq. (20-39) 
and the dashed curve is the approximation of Eq. (20-41) [11], 


20-18 Example: Multimode fibers 

The total bound-mode power Pbm for a weakly guiding fiber of arbitrary cross-section 
and illuminated by a diffuse source is the sum of the power Pj of Eq. (20-32) for each 
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mode. If we assume that the source is spatially totally incoherent, i.e. 0 m = n/2, then the 
radiation from each point of the source is independent of all other points, and the 
power Pj entering a mode follows from power considerations at each point. Thus Pj is 
given by Eq. (20-12) with the square of the modulus of the integral replaced by the 
integral of the square of the modulus of the integrand. However, this ignores the facts 
that each point emits light polarized in the x- and y-directions of Fig. 20-2(a) with equal 
probability, and that the source electric field has equal x- and y-components. Hence 
Eq. (20-12) must be reduced by a factor of 4 to give 


Pj = 


8 \Po 


1/2 


\E*\ 2 \e xi \ 2 dA 




d A. 


(20-35) 


If the source is uniform and has a cross-section equal to the fiber core cross-section A c0 , 
we find with the help of Table 13-2, page 292, that [11] 
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r 

Pj = C 

\ e *l\ 2dA / 



^co 1 

J/ 


|e u | 2 dA = O/j, 


(20-36) 


where the constant C = (n^ | E x \ 2 /8)(s 0 //z 0 ) iU , and rjj is the fraction of modal power in 
the core. This result states what is physically obvious from the outset, namely that an 
incoherent source excites each mode with the maximum efficiency possible, i.e. i/ ; -. 
Accordingly the total bound mode power is given by 

M M 

I p J = C I r\j, (20-37) 

J= i J=i 

where M is the number of bound modes. 

On a multimode fiber, with fiber parameter V -* oo, virtually all modes satisfy rjj = 1, 
and thus P bm of Eq. (20-37) varies with the number of modes. We show in Section 36—13 
that M = V 2 /l for the step-profile fiber, and, from the definition of V inside the back 
cover, P bm is proportional to 6 2 , where 9 C is the complementary critical angle. Apart from 
normalization factors associated with total source power, this result agrees with the 
total bound-ray power ^br of Eq. (4-16), which assumes illumination by the Lambertian 
source of Eq. (4-2). Since 0 C < 1 in the weak -guidance approximation, the intensity 
distribution for the Lambertian source is approximately independent of direction for 
bound rays. This is the ray equivalent of the diffuse source for propagation within 0 C . 


20-19 Error in the geometric optics analysis 

In the example above, we established the equivalence of the geometric optics 
and modal analysis for the total, guided power excited in a weakly guiding, 
step-profile fiber by a totally incoherent source when the fiber parameter 
V -> oo. To determine the error in the geometric optics analysis when V is 
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finite, we start with the electromagnetic expression for the total bound-mode 
power P co in the fiber core. We deduce from Eqs. (11-24) and (20-37) that 

M 

P co = c I nj, (20-38) 

j= i 


where C is a constant and M = V 2 /2. If S is the error in the geometric optics 
expression P br for bound-ray power, then since rjj -*■ 1 as V -*■ oo 


S 



- 1 , 


(20-39) 


The density of eigenvalue equation solutions approaches a continuum as 
V -* oo, so for finite V we can approximate the summation by an integral. We 
replace ijj by its asymptotic form for large V in Table 14 7, page 324. Although 
this form is a slight overestimate for higher-order modes, it nevertheless leads 
to a simple expression for S. Hence 



(20-40) 


where the continuous variable £ coincides with j at integral values. Fora given 
value of V, the values of U satisfy 0 < U ^ V and are distributed ap- 
proximately quadratically, i.e. U 2 = 2 £. Substituting into Eq. (20-40) and 
retaining only lowest and first order terms in 1/F, we deduce from Eq. (20-39) 
that [11] 


S = l/V. 


(20-41) 


The percentage error 100/F is plotted in Fig. 20-7(b) as the dashed curve, 
together with the exact numerical value of S calculated from Eq. (20-39). 
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In the previous chapter we examined the excitation of modes of a fiber by 
illumination of the endface with beams and diffuse sources, i.e. by sources 
external to the fiber. Here we investigate the power of bound modes and the 
power radiated due to current sources distributed within the fiber, as shown in 
Fig. 21-1. Our interest in such problems is mainly motivated by the following 
chapter, where we show that fiber nonuniformities can be modelled by current 
sources radiating within the uniform fiber. Thus, isolated nonuniformities 
radiate like current dipoles and surface roughness, which occurs at the 
core-cladding interface, can be modelled by a tubular current source. 


BOUND-MODE EXCITATION 

The fiber or waveguide in Fig. 21-1 has arbitrary refractive-index profile and 
cross-sectional geometry, and supports modes with the properties described in 
Chapter 1 1 . Outside of the region occupied by currents, the total fields E and H 


442 
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Fig. 21-1 The darker regions denote distributions of currents with 
density and direction J. These currents are contained in volume V 
between cross-sectional planes z — z x and z = z 2 . 

are expressible as a summation over all bound modes, together with a term 
representing the radiation field, given by Eq. (11-2). It is intuitive that in the 
region z > z 2 of Fig. 21-1 the fields must propagate in the increasing z- 
direction. Consequently, the fields consist of only the forward-propagating 
bound modes and the forward-propagating components E+ d and H r a d of the 
radiation field. Similarly, when z < z x only the backward-propagating bound 
modes and the backward-propagating components E r “ d and H r ~ d of the 
radiation field are involved. Combining Eqs. (11-2) to (11-4), the total fields 
are expressible as 


E(x, y, z) = X a j e j(x, y)exp(iPjz) + E+ d (x, y, z); 
j 

z>z 2 , 

(21-la) 

= X a - J e - j(x, T) exp ( - ifijz) + E r ; d (x, y, z); 
j 

Z <z 1 , 

(21-lb) 

H (x, y, z) = X cijhj (x, y) exp (ijfyz) + H+ d (x, y, z); 
j 

z>z 2 , 

(21— lc) 

= Z a - j li - j (x, y) exp ( - iPjZ) + H r ; d (x, y, z); 

Z <z 1 , 

(21— Id) 


j 


where j = 1, . . . , M and the a ±j are the modal amplitudes. In the region 
Zj z 5% z 2 , the a ±j depend on z through Eqs. (31-35) and (31-36). 


21-1 Modal amplitudes and power 

The current sources in Fig. 21-1 launch power into bound modes, and thus 
specify the modal amplitudes. Expressions for these amplitudes are derived 
from Maxwell’s equations in Chapter 31. We find from Eqs. (31-35) and 
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(31-36) together with Eq. (11-7) that [1] 
1 


Clj 4 N: 


a_ , 


1 

4 N 


j J 


(e t + e zJ z)* ■ J exp ( — ifaz) dy ; 


(e, , - e zj z. )* ■ J exp (ipjz) drV ; 


z > z 2 , (21-2a) 
z<z lt (21-2b) 


where "V is the volume occupied by currents in Fig. 21-1, e,- = e u +e zj i, 
subscripts t and z denote transverse and longitudinal components, respect- 
ively, and z is the unit vector parallel to the fiber axis. The normalization Nj is 
defined in Table 11-1, page 230. If the fiber is nonabsorbing, the conjugated 
fields are expressible in terms of the unconjugated fields through Eq. (11-9). 
The power in each mode is given by Eq. (11-22) as 

Pj=\aj\ 2 Nj- P.j = \a_j \ 2 Nj, (21-3) 

where the power Pj in the forward-propagating mode flows in the increasing z- 
direction of Fig. 21—1, and the power P_ - s in the backward-propagating mode 
flows in the decreasing z-direction. The total power excited in bound modes is 
given by 

Pbm = L (Pj + P-j) = l(k \ 2 + \a-j\ 2 )Nj. (21-4) 

j j 

The efficiency with which each mode is excited, is found by dividing P ±j by the 
total power emitted by the sources, P tol . 


21-2 Weakly guiding fibers 

When the fiber is weakly guiding, the approximations of Chapter 13 can be 
used to simplify Eq. (21-2). If for convenience we assume a circular fiber with 
current sources parallel to the x-axis in the cross-section, then we deduce from 
Tables 13-2, page 292, and 14-1, page 304, and Eq. (21-3) that the power in 
each mode is given by 



(21-5) 


where e x , = F ; cos l(j) or e xi = F, sin l(p, the scalar propagation constants )S, and 
F, are solutions of the scalar wave equation, Eq. (14-4), and remaining 
parameters are defined inside the back cover. The same expression can be 
derived directly from the scalar wave equation using the analysis at the end of 
Chapter 33. When the current sources are parallel to the fiber axis, the 
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corresponding result is 



( 21 - 6 ) 


where e zt denotes the appropriate form of e zi in Table 14-1. To illustrate these 
results we now consider some simple examples. 

21-3 Example: Current dipole within an arbitrary fiber 

The vector current density J for a point current dipole of length d, small compared with 
a wavelength, and located at position (r d , 0 d , z d ) in Fig. 12-3 is given by 

J(r, 4>, z) = ^~ ^d(<fi-<j> i )d(z-z d ) dl, (21-7) 

r d 

where S is the Di'rac delta function, and I is the vector current on the dipole which 
contains the implicit time dependence exp ( — icot) and gives the direction of J. 
Substitution of Eq. (21-7) into Eq. (21-2) gives the modal amplitudes, and the modal 
power excited by the dipole is then found from Eq. (21-3). Provided the modal fields are 
known exactly, this calculation is also exact, e.g. the step-profile fiber of Table 12-3, 
page 250. However, because there are few such solutions available, we consider instead 
the power excited in the fundamental modes of weakly guiding fibers, since we can use 
the Gaussian approximation to describe the modal fields of otherwise arbitrary profiles. 

21-4 Example: Transverse dipole within a weakly guiding fiber 

The dipole is oriented parallel to the x-axis in the fiber cross-section, as shown in 
Fig. 21— 2(a). Consequently the y-polarized fundamental modes are not excited and 
equal power P 0 enters the forward- and backward-propagating x-polarized modes. 
Substituting Eq. (21-7) into Eq. (21-5) we obtain 

P° = Ji ' F 2 0 (rjp)l [ RF 2 0 (R)dR, (21-8) 

\(>Tip 2 n QO \e 0 J I J 0 

where F 0 is the fundamental solution of the scalar wave equation. For the step profile 
we can substitute the exact expression for F 0 from Table 14-3, page 313, while for an 
arbitrary profile we replace F 0 by the Gaussian approximation of Eq. (15-2), leading to 

(21-9) 

where r 0 is the spot size for the particular profile. This expression, which is exact for the 
infinite parabolic profile of Section 14-4 if we set r 0 = p/V 112 , shows that 
fundamental-mode power is greatest for an on-axis dipole and decreases exponentially 
with increasing distance from the axis. 
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Fig. 21-2 A current dipole is located at radius r d and azimuthal angle <t> A 
in the fiber cross-section so that its direction is parallel to (a) the x-axis and 
(b) the z-axis. The direction along contours of constant electric field 
amplitude for the two cases, when r d = 0, are shown in (c) and (d), 
respectively, which ignore the slight effect of the fiber. 


21-5 Example: Longitudinal dipole within a weakly guiding fiber 


In this case the dipole is oriented parallel to the fiber axis, as shown in Fig. 21— 2(b). On 
substituting Eq. (21-7) into Eq. (21-6) and referring to Table 14-1, page 304, we find 
that both x- and y-polarized fundamental modes are excited, with powers P 0x and P 0y , 
respectively, in the forward- and backward-propagating modes, where 


P Ox _ P Oy 

cos 2 <£ d sin 2 <f> d 


A\ld\ 2 /^ 0 Y' 2 jdF 0 j 2 /p 
SnV 2 n QO \e 0 ) (dr r d J / J 0 


RF 2 0 (R)dR, (21-10) 


and parameters are defined at the back of the book. Within the Gaussian approxima- 
tion of Eq. (15-2), the corresponding expression is 

( 21 - 11 ) 

where r 0 is the spot size for the particular profile, e.g. Table 15-2, page 340. For the step 
and infinite parabolic profiles, Eqs. (21-10) and (21-11) are exact if we substitute for 
F 0 from Table 14-3, page 313, and set r 0 = p/V 1 ' 2 , respectively. We deduce from 
Eq. (21-1 1) that the on-axis dipole excites zero power, while the dipole at r d = r 0 excites 
maximum power. Furthermore, the power of the bound mode due to the z-directed 
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dipole is of order A smaller than that due to the x-directed dipole. This is obvious from 
the radiation patterns of Figs. 21— 2(c) and 21— 2(d) for the two cases, which show the 
direction and constant amplitude contours of the dipole electric field E when r d = 0. 
Close to the fiber axis, where the fundamental-mode field is essentially transverse and 
has its peak value, the z-directed dipole field is parallel to the axis, whereas the 
transverse dipole has a transverse field. 


21-6 Example: Tubular current sources 

The modelling of nonuniform fibers by current sources in the following chapter leads to 
the tubular current source. This source, which is depicted in Fig. 21-3, consists of 
a current distribution of density J on the cylindrical surface, or tube, r — r 0 defined 
by [2] 

J = n g(z) — —cos l(<j> — <j) 0 )\ — L^z^L, (21-12) 

2nr 0 

where <j> 0 is a fixed azimuthal angle, / is a positive integer or zero and b is the Dirac delta 
function. The unit vector n gives the direction and g(z) specifies the current variation 
along the fiber. If we regard the source as a superposition of current dipoles, it includes 
the previous two examples as special cases. 



Fig. 21-3 A tubular current source of length 2 L and radius r 0 carries 
the distribution J of Eq. (21-12) on its surface. 


We are primarily interested in sinusoidal distributions on arbitrarily long tubes when 
the currents are parallel to a fixed direction, i.e. 


g(z) = exp (iCz) sin flz; L->oo, 


(21-13) 


and ii.= xorf. = % where C, O . are constants and x, z are unit vectors parallel to the axes 
in Fig. 21-3. If we substitute Eqs. (21-12) and (21-1 3) into Eq. (21-5) or Eq. (21-6), then 
the power excited in the forward- or backward-propagating modes is proportional to 
|/+| 2 or |/_ | 2 , respectively, where 


I± = 


’ L 

expfi^CT ft)z} sinDzdz = i 

J-t. 


sin (C + ft-D)L 

c + fr-ft 


sin(C + /?i + Q)L | 
C + -4- j 


(21-14) 
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and the - is omitted for clarity. These integrals are negligibly small except close to 
resonance. In other words, sources satisfying |C — p,\ excite significant power in 

forward-propagating modes, and sources satisfying Qs |C + ftj excite significant 
power in backward-propagating modes. Hence 

|/ ± | 2 = L 2 ; Os|C±A|, (21-15) 

provided the tube is sufficiently long. 


RADIATION-FIELD EXCITATION 

So far in this chapter we have determined the power excited in bound modes by 
a current source. This power is guided indefinitely by the fiber. The remaining 
portion of the total power emitted by the source radiates from the fiber. There 
are two general methods for determining the radiation field. One is the modal 
approach of Chapter 25, where the radiation field is expanded in terms of 
radiation modes. In this chapter we follow the Green’s function approach 
which first investigates the radiation due to a point dipole and then linearly 
superimposes dipoles to form arbitrary current sources. Because the waveguide 
is weakly guiding, most of the source power radiates from the structure with 
only a small fraction directed into bound-mode power. Consequently, in the 
first approximation, the radiated power is that due to a source within an 
unbounded cladding medium. For this reason we appeal to the well-known 
methods of antenna theory which are ideally suited to such problems. The 
effect of the fiber structure is then determined as a small correction to the ‘free- 
space’ radiation result. 

21-7 Weakly guiding fibers 

When a current source is located within a clad fiber of arbitrary profile, the 
determination of the radiation field is extremely complicated. However, if the 
fiber is weakly guiding the determination is greatly simplified [2], It is intuitive 
that when the variation in the refractive-index profile is small, the source 
radiates as if it were located in a virtually uniform, infinite medium of refractive 
index equal to the cladding index n cl . The problem is then analogous to the 
radiation from an antenna in free space. Consequently, we can borrow from 
standard antenna theory, and couch the solution to radiation from the weakly 
guiding fiber in terms of the electromagnetic vector potential A [3-5], 


Vector potential representation of the fields 

In Section 34-3 we show how the classical, free-space representation of the 
radiation fields in terms of the vector potential A is modified by the presence of 
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the fiber. The electric and magnetic components E and H of the radiation field 
are related to the vector potential by Eq. (34-13). Hence 


E = - 


ik 


(Mo^o 


, 1/2 


A + 


k 2 n 2 d 


V(V-A) 


H = — V x A, 

Mo 


(21-16) 


where n cl is the uniform cladding refractive index, and e 0 and p 0 are the free- 
space dielectric constant and permeability. The free-space wavenumber k is 
related inside the back cover to the angular frequency to of the implicit time 
dependence exp( — itot) of E, H, A and J below. In the weak-guidance 
approximation, the vector potential A = A(x, y, z ) satisfies Eq. (34-14) 


{V 2 +k 2 n 2 } A = -Mo*J> 


(21-17) 


where n = n(x,y) is the fiber profile, J = J(x, y, z) is the prescribed current 
distribution and V 2 is the scalar Laplacian of Eq. (37-36). This equation 
assumes the scalar components of A are referred to fixed cartesian directions, 
although the spatial dependence is expressible in an arbitrary coordinate 
system. The major differences between the present formulation and the usual 
free-space representation are the dependence on profile in Eq. (21-17) and the 
introduction of the factor l/n 2 [ in Eq. (21-16). 

Sufficiently far into the cladding, the fields due to all sources are locally 
plane. As we discuss in Section 34—4, expressions for the far fields are then 
readily shown to be [3-5] 


E = 


ik 


ikn, 


(/Vo 


il/2 


rx(rxA); H = — -rxA = n, — rxE, 


Mo 


Mo 


1/2 


(21-18) 


from which the Poynting vector S and total radiated power P rad follow 



(21-19) 


where c is the free-space speed of light, S x is the spherical surface r — oo and ft 
is the solid angle. The unit vector f is parallel to the radial vector r of Fig. 21-4 
and s = |r| is the spherical radius. 

To summarize this section, the problem of determining radiation due to a 
given current distribution within a weakly guiding fiber is reduced to the 
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Fig. 21-4 (a) Vector notation for describing the far field at P due to 
current density J at Q and (b) the spherical polar coordinates of P and Q 
relative to the fiber axis. 

solution of Eq. (21-17) for the vector potential, from which the radiation is 
described by Eqs. (21-18) and (21-19). 

21-8 ‘Free-space’ approximation 

In the present context, we refer to the "free-space ’ approximation, when a 
weakly guiding fiber is replaced by an unbounded, uniform medium of 
refractive index n cl [2, 6], This approximation ignores the slight variation in 
the fiber profile, which we discuss in Section 21-12. 

For weakly guiding fibers, it is intuitive that only radiation in directions 
close to the fiber axis can differ significantly from radiation in free space. This is 
consistent with the fact that excitation of bound modes is poor unless the 
source directs energy along the fiber. It may be helpful to think in terms of ray 
propagation, where only rays making angles 9z with the axis within the 
complementary critical angle 6 C are bound and do not radiate. Since 0 C = 
(1 — n 2 Jn 2 m ) 112 and n c0 = n d , then 0 C <^ 1 and only paraxial rays fall into this 
category. Consequently, if we consider the total power radiated, it is clear that 
only sources with highly directed, paraxial radiation will give an answer 
significantly different from the ‘free-space’ solution. In almost all cases of 
practical interest, radiated power is accurately described by the ‘free-space’ 
approximation. We demonstrate the accuracy of this approximation in Section 
21-13. 


Radiation field and radiated power 

The far-field expression for the vector potential in the ‘free-space’ approxi- 
mation is derived in Sections 34—3 and 34-4, where Eqs. (34- 1 5) and (34-19) 
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give 



( 21 - 20 ) 

The integral is over the volume V occupied by currents, r' is the position vector 
of thecurrent distribution J(r')inFig.21-4(a),s = |r|ands' = |r'| are spherical 
radii and x is the angle between r and r'. If ( s,6,4 >) are spherical polar 
coordinates oriented in Fig. 21-4(b) so that the azimuthal angle (p about the 
z-axis coincides with the x-axis at <p = 0, then we deduce from Eqs. (21-19) and 
(21-20) that 

(21— 21a) 


(2 1-21 b) 

where M g and M 0 are the components of M in the 6- and (^-directions at P. We 
now use these expressions to calculate the radiation from the examples in 
Sections 21-4 to 21-6. 

21-9 Example: Dipole radiation 

Within the free-space approximation, the total power radiated by the current dipole of 
Sections 21-4 and 21-5 is independent of both the position and orientation of the 
dipole. Thus, for simplicity, we can assume the dipole is parallel to the z-axis at the 
origin in Fig. 21—4. Substituting Eq. (21-7) into Eq. (21-20), we deduce that the vector 
potential has only a z-component. Hence 

A z = (ji 0 Id/4ns ) exp {iksn cl }; M e = -Id sin 6, M+ = 0. (21-22) 

The nonzero far-field components follow from Eq. (21-18) as 

(21— 23a) 


(2 1— 23b) 

where parameters are defined inside the back cover. 
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We can now determine the efficiency with which a current dipole excites the 
fundamental modes for various profiles. For a dipole at radius r d from the axis in the 
core of a step-profile fiber, Eqs. (21-8), (21-10), (21— 23b) and Table 14-3, page 313, 
show that the efficiency P 0 /P rad is given by 


W 2 JKUrJp) 
V 4 J\ (U) 


and 


6A 2 


U 2 W 2 JUUrJp ) 
V 6 J\ (U) ’ 


(21-24) 


for the x- and z-directed dipoles, respectively, where we have used the eigenvalue 
equation and the approximation n co = n d . In the latter case, P 0 denotes the power in 
both x- and y-polarized modes. We plot the ratios P 0 /AP rad and P 0 /A 2 P rad for the x- 
and z-directed dipoles, respectively, as a function of the normalized radius r A /p in Fig. 
21-5(a) for a fiber with V = 2.4, using the values of U andlFinTable 14-4, page 314. As 
rjp increases, the excitation efficiency for the x-directed dipole decreases, since the 
transverse field of the fundamental mode decreases away from the axis, whereas the 
excitation efficiency for the z-directed dipole increases as the longitudinal field 
increases. 

Within the Gaussian approximation, the expressions corresponding to those in Eq. 



Fig. 21-5 (a) Excitation efficiency of the fundamental modes plotted as 
the normalized ratios P 0 /AP rad and P 0 /A 2 P rad for x- and z-directed 
dipoles, respectively, (b) Normalized radiation power P as a function of 
the radiation angle 6 0 for an axisymmetric tubular source for the 
longitudinal (In) case of Eq. (21-31) and the transverse (tr) case of Eq. 
(21-32). 




Section 21-10 


Sources within fibers 


453 


(21-24) follow from Eqs. (21-9), (21-11) and (21— 23b) as, respectively, 



where r Q is the spot size given in Table 15-2, page 340, for various profiles. 


(21-25) 


21-10 Example: Tubular-source radiation 

The tubular current source was described in Section 21-6, where we showed that it is 
ineffective in exciting bound modes unless either of the resonance conditions of Eq. 
(21-1 5) is satisfied. A similar conclusion holds for the radiation fields. If the tube length 
2 L is large compared to the spatial period 2 n/Sl, where ft is the frequency in Eq. (21-13), 
it is intuitive that power will be radiated essentially at a fixed angle to the fiber axis. This 
is also a consequence of Floquets’ theorem [7]. However, unlike the current dipole, 
radiation now depends on the orientation of the currents on the tube. 


Longitudinally directed currents 

Within the ‘free-space’ radiation approximation of Section 21-8, the vector M of Eq. 
(21-20) has only one component, M 2 , when the currents on the tube of Fig. 21-3 are 
everywhere parallel to the fiber axis. To calculate M z , we apply the relationship 
r.r' = cos x to Fig. 21— 4(b), where r and ?' are unit vectors along OP and OQ, 
respectively, to deduce the identity 

s' cos x = r Q sin 0 cos(4> + z cos 0, (21-26) 

where r 0 = s' sin O' and z = s' cos O' on the tube. Substituting into Eq. (21-20), together 
with Eqs. (21-12) and (21-13) for J(r'), we deduce that 


M s 


1 

2n 


' L r2n 

sin ftz exp{i(C — /cn d cos 0)z} dz 

J -L Jo 


COS /(<£'— <j> 0 ) X 


exp{ — ikr 0 n d sin 0 cos(4> — <£')} d</>'. (21-27) 


We use Eq. (37-62) to express the cf)' integration in terms of the Bessel function of the 
first kind 


M z = ( — if 1 J, (kr 0 n d sin 0) cos Z (4> - <j> Q ) 


sin (X— ft)E 

x-Q 


sin(x + ft)E | 

Z + ft J 


(21-28) 


where x = C — kn d cos 0. As L -» oo, the first and second terms inside the curly brackets 
are peaked about x — £2 and y = — ft, respectively. The applications in the following 
chapter satisfy C + ft > kn d , and consequently only the first term is significant. If 0 a 
denotes the value of 0 at the peak, then 


0 O = COS 1 { (C - Sl)/kn d } ; 


o ^ e 0 ss 7t. 


(21-29) 
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By setting M e = — M. sin 9, = 0 in Eq. (21— 21a), we deduce from the spatial 

dependence of the Poynting vector that the power radiated by the tube propagates 
predominantly at angle 9 0 to the fiber axis. 


Radiated power 

In calculating total radiation power, we ignore the second term inside the curly brackets 
of Eq. (21-28), and, because of the rapid oscillation of sin (x — Q) L when 9 0 , we can 

make an accurate simplification by setting 9 = 9 0 in the remaining factors. Hence, by 
setting M e = -M z sin 9, = 0 in Eq. (2 1-2 lb) we find that 

kl fu \ 1/2 C x+ sin 2 * C 2n 

P rad = \Zr) Sin2 6 0 J l( kr 0«cl sin °o) I d * I COs2 ~ ^o) d 4>, 

(21-30) 

where x = (C — kn d cos9 —Cl)L, andx ± = (C + kn d — Ci)L. As L -* oo,bothx + and x_ 
are well separated, and we let x + -* co, x_ -♦ — oo. Thus Eq. (37-111) leads to 

(21-31) 

where the Kronecker delta <5, 0 = 1 if / = 0 and is zero otherwise. Hence radiated power 
varies lineary with tube length, whereas bound-mode power increases with the square 
of tube length, as is clear from Eq. (21-15). 

Transversely directed currents 

The tube currents are now taken to be parallel to the x-axis in Fig. 2 1 — 4(b), and have the 
same spatial distribution as for the longitudinal case. Accordingly, the vector M of Eq. 
(21-20) has only one component M x which is identical in magnitude to M, of Eq. 
(21-28), and consequently radiation is again directed at angle 9 0 to the fiber axis, as 
defined in Eq. (21-29). Total radiated power is found by setting M e = M x cos 9 0 cos <j>, 
M^- -M x sin 4> in Eq. (21— 21b) and otherwise paralleling the derivation of Eq. 
(21-31). We obtain [2] 


(2 1-3 2a) 


assuming 4> 0 = 0. The factor D, is defined by 

Dj = - (1 + 3 cos 2 9 0 ); D t = ^(1 4- cos 2 9 0 ), l 5* 2. 
4 2 




Do = l+ cos 2 9 0 ; 


(21-32b) 
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In Fig. 21—5 (b) we plot the normalized power P = 32 P rad (£ 0 /p 0 ) u2 /kL of Eqs. (21-31) 
and (21-32) as a function of the radiation direction 9 0 for an axisymmetric source 
(/ = 0), assuming that r 0 = p, V = 2.4 and A = 0.005, and consequently that kpn d = 24. 
The peaks in these curves are due to resonances in the cross-section of the tube. 


21-11 Radiation correction due to the fiber profile 

In the two examples above, we determined the power radiated from current 
sources within a fiber by ignoring the variation in profile and assuming an 
unbounded medium of uniform refractive index n d . Now we determine the 
correction to the ‘free-space’ result due to the variation in profile [2], As the 
fiber is assumed to be weakly guiding, it is intuitive that the correction is small 
except when the radiation is directed predominantly close to the axis, i.e. 
9 0 = 0. Thus we anticipate that the ‘free-space’ results are, in general, highly 
accurate. 

To determine radiation from sources within weakly-guiding fibers, we must 
solve Eq. (21-17) for the vector potential. However, if the ‘free-space’ solution 
for the particular problem is known, we need only determine the modification 
due to the fiber profile. The ‘free-space’ solution is the solution of Eq. (21-17) 
when n(x,y) = u cl everywhere. The solution to Eq. (21-1 7) as n(x, y) varies, can 
then be built from a linear superposition of exact solutions for the tubular 
source of Fig. 21-3 with the current distribution given by Eqs. (21-12) and 
(21-13). Consequently, we need only determine the solution of Eq. (21-17) for 
one tubular source.. For simplicity, we restrict attention to tubes of circular 
cross-section. 


21-12 Correction factor 

We denote the known, ‘free-space’ electric field due to the tubular source in 
Fig. 21-3 by E fs (s, 0, (p) where s, 9, (p are spherical polar coordinates defined in 
Fig. 21-4(b). If E (s, 9, <p) denotes the corrected field due to the fiber profile, then 
within the weak-guidance approximation, the polarization properties of E are 
approximately the same as those of E fs . If the fiber profile is axisymmetric, it is 
intuitive that the slight change in the direction of radiation depends only on 9. 
If this is not obvious, it may be helpful to think of a ray description, which, 
although not accurate for low-F fibers, gives a useful qualitative insight. 
Within the ‘free-space’ approximation, rays propagate along straight lines 
everywhere, whereas the variation in core profile gives rise to refraction which 
changes the direction of these lines in the cladding. Consequently, we set [2] 


E(s, 9, cp) = C; (0) E fs (s, 9, <P), 


(21-33) 
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where C, (0) is the correction factor due to the profile. A formal derivation of 
this result is given in Section 34—6. The correction factor is independent of the 
polarization of the fields and is derived from the inhomogeneous scalar wave 
equation in Section 34-6. Thus Eq. (34-26) gives 

C, (0) = y ; /4f , (21— 34a) 

in terms of the solution, T ( , of Eq. (34-25), where 

{ V?+ k 2 n 2 (r) — /? 2 }¥, = b ^ ~ r ° ] cos/(<fr -<fr 0 ), (21-34b) 

r o 

and the corresponding solution 4 / f s when n(r) = n cl everywhere. This equation 
is based on the current distribution of Eqs. (21-12) and (21-13) when all 
currents are parallel to a fixed direction. The Laplacian is defined in Table 
30-1, page 592, n(r) is the axisymmetric profile, f = kn d cos 0, r 0 is the tube 
radius and S is the Dirac delta function. Procedures for solving Eq. (21-34) are 
given in Section 34-7. We now consider a simple example and its application. 


21-13 Example: Step profile 

When the tubular source of radius r 0 in Fig. 21-3 is located within the core or at the 
core-cladding interface of a step-profile fiber of radius p, the solution of Eq. (21-34) is 
derived in Section 34-7 and is given by Eq. (34-32) as [2] 


JfUr 0 /p) W, (Q, Q) 
J fQ.ro! P) W t (U,Q)' 


(21-35) 


where J, is the Bessel function of the first kind and 

WfU,Q) = UJ l+l (U)H\ U (Q)-QJfU)H\ 1 + \ (Q); W, (Q, Q) = 2i/n, (21-36) 

since IV, (Q, Q) is proportional to the Wronskian of Eq. (37-77). The H\ 1] are Hankel 
functions of the first kind, and remaining parameters are related to 9 by 

Q = kpn cl sin 9 = (U 2 - K 2 ) 1 ' 2 ; V = kpn co (2A) 1 ' 2 , (21-37) 

where V is the fiber parameter, k ~ InjA and a is the free-space wavelength. 


Physical interpretation 


The correction factor can be given a simple physical interpretation by decomposing C 
into two factors C d and C r such that 


C,(0) = C d (e)C r (0); 


c d (fl) 


Jfkir Jp) 
Ji (Q r o/P) ’ 


C r (0) 


W,(Q,Q) 

W,(U.Q) 


(21-38) 
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If we substitute Eqs. (21-33) and (21-38) into Eq. (21-20), the magnitude S of the 
Poynting vector -which determines the far-field radiation pattern -is given by 

S = |C,(0)| 2 S fs = |C d (0)| 2 |C r (0)| 2 S fs , (21-39) 

where S fs is the magnitude of the corresponding ‘free-space’ Poynting vector. 

The factor C d (9) accounts for a change in the direction of flow of radiated power. To 
a distant observer this results in a shift in the apparent origin of the radiation. In ray 
terms, this is equivalent to refraction at the core-cladding interface, as expressed by 
Snell’s law of Eq. (35—4), i.e. the change from U to Q in the argument of the Bessel 
function. The factor C r (9) is associated with resonances in the fiber cross-section, which 
are related to the excitation of leaky modes as explained in Section 24-21. If the rube 
and core radii differ, the resonance peaks for the current source and fiber occur at 
different values of 9. For the special case of equal tube and core radii the peaks virtually 
coincide, as is evident from Figs. 21-5(b) and 21-6(a). The latter plots |C r (0)| 2 as 
a function of 9 for the symmetric (/ = 0) tube when V = 2.4 [2], The maxima in 
the A = 5xl0~ 3 and A = 5xl0 -5 curves correspond to 9 = 6 C = 5.7 and 
8 = 9 c ~ 0.57, where 6 C = (2A) 1 ' 2 is the complementary critical angle. Only 
when 9 < 9 c does |C r | differ greatly from unity, and C r -> 0 as 9 -> 0 when the source 
power is transmitted by bound modes. Thus, for a diffuse source radiating in all 
directions, the total power radiated is virtually indistinguishable from the ‘free-space’ 
expression, since S = S k for all but a negligible range of directions. 




Fig. 21-6 (a) Plots of the factor |C r (fi)| 2 of Eq. (21-38) as a function of 

the radiation angle 9 0 for an axisymmetric source within a step-profile 
fiber, (b) Normalized power P as a function of the radiation angle 9 0 for an 
axisymmetric tubular source coinciding with the interface of a step-profile 
fiber. The solid curve is calculated from Eq. (21— 41 b) and the ‘free-space’ 
dashed curve from Eq. (21-32). 


Dipole radiation 

We can quantify the correction to the ‘free-space’ radiated power in the case of an on- 
axis dipole parallel to the x-axis. If we integrate the product |C (0)| 2 S of Eqs. (21-38) 
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and (2 1— 23b) over all directions, with l = r 0 = 0, the corrected expression for 
total radiated power differs from the ‘free-space’ result of Eq. (2 1— 23b) by less than 
0.1 % when V = 2.4 and A < 0.01. 


Graded profiles 

The same general interpretation of the correction factor for step-profile fibers also 
holds for clad, graded-profile fibers that are weakly guiding. Profiles leading to exact 
solutions of Eq. (21-35) are discussed in Chapter 14, while the WKB solution of the 
homogeneous scalar wave equation of Eq. (35^44) can often be used to determine the 
correction factor for other profiles [2, 8]. 


21-14 Example: Corrected tubular-source radiation 

We showed in section 21-10 that the radiation from a tubular source with the current 
distribution of Eq. (21-13) is directed at the angle 9 0 of Eq. (21-29) relative to the fiber 
axis. Consequently, the total power P radiated from a tube of length 2 L and radius 
r 0 ^ p within a step-profile fiber is given by [2] 

P = |C,(0 o )| 2 <P ra d> (21-40) 


where P rad is the ‘free-space’ radiated power. Thus we deduce from Eqs. (21-35), (21 31) 
and (21-32) that 


P 


kL 

16 


— 1 ( 1 -+- <5,.o) sin 2 0 O 

M ) 


IE, (gp, go) 
1C, (C 0 , g 0 ) 


J?{Vo>'o/P ), 


(21— 41a) 


when the currents are parallel to the fiber axis, and 


P 


kL 

32 



IE, (g 0 , g 0 ) 2 
1C, (C 0 ,g 0 ) 


4, (C 0 r o/ P), 


(2 1—41 b) 


when the currents are parallel to the x-axis in the fiber cross-section. The D , are defined 
by Eq. (2 1— 32b), and 1C, by Eq. (21-36) with C and Q replaced by C 0 and Q 0 , where the 
latter are related to 0 O by Eq. (21-37) with 9 = 9 0 . 

A plot of the normalized power P = 32 P (R 0 /Po)' 2 /kL of Eq. (21—41 b) as a function 
of 9 0 is given by the solid curve in Fig. 2 1— 6(b) fora tube with r 0 = p and / = 0 within a 
fiber with V = 2.4 and A = 0.005. The dashed curve is the corresponding Tree-space' 
solution of Eq. (21-32). As we explained in the previous section, the factor C d (9 0 ) of 
Eq. (21-38) is associated with a change in the direction of radiation, which can be seen 
in a shift in position of the peaks as 8 0 decreases, while the factor C r ( 6 0 ) is associated 
with resonances in the fiber cross-section; these affect the magnitude of the peaks. 
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When light propagates along a fiber and impinges on nonuniformities due to 
imperfections in the fiber, some of its power is scattered, as shown schemati- 
cally in Fig. 22-1 (a). Part of the scattered power is distributed into forward- 
and backward-propagating modes, while the remainder is radiated. For 
multimode fibers, the distribution of scattered power is best treated by the ray 
methods of Chapter 5. Here we are primarily interested in fibers that propagate 
only one or a few modes. We treat the nonuniformities of the perturbed fiber as 
induced current sources within the unperturbed fiber. The results of the 
previous chapter can then be used to describe excitation of bound modes and 
the radiation field [1-3]. 

INDUCED-CURRENT REPRESENTATION OF 
NONUNIFORMITIES 

Here we show how nonuniformities within a fiber can be represented as 
current sources induced by the electric field. The nonuniformities of the 
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Fig. 22-1 (a) Darkly shaded regions denote nonuniformities which 

scatter incident light power into bound modes and radiation. The profile 
of the perturbed fiber is n(x,y,z). (b) Darkly shaded regions denote 
corresponding induced currents with distribution J (x,y,z) within the 
unperturbed fiber of profile n(x,y). 

perturbed fiber in Fig. 22-1 (a) account for the z-dependence of its refractive- 
index profile n (x, y, z). The total electric and magnetic fields, E (x, y, z) and 
H (x, y, z), are related by the source-free Maxwell equations everywhere within 
the perturbed fiber. In particular, we have from Eq. (30-la) that 

V x H == - i (e 0 /p 0 ) 1 12 kn 2 E, (22-1) 

where parameters are defined at the back of the book. The refractive-index 
profile of the same fiber in the absence of nonuniformities is denoted by n (x, y), 
and on rearranging the right side of Eq. (22-1) we can set 

VxH = i (sj Ho) 1 12 k (n 2 — n 2 )E — i(e 0 /p 0 ) ll2 kh 2 E. (22-2) 

If we compare this equation with the corresponding equation in Eq. (30-la) in 
the presence of currents, the first term on the right can be identified with a 
fictitious current J whose direction and density is given by 

J = i(s 0 /p 0 ) ll2 k(h 2 -n 2 )E. (22-3) 

We regard J as an induced current density set up by the nonuniformities. In 
other words, the fields of the perturbed fiber in Fig. 22-1 (a) are identical to the 
fields of the unperturbed fiber of Fig. 22-1 (b) in the presence of a current 
source whose distribution is specified by Eq. (22-3). 

22-1 Arbitrary nonuniformities 

The induced current source of Eq. (22-3) is nonzero only within regions 
occupied by nonuniformities, and is fully specified if the total electric field E is 
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known. However, E is the sum of the known incident field and the unknown 
scattered field which depends on the polarizability of the nonuniformity. For 
an arbitrary nonuniformity, there is no general expression available for the 
scattered field, and consequently Eq. (22-3), together with Eq. (30-1), is 
generally no easier to solve than the source-free Maxwell equations for the 
perturbed fiber. An exception is the infinitesimal nonuniformity consisting of a 
sphere of uniform index n and radius small compared with the wavelength of 
light. The field in its interior is given by the quasi-static approximation, as 
explained in Section 18-22, whence we deduce from standard electrostatic 
theory [4] 

E s 3n 2 E/(n 2 + 2n 2 ), (22-4) 

where n and E are the index value and electric field of the unperturbed fiber at 
the position of the sphere. The induced-current representation can also be used 
to calculate slight losses from local modes on fibers with slowly varying, 
arbitrary nonuniformities, as we show in Section 22-10. 


22-2 Slight nonuniformities 

When the nonuniformities are slight, the profiles of the perturbed and 
unperturbed fibers are similar, i.e. n = n, then Eq. (22-3) leads to a 
considerable simplification in the determination of the fields with only 
minimal loss in accuracy [1-3, 5-7]. For convenience, we consider arbitrary 
and weakly guiding fibers separately. 


Arbitrary fibers 


For such fibers the variation in both n and n is arbitrary and in regions 
occupied by nonuniformities n = n. To lowest order we set E = E in Eq. 
(22-3) whence the induced current is well approximated by 


J = / (e o/j“o) 1/2fc (« 2 ~n 2 )E. 


(22-5) 


Consequently, the induced current is specified in terms of the known field of 
the unperturbed fiber. Although this approximation ignores slight polariz- 
ation effects due to nonspherical scatterers, it is accurate for spherical 
scatterers, so that E = E in Eq. (22-4), and can be used, for example, to show 
some of the power of an incident, even fundamental mode is scattered into 
the odd fundamental mode. The electric fields of the two modes are not 
orthogonal to one another, and are coupled by the nonuniformity, as we show 
in Section 22-8. However, if both modes are excited equally or if there is a 
random distribution of nonuniformities, the scattering process averages out 
and there is no significant redistribution of power between them. 
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Weakly guiding fibers 

When the fiber is weakly guiding and n = n, the fields are approximately 
transverse, as explained in Chapter 13, and the lo west-order approximation is 
E = E t , where t denotes transverse component. Hence Eq. (22-3) becomes 

( 22 - 6 ) 

which ignores all polarization effects due to nonuniformities since the 
transverse fields of all modes are orthogonal in the weak-guidance approxima- 
tion. In particular, the odd, or y-polarized, fundamental mode cannot be 
excited by the even, or x-polarized, fundamental mode, unlike the arbitrary 
fiber discussed above. If we subsitute from Eq. ( 1 3— 9a), into Eq. (22-6) the 
induced current for an incident, x-polarized fundamental mode on a circular 
fiber is 

(22-7) 

where ay is the modal amplitude, F 0 ( R ) is the fundamental solution of the 
scalar wave equation, Eq. (14-4), x is the unit vector parallel to the x-axis in 
Fig. 14-1 and /) is the scalar propagation constant. 




RADIATION LOSSES FROM THE FUNDAMENTAL MODE 

To demonstrate the usefulness of the induced-current representation, we 
determine, through examples, the power radiated from the fundamental mode 
of a weakly guiding circular fiber due to slight nonuniformities of various 
kinds. 


22-3 Example: Isolated nonuniformity 


Consider a small nonuniformity of volume bV~ and uniform refractive index n located 
at radius r d in the fiber cross-section. An incident, x-polarized fundamental mode sets 
up an induced current given by Eq. (22-7) with R = R d = r d /p and n = n (r rf ), where p is 
the core radius. Within the ‘free-space’ approximation of Section 21-8, the total power 
radiated, P rad , is independent of polarization of the mode and is obtained by replacing 
Id with (Eo/po) 1 ' 2 k(n 2 — n 2 )F 0 5'k~ in Eq. (21— 23b). The fraction of incident power 

P, radiated follows from Table 13-2, page 292 as 


-n 2 br 


F o (R d ) 


; (R)RdR, 


where the fiber parameter V is defined inside the back cover, and we have assumed that 
n = n QO = n d . If the nonuniformity is located within the core of a step-profile fiber, we 
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deduce from the integral and l = 0 eigenvalue equation in Table 14—6, page 319, that 


^rad 1 

VW n 2 „ — rr Srj 0 (Ur d /pf 

r 

Pi 24tt 2 

A n c 2 0 p 3 Jy(U) 


(22-9) 


where parameters are defined inside the back cover. This ratio can be given explicitly in 
terms of Fif we approximate F 0 (R) in Eq. (22-8) by the Gaussian approximation of 
Eq. (15-2) and Table 15-2, page 340. 


22-4 Example: Random distribution of nonuniformities 

Consider a fiber with small nonuniformities distributed at random throughout the fiber 
with number density M per unit volume. The total power radiated from length dz of 
fiber is just the sum of the power P rad radiated by each nonuniformity. If P(z) is the 
modal power at position z along the fiber, and M is sufficiently large, it follows that 

dP(z)=-jj MP rad dA | dz, (22-10) 

where A x is the infinite cross-section, and P rad is related to the incident power by Eq. 
(22-8) with Pj replaced by P(z). We denote the right side of Eq. (22-8) by C(R d ), 
substitute into Eq. (22-10) and integrate to obtain 


P(z) = P (0) exp( — yz); 


y = 



MC d/4, 


( 22 - 11 ) 


assuming M and C are independent of z. The initial power in the mode is P(0) and y is 
the power attenuation coefficient. 


Uniform core distribution 


Consider a step-profile fiber of core index n co with a uniform density M co of 
nonuniformities of equal volume <5F" co and index n co . The factor C is given by the right 
side of Eq. (22-8), whence we deduce from Eqs. (22-1 1), Table 13-2, page 292, and the 
l = 0 integral and eigenvalue equation of Table 14-6, page 319, that the attenuation 
coefficient for the fundamental mode is 


= 2>t M co p 2 


M M, 

C(R d )R d dR d = 


24n 


- n 2 


( 22 - 12 ) 


where t] is the fraction of modal power in the core. The definition of the fiber parameter 
in terms of wavelength A at the back of the book shows that y is proportional to A~ 4 , 
which is the wavelength dependence of Rayleigh scattering [8] . 
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Uniform core and cladding distributions 

If the above situation is generalized to include a distribution of nonuniformities in the 
cladding with uniform density M ci , volume 6^ cl and index n cl , it is straightforward to 
show that Eq. (22-12) is replaced by 

V = '?a C o+( 1 -'?) a ci. (22-13) 

where a co and a cl describe bulk losses in the core and cladding materials [8]. The 
coefficient a co is defined by comparing Eq. (22-12) with the first term on the right of Eq. 
(22-13), and a cl follows by replacing the subscript co by cl everywhere. 

22-5 Example: Sinusoidally perturbed interface 

Consider a step-profile fiber with an interface which is sinusoidally deformed along its 
length 2 L, as shown in Fig. 22-2(a). If p(z) is the core radius at position z, then 

p(z) = p + dp sin (ftz), (22-14) 

where p is the unperturbed radius, ft is the spatial frequency and the perturbation is 
slight, i.e. dp -4 p. The effect of the deformed interface on an x-polarized fundamental 



Fig. 22-2 (a) Step-profile fiber of core and cladding indices n co and n d 
whose interface is sinusoidally deformed between z = —L and z = L, and 
(b) the equivalent distribution of x-directed currents on the interface of the 
unperturbed fiber. 


mode is expressible in terms of induced currents. By examining Fig. 22-2(a), the 
difference n 2 —n 2 , where n and n are the unperturbed and perturbed profiles, varies as 
± (n 2 1 —n 2 0 ) in the shaded areas marked + and is zero elsewhere. Since dp is small, we 
can assume the currents are located on the interface. Substituting into Eq. (22-7) 

J x = —ia(e 0 /p 0 )ik(n 2 o —n d )dp sin (ftz)exp (i/}z)d(r — p), (22-15) 

where S is the Dirac delta function, the - is omitted from scalar quantities and F 0 (l) = 1 
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on the interface. Thus, with reference to Fig. 21-3, the deformed interface is replaced by 
the unperturbed fiber excited by a tubular source coincident with the interface and 
carrying x-directed current, as shown in Fig. 22— 2(b), proportional in magnitude to 
Eqs. (21-12) and (21-13) with r 0 = p, l — 0 and C = p. Accordingly, we can appeal to 
the results in Sections 21-10 and 21-14. 

When the length of the deformed section of fiber is sufficiently large, radiation is 
directed predominantly at the angle 6 0 of Eq. (21-30). The power radiated will be 
negligible unless 0 < 6 0 < n, which, by setting C = p, is equivalent to the spatial 
frequency of the sinusoid lying in the range 

P — kn d < Cl < P + kn d . (22-16) 

It is useful to know the characteristic length of interface roughness which causes 
radiation loss. From the definitions inside the back cover, weakly guiding fibers obey 
p(P — kn d ) = W 2 ( A/2) 111 / V. Thus, we deduce from Eq. (22-16) that roughness with a 
ripple period, 2n/Sl, greater than about 0.5 mm will cause negligible radiation loss on a 
fiber with V = 2.4, p = 5 pm and A = 0.005, taking W from Table 14-4, page 314. 


Radiated power 

The total power radiated from the deformity when the fiber has a step profile, is 
proportional to Eq. (21— 41b) with l = 0 and r 0 = p. On comparing Eqs. (22-15) and 
(21-12), we deduce the proportionality factor for the current source, and on taking the 
square of the modulus we find that 


8 \Po 


1/2 


-F 4 (l + cos 2 0 o ) 


^0(60.60) 


fr 0 (U 0 .Q 0 ) 


J&U 0 ), 


(22-1 7a) 


where V is the fiber parameter defined inside the back cover, and 

W 0 {U 0 ,Qo)=U 0 J l (U 0 )H 0 w (Q 0 )-Q 0 J 0 (U 0 )H\"(Q 0 )- W 0 (Q 0 ,Q 0 ) = 2i/n, 

(22-1 7b) 

Q 0 = kpn cl sin6 0 = (Uq - V 2 ) 112 ; cos 9 0 = (P -Q)/kn d . (22— 17c) 

The J,’s and are Bessel and Hankel functions of the first kind. 


Modal attenuation 

The power P(z) of the fundamental mode distance z along the sinusoid in Fig. 22-2 
attenuates because of the radiation loss. If we subdivide the deformity into lengths dz 
which are short compared with L, but long enough for the above analysis to be valid, 
the change in modal power over distance dz is given by 

dP(z)= -(P rad /2P)dz= — (P rad /2A r Z,|a 1 | 2 )P(z)dz, 


(22-18) 
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using the relationship P(z) = | 2 N of Eq. (1 1-22), where a, is the modal amplitude 

and N is the normalization. On integrating Eq. (22-18) we obtain 

P(z) = P(-L)exp{-y(z+L)}; y = P rad /2NL| ai | 2 , (22-19) 

where y is the power attenuation coefficient and the sinusoid begins at z = — L. 
Substituting for N and using the eigenvalue equation in Table 14-3, page 313, we 
deduce from Eq. (22-17) that 


7 


n / SpY 
8p V P / 


(2A) 1/2 VW 2 



(1 +cos 2 0 o ) 


Wq(Qo,Qo) 

W 0 (U 0 ,Qo) 


J$(U 0 ), 


( 22 - 20 ) 


where the modal parameters U and W are defined inside the back cover. Apart from a 
normalization factor, the variation of y with Q is given in Fig. 21— 6(b) by the solid curve 
as a function of 8 0 of Eq. (22-1 7d). Except for small angles, the correction factor can be 
ignored. 


BOUND-MODE POWER REDISTRIBUTION 

In addition to scattering into radiated power, nonuniformities generally 
redistribute power amongst all bound modes, both forward- and backward- 
propagating, including the incident mode. Here we use the induced current 
representation to calculate the power in each mode. 


22-6 Single-mode fibers of arbitrary profile 

On a circular fiber which propagates only the fundamental modes, scattered 
power that is not radiated can only be directed into the forward- and 
backward-propagating, even and odd fundamental modes. If the forward- 
propagating, even HE U mode is incident on the nonuniformities in Fig. 
22— i (a), then the bound portion of the total electric field is given by 

E = dj ej exp (ifiz), (22-2 la) 

on the unperturbed fiber, and on the perturbed fiber by 

E = '{(dj -l-aje! +a 2 e 2 }exp(i)?z)-(- +a_ 2 e- 2 }exp(-/^z), 

(22-2 lb) 

where fi is the common propagation constant, subscripts 1 and 2 denote the 
forward-propagating even and odd modes, and negative subscripts denote the 
corresponding backward-propagating modes. The amplitude a of the incident 
mode is everywhere constant, while outside the region occupied by non- 
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uniformities in Fig. 22-1, the remaining amplitudes are constant. We deduce 
from Eq. (1 1-27) that the total power P + of the forward-propagating modes in 
the region z > z 2 is given by 

P + = {|a 1 +a 1 | 2 + |a 2 | 2 }NSP,+2Re(a 1 af)iV, (22-22a) 

where Pi is the power of the incident mode, N is the common normalization, 
Re denotes real part and * denotes complex conjugate. The approximation 
ignores higher-order terms in and a 2 which are both small compared to a t 
when the nonuniformities are slight. Similarly, the total power P_ in the 
backward-propagating modes in the region z < Zj is given by 

P- ={\a-i r -F |a_ 2 | 2 }/V, (22-22b) 

where and a_ 2 are small compared with a t . 

Induced-current representation 

We treat the nonuniformities as induced currents within the fiber of Fig. 
22-1 (b). On substituting Eq. (22— 21a) into Eq. (22-5), the distribution is given 
by 

J = idi (e 0 /ju 0 ) 1/2 /c(n 2 -n 2 )eexp (ijiz), (22-23) 

where n and n are the profiles of the unperturbed and perturbed fibers, 
respectively. This approximation ignores the polarization of non-spherical 
nonuniformities, as explained in Section 22-2. The unknown amplitudes in Eq. 
(22-21) are then found by substituting Eq. (22-23) into Eq. (21-2). Using the 
above notation, we obtain 


i kai 

(fo_ 


\Po 

i kdi j 

V 

: 4?l 

\Po / 


y/2 

1/2 


(n 2 — n 2 )ej •(e u + e 2J z)*d')U; z>z 2 , 

(n 2 — n 2 )ej •(e t; -e ZJ z)*exp(2i/?z)d'iF' ; 


z < z i, 


(22-24) 

where j = 1 or 2, subscripts t and z denote transverse and longitudinal 
components, z is the unit vector parallel to the fiber axis and Y is the volume 
between planes z = Zj and z = z 2 in Fig. 22-1. 


Multimode fibers 

The above analysis is readily generalized to describe the redistribution of 
power due to slight nonuniformities within multimode fibers by including all 
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forward- and backward-propagating bound modes of the fiber in Eq. (22-21). 
However, when the incident field is due to illumination of the fiber by a diffuse 
source, the ray methods of Chapter 5 are more appropriate. 


22-7 Weakly guiding single-mode fibers 

We claimed in Section 22-2 that there is negligible coupling between the two 
polarizations of the fundamental mode due to slight nonuniformities on a 
weakly guiding fiber. Thus, in the first approximation the incident even, or x- 
polarized, mode excites power in only the forward- and backward- 
propagating modes with the same polarization. Hence Eq. (22-21) is replaced 
by 

E = a l F 0 exp(ijiz)x; E = {(a + a,)exp (ipz) + a~ 1 exp ( — i/Jz)}F 0 x, 

(22-25) 

where F s = F 0 ( R ) is the fundamental solution of the scalar wave equation, Eq. 
(14-4), [i is the corresponding scalar propagation constant and x is the unit 
vector parallel to the x-axis in the fiber cross-section. We set E t = E in Eq. 
(22-6), and with the aid of Eqs. (33-64c) and (33-65a) deduce that 


(22-26a) 

(22-26b) 


where N is the scalar normalization of Table 13-2, page 292, F 0 is real for a 
nonabsorbing fiber and we have set (i = kn co , T 0 = F 0 . 


a, = - 


i ka x 
4 \Fo 


1/2 


(n 2 -n 2 )F o dT"; z > z 2 , 


hr 


a - , = 


i ka x 

4 ~N \fi o 


1/2 


(n 2 —n 2 )Fl exp (2i/te) df ; z < z x 


hr 


22-8 Example: Isolated nonuniformity 


We now examine the scattering of power into bound modes when an x-polarized HEj x 
mode is incident on an isolated nonuniformity within a single-mode, step-profile fiber. 
Within the weak -guidance approximation, we deduce from Eq. (22-26) and Table 14-3, 
page 313, that 




-a - 1 exp ( — 2i/?z d ) = 


i n 2 0 -n 2 d r a l W 2 J 2 0 (UrJp) 
2n nl p 3 (2A) 1/2 V J\{U) 


(22-27) 


The nonuniformity has volume Si' and index n, and is located at r = r d , z = z d . 
Remaining parameters are defined inside the back cover. If we substitute into Eq. 
(22-22) and note that a x ja x is pure imaginary, we find that equal power is scattered into 
the forward- and backward-propagating fundamental modes. However, the fraction of 
incident power scattered is minute since it is proportional to the square of both the 
volume of the nonuniformity and the difference in indices. 
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Polarization coupling 

The weak guidance approximation, given above, ignores the slight polarization 
coupling due to nonuniformities. Such effects can be calculated for spherical scatterers 
as explained in Section 22-2. We then use the polarization corrections to the HE, , 
fields given in Section 12-1 1. Substituting these into Eq. (22-24) leads to expressions for 
a + 2 of order A, arising from second-order corrections to and first-order expressions 
for e zj . Hence, for an incident x-polarized mode, the power scattered into the y- 
polarized (odd) mode is of order A 2 smaller than the power scattered into the x- 
polarized (even) mode. 


22-9 Example: Sinusoidally perturbed interfaces 

Radiation from the sinusoidally perturbed interface of a weakly guiding, step-profile 
fiber was discussed in Section 22-5 in terms of the induced current of Eq. (22-15). When 
the fiber is single moded, power is scattered into both forward- and backward- 
propagating x-polarized fundamental modes from the incident mode. Following the 
discussion of Section 22-5, we set 


n 2 - n 2 = - (n 2 0 - n 2 ,) 8p sin (Oz)5(r - p ), (22-28) 


in Eq. (22-26) and let Y be the volume between z = z, = — L and z = z 2 - L in Fig. 
22— 2(b). We find that a, = 0 and hence no power is scattered into the forward- 
propagating mode within this approximation. By analogy with Eq. (21-15), negligible 
power is scattered into the backward-propagating mode unless the resonance condition 
Q = 2/? is satisfied, in which case 


a_. 


= a,— — (2A) 1/2 
P P 


W 2 J 2 0 (V) 

v j\(cy 


(22-29) 


using the normalization expression in Table 14-3, page 313. Hence the fraction of 
incident power so scattered increases quadratically with the length of the non- 
uniformity, but becomes invalid for arbitrarily large values of L since the induced 
current of Eq. (22-7) assumes the fields of the perturbed and unperturbed fibers are 
virtually equal. However, we show in Chapter 27 that the solution in this situation can 
be obtained using coupled-mode theory. The resonance condition requires the spatial 
period 2rt/Q of the sinusoid to be comparable with the wavelength of light. 


SLOWLY VARYING ARBITRARY NONUNIFORMITIES 

So far in this chapter we have discussed power redistribution due to slight 
perturbations of fibers that are translationally invariant. Here we show how 
the induced-current representation can be used to determine power redistri- 
bution and radiation losses from fibers with arbitrary nonuniformities, 
provided only that the nonuniformities vary slowly along the fiber. 
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22-10 Induced-current representation for local modes 

In Chapter 19 we introduced the concept of local modes to describe 
propagation on fibers with arbitrary nonuniformities. It is clear from the 
method of construction in Section 19-1 that the local-mode fields are an 
accurate approximation to the exact fields of the fiber provided the non- 
uniformities vary sufficiently slowly with z, as discussed in Section 19-2. 
Nevertheless, the local-mode fields are not an exact solution of Maxwell’s 
equations, and the slight error can be described by induced currents. 

We recall from Fig. 19-1 that the /fh local mode is constructed using a 
superposition of cylindrical sections which approximate the fiber. The profile 
within each section is given by n(x, y ) = n (x, y, z c ), where n (x, y, z) is the profile 
of the perturbed fiber and z c is the center of the section. Similarly, the exact 
electric field, E,, is approximated by the field, E, = e, (x,y) exp (i[l,z), of an 
infinitely long section with profile n. Since E, = E, and n S n, we make a Taylor 
expansion of n about n and deduce from Eq. (22-3) that correct to first order, 
the induced current is given by 

J = -i(e 0 /n 0 ) il2 ke,e\p(iliiz)(z-z c )dn 2 /dz\ Zc , (22-30) 

where the derivative is evaluated at the center of the section, and e, is the 
orthonormal field. 

The philosophy for determining power loss is analogous to the construction 
of the local-mode fields in Section 19-1. We determine the loss from each 
section in terms of J, sum the loss from each section and then approach a 
continuum limit. 


22-11 Redistribution of guided power 

Here we examine the excitation of other local modes by the /th local mode. We 
start by determining the contribution da,- to the amplitude of the y'th forward- 
propagating local mode due to the induced current of Eq. (22-30) within one 
section. If we re-express Eq. (21-2a) in terms of the orthonormal modes of 
Section 1 1-5, then 

l rzc + Sz r 

d aj= ef-J exp( — iPjZ)dAdz, (22-31) 

4 J z c -Sz 

for z > z c + Sz, where 2<5z is the length of the section. Substituting from Eq. 
(22-30), we find that da^ is expressible as the product of two integrals 

i7c/e n Y /2 f Zc + l5z C ?) n 1 

da ; = T\ 77 ) ( z — z c )exp {HP, —Pj)z] dz e^-e,— dA. 

4 V/W J zc Sz J A dz Z C 

(22-32) 




472 Optical Waveguide Theory Section 22-1 1 

The second integral depends on the two modes involved, whence it is 
convenient to define constants C Jt by 

(22-33) 

evaluated at z — z c . On performing the z integration and rearranging, we find 
that Eq. (22-32) is expressible as the sum of two terms 

d cij = —2 SzCj! exp { i (/?, - Pj)z c } cos { (P, — /?,) <5z} + d b jt (22— 34a) 

dbj = - {exp [i(p, - Pj) (z c + &)] - exp [i (/?, - Pj ) (z c - <5z)] } . 

(22— 34b) 

The first and second exponents in dbj are evaluated at the left-hand and right- 
hand ends of the section, respectively. Now consider the corresponding terms 
for the adjacent section to the right of the section in Fig. 19-1 (b),with centre z' c 
and length 2 bz! . The minute variation in the fiber means that we can neglect the 
changes in p, and pj. Consequently the term exp {i(P t — Pj)(z c + dz)} in dbj 
must cancel with the term — e\p{i(p t - Pj)(z' c — 8z')} in dbj, since z' c = z c +8z 
+ 8z'. Hence, if we sum da^ of Eq. (22-34a) over all sections, there is no 
contribution from the dbj. We then parallel Section 19-1, by replacing z c , p h Pj 
with z, PPz), Pj (z), respectively, and setting dz = 2 8z, to obtain, in the limit 

(22-35) 

for the amplitude of the jth local mode at position z, where C j7 (z) is now the z- 
dependent function defined by Eq. (22-33) in terms of Pj(z), P , (z), e ; (x, y, pj{z) ), 
e,{x, y, P, (z) ) and n(x,y,z). Using this result, we determine the accuracy of the 
local-mode description in Chapter 28. 

Radiation modes 

Excitation of the local radiation modes, described in Chapter 28, is expressible 
by Eq. (22-35) provided we replace the y th local mode by the jth local radiation 
mode throughout the above analysis. 
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This chapter is mainly concerned with the power radiated from single-mode 
fibers due to bending. We first consider losses from bends of constant radius, 
and then examine losses due to random, but slight, curvature along the fiber, 
commonly known as microbends. Bending losses for multimode fibers are 
described by the ray methods of Chapter 9. 


BENDS OF CONSTANT RADIUS 

Before establishing our model for the calculation of radiation loss, it may be 
helpful to understand the physical processes involved. 


23-1 Physical mechanism of radiation loss 

On a straight fiber of arbitrary profile, the modal field at every point in the 
cross-section propagates parallel to the fiber axis with the same phase velocity, 
so that planes of constant phase are orthogonal to the axis. However, if the 
fiber is bent into a planar arc of constant radius, as shown in Fig. 23-1 (a), it is 

474 
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Fig. 23-1 (a) Section of a fiber bent into an arc of radius R c . The core 

profile has index n, and « d is the uniform cladding index, (b) The fiber and 
its fields are approximated by induced currents J denoted by the arrows in 
the volume occupied by the fiber core. 

intuitive that the fields and phase fronts rotate about the center of curvature of 
the bend with constant angular velocity. Consequently, the phase velocity 
parallel to the fiber axis must increase linearly with distance from the center of 
curvature C. Since the fiber has a uniform cladding and the phase velocity 
cannot exceed the local speed of light, there will be a certain radius, K rad , in the 
plane of the bend beyond which the phase velocity cannot remain in step, and 
the fields in this region must therefore become radiative, as shown qualitatively 
in Fig. 23-1 (a). Close to and within the core, the fields are accurately described 
by a local mode, as discussed in Chapter 19, providing the radius of curvature is 
sufficiently large. 


23-2 Radiation model 

To calculate the power radiated from the bend, it is sufficient to use an 
approximate model of the fiber consisting of a current-carrying antenna of 
infinitesimal thickness which radiates in an infinite medium of index equal to 
the cladding index n c] , i.e. the ‘free-space’ approximation of Section 21-8. The 
far-field formulae of antenna theory, as expressed by Eq. (21-21), can then be 
applied to calculate the radiation, once the current on the antenna is specified. 

The antenna current is obtained in two stages [1,2]. Firstly, we recognize 
that the fiber and its modal fields are together identical to a distribution of 
currents J in a uniform medium of index n cl , as shown qualitatively in 
Fig. 23-1 (b). This equivalence is readily deduced by paralleling the discussion 
at the beginning of Chapter 22 and rearranging Maxwell’s equations in the 
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manner of Eqs. (22-1) to (22-3) with n replaced by n d . This leads to the 
distribution 

J = i(e 0 /fi 0 ) 1/2 k(n d -n 2 )E, (23-1) 

where n is the profile and E the exact field of the fiber. Clearly J is nonzero only 
within the volume corresponding to the fiber core. We can approximate E by 
the local-mode field, i.e. by the field of a uniform fiber in local regions, provided 
the bending radius is large enough to satisfy Eq. (19-17). 

The second stage takes advantage of the large ratio of bend to core radii and 
the fact that, for the problems considered in this chapter, the direction of J 
does not vary over the cross-section. We then suppose that the distribution of 
currents throughout the core cross-section is concentrated on the fiber axis, 
resulting in a line current I a defined by 

(23-2) 

where J is the magnitude of J in Eq. (23-1), A co is the core cross-sectional area 
and n is a unit vector parallel to a fixed direction in the fiber cross-section. 

Using this formulation, we calculate the radiation from the bent fiber in 
Section 23-^4 by treating it as if it were a wire of negligible thickness located 
along the fiber axis and carrying the current of Eq. (23-2). This calculation 
isolates the dominant contribution to radiation loss. The accuracy of the thin- 
wire approximation is established in Section 23-7, where the effect of the finite 
cross-section of the fiber is included. 

23-3 Weakly guiding fibers 

We are primarily interested in radiation from the fundamental modes of bent, 
single-mode fibers. Within the weak-guidance approximation, the power 
radiated is insensitive to polarization, since R^> p. Thus we can conveniently 
assume that the transverse electric field is parallel to the Z-axis in Fig. 23-2 (a), 
i.e. orthogonal to the plane of the bend. Close to and within the core, the 
magnitude of the electric field on the bend is given by a j F 0 (R) exp (i/Jz), using 
the local-mode approximation, where a 1 is the modal amplitude, F 0 (R) is the 
fundamental solution of the scalar wave equation in Table 14-3, page 313, and 
P is the scalar propagation constant. For clarity, we omit the ~ from scalar 
quantities. The coordinate z is the distance along the bent fiber axis in 
Fig. 23-2(a) and r is the usual cylindrical radius in Fig. 23-2(b). Substituting 
into Eq. (23-1) and using the fiber parameter and profile variation definitions 
inside the back cover, the equivalent current distribution is given by 

V ( 2Ae 0 Y /2 

J = / exp (ifSz) z; I = -ia 1 n co -t {1 -f(R)} F 0 (R), (23-3) 

P \ Po / 
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Fig. 23-2 (a) Orientation of cartesian axes OXYZ and spherical polar 
coordinates (s, 8, 4>), (s', 8', <p') relative to a circular wire of radius R c in an 
unbounded, uniform medium of refractive index n cl . Arrows denote the Z- 
directed currents J. (b) The wire is replaced by a bent fiber whose core 
cross-section is described by coordinates (r,<p,<p). 

where / = — i\ J|,and Z is the unit vector parallel to the Z-axis in Fig. 23— 2(a). 

Consequently the antenna current of Eq. (23.-2) is expressible as 


/ 2Ae \ 1/2 f 00 

I a = / c exp(ijSz)2; / c = -2ni ai n co pV[-^\ I {1 —f(R)} F 0 (R)RdR, 

(23-4) 

where l c = — i|I a |, R = r/p and p is the core radius. 


23-4 Radiation from a bent antenna 

The fundamental mode on a weakly guiding, bent liber has been replaced by an 
antenna, or thin wire, carrying the current distribution of Eq. (23-4). Because 
the currents are orthogonal to the antenna, it may be helpful to think of them 
as a continuous distribution of Z-directed current dipoles. To calculate the 
power radiated, we assume, for simplicity, that the antenna is a closed loop of 
radius R c , as shown in Fig. 23-2(a). If (s', 9', 0') are spherical polar coordinates 
describing the loop relative to the Z-axis, then Eq. (23-4) leads to the complete 
spatial distribution of the currents 

l c {S(s'-R c )/R c } 6(9 ’ -ti/2) exp (iWoV) Z, (23-5) 

where 6 is the Dirac delta function and z = R Q </>' is the distance along the 
antenna from the Z-axis. To calculate the power radiated, we follow the 'free- 
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space’ formulation of Section 21-7 in terms of the vector potential. The far- 
field point P in Fig. 23— 2(a) is described by spherical polar coordinates (s, 9, (f>) 
as shown, and on substituting Eq. (23-5) into Eq. (21-20) with s' = R c , we 
deduce that the vector M has only the Z-component 


rin 


M z = I C R C 


exp{iR c [/J<£' — kn c] sin 9 cos ( <j) — 0')]} d <j)', (23-6) 


where the relationship cos % = sin 6 cos (<£ — <£' ) follows by geometry. On 
setting = ~P((t> — (f>') + P4>, comparison with Eq. (37-61) shows that the 
integral is well approximated by 

\M Z \ = 2nR c | / c | |J V (/cR c n c] sin 0)|; v = / 3R C , (23-7) 


provided v P 1. If v is an integer this expression is exact. The total radiated 
power follows from setting M e = — M z sin0, M ^ = 0 in Eq. (21-21b). On 
rearranging and setting n m = n cl , we obtain 


rad 


nR, 

8 p- 


1 12 


V 2 \ /c 


l> 


(kR c n c] sin 6) sin 3 0 d 9. (23-8) 


The integral can be evaluated asymptotically since both v and kR c are large. We 
replace the Bessel function by Eq. (37-90), since its order is larger than its 
argument, whence the integral reduces to 


1 [ n/2 

J o 


sin 3 9 

(fi 2 — fc 2 n 3 | sin 2 0) 1 ' 2 6XP 


2 PR C 

3 sin 3 6 


~ P 2 

_ fc2 "cl 



d e. 

(23-9) 


The major contribution comes from values of 6 close to n/2. Hence we can use 
Laplace’s method to determine the asymptotic value of the integral, which is 
deduced by comparison with Eq. (37-131). Substituting into Eq. (23-8) and 
normalizing with the initial-mode power P(0) = |ai| 2 N, where N is the 
normalization, we deduce that 


^rad 

P(0) 


n 1 ' 2 

32 



(RoV 12 V 2 n co 
\sj W 3i2 NA 


exp 


4R C AW 3 ) 

37HF~ j’ 


(23-10) 


where parameters are defined at the back of the book, and / c is given by Eq. 

(23-4). 


Power attenuation coefficient 

The ratio P rad /P(0) is the fraction of power radiated from the entire loop in 
Fig. 23-2(a), and ignores attenuation of local-mode power along the antenna. 
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The fractional power loss per unit length, or power attenuation coefficient y, is 
found by dividing Eq. (23-10) by the length of the loop 2nR c . Since y is 
independent of z, the power at any position along the loop is found by analogy 
with Section 22-4 to be given by 

P(z\ = 7*(0) exp ( — yz); y = P rad /{2nR c P(0)}. (23-11) 

If we substitute Eqs. (23-4) and (23-10) together with the normalization 
definition of Table 13-2, page 292, into Eq. (23-11), the fundamental-mode 
attenuation coefficient for an arbitrary, weakly guiding fiber is given by 



(23-12) 


in terms of the profile function / and the fundamental solution F 0 of the scalar 
wave equation. The dominant feature of this expression is the exponential 
dependence on the ratio of bend to core radii. Since R c > p, the attenuation 
coefficient is extremely small, and is relatively insensitive to the quantity 
multiplying the exponential. 

23-5 Example: Step profile 

The thin-wire approximation to radiation from the fundamental mode on a bent step- 
profile fiber is given in terms of the power attenuation coefficient of Eq. (23-12) by 
setting / = 0 over 0 ^ R < 1 and / = 1 elsewhere. The l = 0 integral and eigenvalue 
equation in Table 14-6, page 319, together with the integral of Eq. (37-91), lead to 

(23-13) 

where values of U and W are to be found in Table 14-4, page 314. 

23-6 Example: Graded profiles 

We can use the Gaussian approximation for clad, graded-profile fibers. Thus F 0 is given 
by Eq. ( 1 5—2) and W = (V 2 — 1/ 2 ) 1/2 by Table 15-2, page 340, in terms of the spot size. 
For example, the attenuation coefficient for the fundamental mode on a bent Gaussian- 
profile fiber is given by 

(23-14) 

assuming V > 1. A similar expression can be derived in terms of the fiber parameter for 
the step profile. 
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Section 23—7 


The thin-wire approximation of Section 23-2 superposes the equivalent core 
currents of the bent fiber onto its axis. Thus the results of Section 23-4 ignore 
effects due to the finite core cross-section. Here we derive the power attenuation 
coefficient of the fundamental mode allowing for the volume distribution of 
currents, and thus determine corrections to the above results [1-3]. However, 
we show below that the additional effect due to the finite cross-section can 
usually be ignored since the attenuation coefficient is exponentially small. 

To describe the fiber cross-section, we introduce polar coordinates r and tp, 
as shown in Fig. 23— 2(b), whence (r, tp, tp’) form a set of orthogonal coordinates 
with metric coefficients (l,r,R c + r costp), respectively. We can then parallel 
the derivation in Section 23-4 and substitute the equivalent currents of 
Eq. (23-3) into Eq. (21-21). Assuming the fiber forms a closed ring, the 
analogous expression to Eq. (23-6) is 


M, = 


Irdr 


C2n C2n 

(R c + r cos tp) dtp I exp {i(/)z - ks’n d cos x ) } dtp'. 


(23-15) 

where by geometry z = (R c + rcostp)4>' and x satisfies 

s'cosx = (R c + rcosi/Osin0cos(</>-</>') + rcos0sini/'. (23-16) 
By analogy with Eq. (23-7), the (p ' integration leads to 


M z = 2nR c 


'oo 

Jo 


Irdr 


- 2 * 

J v (kn d { R c + r cos ip } sin 9) x 

J o 


exp ( — ikrn d sin tp cos 6) dtp, (23-17) 


since R C P r costp and v = )3(R C + r cos tp) ~ flR c 5> 1. The argument of the 
Bessel function is always smaller than its order, and consequently we use the 
Debye approximation of Eq. (37-90), where 


■Mz) 


exp { (v 2 — z 2 )* 12 - v cosh 1 (v/z) } 
(2;r) 1/2 (v 2 — z 2 ) 1 ' 4 ; 


z = kn cl sin 9 (R c + r cos tp). 

(23-18) 


This expression is dominated by the exponential dependence and is therefore 
sensitive to slight changes in the argument of the exponential. Accordingly, we 
make a Taylor expansion of the argument of the exponential about 
z 0 = kR c n cl sin9 in the small parameter krn cl sin 9 cos tp, and retain terms 
correct to first order. On rearranging Eq. (23-18), we obtain 


Mz) = J v (kR c n d smG) e\p{r costp (/? 2 —k 2 n d sin 2 0) 1/2 }, (23-19) 
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since R C P r cosip. Substitution into Eq. (23-17) leads to 

Caj C2n 

M z = 2nR c J v (kR c n cl sind) Irdr exp {WR cos(ip + i5)} dip, (23-20) 

Jo Jo 

where R = r/p, the parameter W is defined inside the back cover and 
5 — sinh -1 ({kpn d cos6}/W). Using Eq. (37-65), the ip integral is 2nI 0 (WR), 
where I 0 is the modified Bessel function of the first kind. Thus M z has the same 
dependence on 9 as in Eq. (23-7), and hence the ratio of total power radiated to 
initial power is given by the product of Eq. (23-10) and the area factor, i.e. the 
square of the ratio of Eq. (23-20) to Eq. (23-7). If we denote the area factor by 
A, we deduce from Eqs. (23-3) and (23-4) that 


H 

r 

1 

i 

v. a. 

•ao 

o ll-fM]F 0 (R)I 0 (WR)RdR 1 

'J 

[l-f(R)-]F 0 (R)RdR\ 

o J 

r 

(23-21) 


Thus the attenuation coefficient is given by the product of A and Eq. (23-12). 
Dependence on index difference 

It is intuitive that bending losses from weakly guiding fibers should be higher 
than for fibers with larger index differences, since the latter are more effective 
in guiding modal power around the bend. The quantitative dependence of loss 
on the relative index difference is identical for the actual fiber and the thin-wire 
antenna, and is given by the exponential variation with A in Eq. (23-12). Thus, 
although weakly guiding fibers are more susceptible to bending loss, the 
fraction of mode power radiated is negligible unless the ratio of bend to core 
radii takes impractically small values, as is clear from Fig. 23-3 below. We now 
consider examples. 


23-8 Example: Step profile 

In Eq. (23-21) we set/= 0 over 0 ^ R < 1 and / = 1 elsewhere, and substitute for F 0 
from Table 14-3, page 313. The integrals follow from Eqs. (37-92) and (37-99). With 
the help of the eigenvalue equation in Table 14-3 and the Wronskian of Eq. (37-79), the 
area factor is expressible as 

A = \U 2 I{WV 2 K 1 (W)}'\ 2 . (23-22) 

For a fiber with V — 2.4, we find from Table 14-4, page 314, that A = 1.9. The product 
of A and Eq. (23-13) gives the attenuation coefficient for the fundamental mode on a 
bent, step-profile fiber [1-3] 

n il2 ( p y /2 U 2 1 [4 R c W 3 A | 

V= ! 7\RJ V 2 W 3 ’ 2 K\(W) nV> { YJ'T 2 ^ J' 


(23-23) 
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The normalized coefficient yp is plotted as a function of A for various values of RJp in 
Fig. 23-3 (a) for a fiber with V = 2.4. Unless A is minute or RJp is impractically small, 
the area factor of Eq. (23-22) can be ignored in calculating the attenuation coefficient, 
since the latter is exponentially small. 




(a) (b) 

Fig. 23-3 (a) The normalized attenuation coefficient yp of Eq. (23-23) 
as a function of A for various values of the normalized bending radius RJp 
when the fiber has a step profile, (b) The corresponding results for a 
Gaussian-profile fiber calculated from Eq. (23-25). 


23-9 Example: Graded profiles 

We can evaluate the area factor for graded-profile fibers within the Gaussian 
approximation. We replace F 0 with Eq. (15-2) and W with (V 2 — U 2 ) 112 , taken from 
Table 15-2, page 340. Thus for the Gaussian profile, the area factor follows from 
Eq. (37-101) as 

A = exp {(V — 1) 2 /(K + 1)}; V > 1. (23-24) 

At the cutoff V = 2.6 of the second mode, A = 2. The product of A and Eq. (23-14) 
leads to the fundamental-mode attenuation coefficient 


7t 1/2 ( P \ 

i 1 ' 2 y4 j 

f (F — l) 2 4 R c (V— l) 3 | 

^ 2 P UcJ 

1 (V+1) 2 (V-1) 1/2 c " p i 

1 V + 1 3 p V 2 y 


The normalized coefficent yp is plotted against A for various values of R c /p in 
Fig. 23—3 (b) for a fiber with V = 2.6. Here p is the scaling length for the profile in 
Eq. (15-6). As was the case for the step profile, the area factor can be ignored in 
determining the order of the radiation loss from practical fibers, since it is exponentially 
small. 
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TRANSITION LOSSES 


In addition to the radiation loss associated with bending of a fiber, there is a 
transition loss due to abrupt changes in curvature, as occur at the cross- 
sectional plane AA' of the fibers in Fig. 23-4. As we show below, there is a 
mismatch between the fields on AA', and, consequently, the incident field on 
one side excites both the local modes and the radiation field on the other side. 
The power in the radiation field accounts for the transition loss [4-6]. 



Fig. 23-4 The shift in the Gaussian-shaped fundamental mode electric 
field distribution from the fiber axis shown qualitatively from (a) a bend, 
(b) bends of opposite curvature and (c) a change in bend radius. 


23-10 Bends of different radii 

In order to calculate the radiation due to an abrupt change in curvature, we 
need to know the modal fields of the bent fiber more accurately than the local- 
mode approximation described in Chapter 19. The latter assumes the fields in 
any cross-section of the bent fiber are identical to the fields of the straight fiber, 
so that there is no mismatch, regardless of curvature. In Section 36-15 we show 
that the predominant effect of curvature on the fundamental mode is to shift 
the field distribution radially outwards in the plane of the bend a distance r d 
from the fiber axis, as shown in Fig. 23— 4(a). For an arbitrary profile, 
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Eq. (36-56) gives the shift within the Gaussian approximation in terms of the 
spot size r 0 of Eq. (15-2) 

V 2 o 2 fr n \ 4 

r - = 2A^(fj ; R ‘ >P ' i23 - 26) 

where R c is the radius of the bend, and remaining parameters are defined at the 
back of the book. 

Straight and curved sections 

The transition loss for Fig. 23~4(a) is due to the mismatch over AA' between 
the fields of the straight section and the offset fields of the curved section. We 
use the Gaussian approximation of Eq. (15-2) to describe the radial distri- 
bution of the fundamental-mode fields relative to the fiber axis and obtain 

F 0 = exp{-r 2 /lrl}; F 0 = exp { - (r -r d ) 2 /2r 2 0 }, (23-27) 

respectively, where r d is the shift of Eq. (23-26). The situation on AA' is then 
identical to incidence of an offset Gaussian beam, as discussed in Section 20-8. 
Assuming the fiber is single moded, the fraction of incident-mode power which 
remains bound is given by Eq. (20-21) with p s = r 0 + r d . Hence the fraction of 
power radiated, or transition loss, is given by 

(23-28) 

since r d r 0 . This result applies for incidence at AA' from either direction. 
Two curved sections 

Consider two curved sections of a fiber with radii R 1 and R 2 , such as those 
shown in Fig. 23-4(b) and (c). The fundamental-mode shift /q or r 2 for each 
section is calculated from Eq. (23-26) with R c replaced by R 1 or R 2 , 
respectively. On AA', the relative shift r d also depends on the angle y between 
the planes containing each bend according to 

r d = (ri+rl — 2?'j r 2 cos y) 112 . (23-29) 

When the bends lie in the same plane, r d = r 1 4- r 2 if the bends are in the 
opposite sense (y = 7t), as in Fig. 23— 4(b), or r d = | — r 2 | if the bends are in 

the same sense (y = 0), as in Fig. 23-4(c). Hence the relative shift and fraction 
of power radiated follow from Eqs. (23-26) and (23-28) as 



(23-30) 
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for the two cases, respectively, independent of the direction of incidence at 
AA'. 


23-11 Microbends 

When the fiber has a large number of random bends of arbitrary radii of 
curvature and lengths, the radiation is uncorrelated, so we can add the power 
losses from transitions and from bends. Thus the total microbending loss 
along the length of the fiber is the sum of the power radiated from each bend 
and from each transition. Provided the ratio of bend to core radii is large, as is 
the case in practice, we can use the expressions developed in this chapter. For 
large bending radii, transition loss dominates pure bending loss because of the 
exponential dependence in Eq. (23-12). Further results are to be found 
elsewhere [7,8], 

When the micro bending is of sufficiently small amplitude, it is equivalent to 
a form of interface roughness, and the methods of Section 22-5 then apply. We 
find that the radiation losses are significant only when Q is the range given by 
Eq. (22-16), assuming the fiber interface meanders sinusoidally about a 
straight path. 

23-12 Tilts and offsets 

In Section 20-11, we showed that the fraction of fundamental-mode power 
transmitted between contiguous fibers in the presence of mismatches in profile, 
tilts or offsets is given by the appropriate expression for P 0 /P i in Table 20-1, 
page 429, in terms of the spot sizes for the Gaussian approximation on each 
fiber. The transition loss, or fraction of power radiated, in each situation is 
given by 1 — P 0 /Pj, provided the fibers are single moded. 


Reflected power 

The transition losses discussed in Section 23-10 do not account for power 
reflected into backward-propagating modes from junctions or changes in 
bending radius. In Section 20-2, we showed that negligible power is reflected 
from the endface of a weakly guiding fiber, and consequently, we are justified 
in ignoring reflection losses. 
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Section 24—1 


In Chapters 21 to 23 we were mainly concerned with the total power radiated 
by sources and fiber ncnuniformities, rather than the distribution of radiation 
throughout the fiber. This distribution describes the spatial transient between 
the source of excitation of the radiation fields and the spatial steady state 
further along the fiber, where essentially only bound modes propagate. The 
spatial transient and the spatial steady state were discussed in Section 8-1, and 
for a source on the endface, the situation is depicted schematically in Fig. 8-1. 
Within the region of the spatial transient, both bound modes and the radiation 
fields are necessary to fully describe light propagation. The duration of the 
spatial transient depends on the degree to which the fiber retains radiation 
from the source prior to its eventual escape, or leakage, from the core. The 
purpose of this chapter is to introduce a class of modes, called leaky modes, to 
describe the portion of the radiation field which travels comparatively long 
distances along and close to the fiber axis. 

We shall mainly be concerned with fibers that propagate only one or a few 
modes. The spatial transient of multimode fibers was examined in Chapter 8, 
using the leaky rays of Chapter 7. We recall from Eq. (8-1) that the duration of 
the spatial transient along the fiber increases exponentially with the fiber 
parameter V. For example, a step-profile fiber with V = 50 and 6 C = X /(2A) 
= 0.1 has a spatial transient over a distance of approximately 10 u p, where pis 
the core radius, whereas a fiber with the same value of A, but with V = 2.4 has a 
spatial transient of approximately lip. Although Eq. (8-1) is not precise for 
such a small value of V, it does show that the spatial transient plays only a 
minor role in describing light propagation along low- V fibers which propagate 
only one or a few modes, although the transient can be important when the 
fiber length is short, as in some visual photoreceptors [1, 2], Nevertheless, it is 
important to appreciate the properties of leaky modes, since they not only 
provide a good approximation for describing the spatial transient of low- V 
fibers, but the physical properties of an individual leaky mode provide a simple 
description of the loss mechanism for the fiber. 


24-1 Radiation close to the axis 

The main objective of this chapter is to approximate that portion of the 
radiation field which propagates within or near the core for comparatively 
large distances from the source of excitation. The fiber is then effectively 
guiding some of the radiated power over finite distances. It is intuitive that 
within and close to the core, the fields which describe this radiation must have 
almost the same representation as the fields which describe the guided, bound- 
mode power. The only difference between the two representations is due to the 
attenuation of the radiation fields along the axis as power is lost into the 
cladding. Thus we anticipate that the guided portion of the radiation fields can 
be described approximately by leaky modes, i.e. by modes which are similar to 
bound modes near and within the core, but have a complex propagation 
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constant to account for the attenuation in the direction of propagation. 

The description of leaky modes comes from several logical approaches. We 
begin with a heuristic argument and follow with the detailed mathematical 
formulation which applies to waveguides of arbitrary cross-section and profile. 
For clarity, we omit modal subscripts when discussing an individual leaky 
mode. 

24-2 Heuristic derivation 

We saw in Chapter 1 1 that the propagation constant ^ of a bound mode is 
given by an eigenvalue equation, provided the waveguide parameter V is above 
the cutoff value V c for that mode. If we now investigate this solution for values 
of V below the cutoff value V c , we find that /f becomes complex and the modal 
fields possess the attributes of leaky modes described above. 

We could have anticipated this by examining the modal properties of 
particular waveguides. For example, compare the fraction rj of bound-mode 
power within the core of the step-profile, planar waveguide with the same 
fraction for the step-profile fiber. It is clear from Table 12-2, page 243, that 
r] -* 0 for every mode of the planar waveguide as V approaches the cutoff value 
V c , i.e. U = V = V c , W = 0. However, in Fig. 12-5, g > 0 at cutoff for every 
mode of the fiber, with the exception of the TE 0m , TM 0m , HE lm and HE 2m 
modes. Thus, there is a significant difference between the modes of the two 
waveguides close to cutoff. As a mode of the planar waveguide approaches 
cutoff, all of its power resides in the cladding, whereas a substantial fraction of 
power remains within the core of the fiber at cutoff, excepting the above- 
mentioned modes. 

Propagation below cutoff 

Now consider on the fiber endface a source which excites only the HE 31 mode 
at its cutoff V c = 4.399, assuming A = 0.32. This mode propagates unat- 
tenuated along the fiber with approximately 60 % of its power within the core, 
according to Fig. 12-5. If we increase the wavelength X of the source 
infinitesimally so that V is just below V c , then the propagation characteristics 
of the fiber have changed only infinitesimally, yet the exact electromagnetic 
analysis shows that all the power in this mode is ultimately radiated. Close to 
or within the core, the radiation field can be approximated by the fields of the 
bound HE 31 mode. However, the eigenvalue equation shows that the 
propagation constant (3 has an infinitestimal, imaginary part and it gives rise to 
an infinitesimal attenuation coefficient. Physically, the attenuation coefficient 
accounts for the gradual spread of power away from the core as the leaky mode 
propagates, and, as we show in Section 24-14, the imaginary part of j3 can be 
identified directly with the rate at which guided power of the leaky mode is 
radiated. 

The above example provides additional justification for our intuitive belief 
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that the portion of the radiation fields propagating along and close to the fiber 
axis can be approximated by bound modes below cutoff. Perhaps the most 
convincing evidence is the experimental observation [3, 4] of mode patterns 
for fibers with values of the fiber parameter V below the cutoff, V c , of each 
mode. Although leaky modes on planar waveguides have been understood for 
some time [5-9], it is only recently that leaky modes of the type exemplified by 
the HE 31 mode have been described [10-19]. 

24-3 Leaky modes and space-wave representation of radiation 

The radiation fields of an optical waveguide can be determined either by modal 
methods or by Green’s function methods, as discussed in Chapters 25 and 34. 
In Chapter 26, we show how, starting from either representation, the total 
radiation fields E rad and H rad can be expressed exactly as a sum of leaky modes 
together with a space-wave contribution E sw and H sw . Thus 


«lm 

Min, 

E rad = £ { a j E j + a -j E -jt + E sw ; 

H, ad = I {ajHj + a.j + 

j=l 

i= i 

(24-1) 


where the aj and a^j are modal amplitudes of the forward- and backward- 
propagating modes, respectively, and M ]m is the number of forward- or 
backward-propagating leaky modes, discussed in Section 24-10. The modal 
fields E;, Hy, E_ j and H_ j, are the fields of the bound modes of Eq. (11-3) 
evaluated below the cutoff, V c , of each mode, while the space-wave fields 
represent the remaining portion of the radiation fields. The power associated 
with the space-wave fields rapidly propagates away from the waveguide. 

At large distances from the waveguide axis, the space-wave fields represent 
the entire radiation fields, while at the other extreme, the radiation field far 
from the source and close to or within the core is represented approximately by 
the leaky-mode fields. An exception to this is the very special situation when 
the power of the source of excitation is highly directed at the complementary 
critical angle, 6 C , of geometric optics. Under these circumstances, the radiation 
fields propagate along the core-cladding interface for comparatively long 
distances. We include this radiation, which is discussed in Chapter 26, within 
the space-wave contribution to Eq. (24-1), since it is not contained within the 
core by the transverse resonance mechanism satisfied by the leaky modes, i.e. 
the eigenvalue equation. 


CHARACTERISTICS OF LEAKY MODES 

We now examine the properties of leaky modes on nonabsorbing, clad fibers of 
arbitrary profile and cross-section. Later, in Section 24—20, we briefly discuss 
the leaky modes of planar waveguides. 
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24-4 Modal parameters 

Since leaky modes are bound modes below cutoff, they have fields which are 
functionally identical to those of bound modes. However, the modal 
parameters appearing in the fields are now complex. If superscripts r and i 
denote real and imaginary parts, then we define 

p = F + U = U T + iU { - W = W r + iW, (24-2) 

where U and W are related to $ and the waveguide parameter V, as inside the 
back cover. The range of bound-mode propagation constants is given by 
Eq. (11-46). Consequently, the leaky-mode propagation constant satisfies 

0 ^ P r < kn cl or U r > V. (24-3) 

In Section 24-10, we show that there is only a finite number of leaky modes. 
Just below cutoff, W is almost pure imaginary, so it is convenient to introduce a 
new modal parameter Q defined by 


Q = p(k 2 n^-P 2 ) 112 = iW = (U 2 - V 2 ) 112 , 


(24-4) 


and included at the back of the book. Thus Q is almost real just below cutoff. 
The signs of the parts of the complex parameters satisfy 

P r , /?', U T , Q r , positive; U\ W\ W\ Q\ negative, (24-5) 

for forward-propagating modes. 


24-5 Modal fields 

If we substitute Eq. (24-2) into Eq. (11-3), the functional dependence of the 
leaky-mode fields is given by 

E(x, y z) = e(x, y) exp (ifi r z) exp ( — fi'z), (24-6a) 

H(x, y, z) = h(x, y,) exp (i)3 r z) exp ( -j 3‘z), (24-6b) 

where e and h depend on the complex modal parameters. The spatial 
dependence of e and h in the uniform cladding of an arbitrary fiber is identical 
to the dependence for the step profile in Table 12-3, page 250, apart from a 
change in the constant factor in each component. The radial dependence 
involves the modified Bessel function of the second kind K V (WR ) where 
R = r/p. Since W is almost pure imaginary just below cutoff, we use the 
transformations of Eqs. (24-4) and (37-71) to replace K v by the Hankel 
function H[ i} (QR) of the first kind, whose argument is almost pure real. Thus, 
for example, the spatial variation of the longitudinal field components of the 
even modes is proportional to 

H[ 1] (QR) cos {vcj)) exp (ij3z). 


(24-7) 
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At large distances from the fiber such that QRP v, we can replace the Hankel 
function by its asymptotic form of Eq. (37-87). If we include the implicit time 
dependence, Eq. (24-7) is proportional to 


(1/R 1/2 ) cos (v(j)) exp 


QR + Pz 


(2v+ ly^-cot 


(24-8) 


The expression within the curly brackets represents a wave propagating away 
from the fiber. The direction of propagation determines the direction of the 
power radiating from the leaky mode. In the cladding this direction makes 
angle 0, with the fiber axis, whence, we deduce from Eqs. (24-8) and (24 4) that 


cos d, = j3 r //cn cl ; tan 0 2 = Q r /pP T , 


(24-9) 


where n c , is the uniform cladding index. 


24 6 Radiation caustic 

The fields of leaky modes are characterized by a distinct change in their 
physical behavior sufficiently far from the fiber axis. We define a radius r rad in 
the cladding at which the order and the real part of the argument of the Hankel 
function in Eq. (24-7) are equal, assuming high-order modes with 1. Hence 

r rad = *’M2 r ; r > p, (24-10) 

where p is the core radius. The behavior of the fields in the regions 
p < r < r rad and r rad < r < oo follows by substituting Eqs. (37-90) and (37-87) 
for the asymptotic forms of the Hankel function into Eq. (24-7). Between the 
interface and the surface r = r rad , the fields are evanescent, and decrease with 
increasing radius, while beyond r rad the fields are oscillatory or wavelike and 
power propagates in the direction given by Eq. (24-9). Accordingly, we identify 
r rad with the apparent position from which radiation originates. We call this 
position the radiation caustic. The situation is depicted in Fig. 24-1 (a). Within 
the core and the region p < r rad , the leaky mode appears like a bound 
mode, but for r > r rad power is radiated. We emphasize that r rad is sharply 
defined as the actual origin of radiation only for high-order modes. 


24-7 Classification of leaky modes 

Where the radiation caustic lies at a finite distance beyond the interface, the 
modal fields in the region p <r < r rad are evanescent and the direction of 
power flow, as determined by the Poynting vector, is parallel to the fiber axis. 
Since power is lost at r rad , and because the fields at every position within 
0 < r < r rad attenuate at the same rate, part of the power radiated must 
originate within the core. The physical mechanism whereby core power is 





(b) 

TUNNELING LEAKY MODES 

P < had < OO 

(c) 

REFRACTING LEAKY MODES 

had = P 

(d) 

BOUND MODES 

had = CO 


Fig. 24 1 Leaky mode radiation from a clad fiber originates on the 
radiation caustic of radius r rad and propagates away at angle 0, to the axis. 
Shaded regions denote the core and dotted regions denote evanescent 
fields in the cladding. A tunneling leaky mode is depicted in (a) and (b), a 
refracting leaky mode in (c) and a bound mode in (d). The table classifies 
modes according to the value of r rad 


transmitted across the evanescent region is known as tunneling , or frustrated 
total reflection, as already discussed in Chapter 7 in terms of rays. Hence leaky 
modes with values of r rad satisfying p < r rad < oo, are referred to as tunneling 
leaky modes [13-15]. It is intuitive that the larger r rad the smaller the modal 
attenuation, since, when r rad = oo, the evanescent fields extend indefinitely into 
the cladding and the leaky mode becomes a bound mode. 

If the radiation caustic coincides with the interface, then r rad = p and, in 
keeping with the ray nomenclature of Chapter 7, we refer to such modes with 
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no evanescent region in the cladding as refracting leaky modes. The range of 
values of r rad for bound and leaky modes, together with the evanescent field 
depth, are shown qualitatively in Fig. 24-1. 

24-8 Plane-wave decomposition 

We show in Section 36-2 how the fields of high-order bound modes on the 
step-profile fiber can be decomposed into families of plane waves, or rays, each 
ray propagating with the same characteristic angles 0 2 and 6$ in the core of the 
fiber. This decomposition also applies to the fields of leaky modes in the core, 
and verifies that tunneling leaky modes are composed of tunneling leaky rays 
and refracting leaky modes are composed of refracting leaky rays [1 1]. The 
connection between the modal parameters v and /F and the ray invariants / and 
/? is given in Table 36-1, page 695, provided /? is replaced by ff. 

24-9 Weakly guiding waveguides 

In Chapter 13, we showed how to construct the bound-mode fields of 
weakly guiding fibers, starting from solutions of the scalar wave equation. The 
transverse electric fields e t of leaky modes have the same functional formas the 
bound-mode field e t of Table 13-1, page 288, provided the propagation 
constant and the modal parameters U and W are replaced by the complex 
forms corresponding to Eq. (24-2). We introduce the modal parameter Q 
which is defined by analogy with Eq. (24 — 4). For forward -propagating modes, 
the signs of the real and imaginary parts of these parameters obey the same 
rules as the exact parameters in Eq. (24-5). 

The corresponding transverse magnetic field h t is no longer related to e t by 
the expression in Table 13-1, since /F satisfies the same range of values as /F in 
Eq. (24-3) and thus may differ significantly from kn co . Instead, we use a 
simplified form of Eq. (30-5b) for arbitrary values of ft. We show in subsequent 
sections that solutions of the eigenvalue question for leaky modes satisfy 
|/(| = kn co . This arises because /F rapidly increases as V decreases below cutoff, 
V c and offsets the decrease in /F. Accordingly, the longitudinal fields of Eqs. 
(30-5c) and (30-5d) are of order 1/pfi, or A 1 /2 / V, times the transverse fields and 
can be ignored. Thus Eq. (30-5b) can be well approximated by setting 

(24-11) 

where z is the unit vector parallel to the fiber axis. 

24-10 Number of leaky modes 

We derive expressions in Section 36-13 for the number M lm of leaky modes 
which can propagate on an arbitrary multimode fiber with Vp 1. The 
numbers of tunneling leaky modes M tm and refracting leaky modes M m on a 
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step-profile fiber follow from Eqs. (36-45) and (36-42) 

V 2 f (2A) 12 ] 

= A«l, (24-1 2a) 

V 2 ( 1 2/2 \ 1/2 } 

= }, (24-! 2b) 


where the smallest integer just exceeding the right side is implied, and A is 
defined inside the back cover. These expressions include all even and odd HE 
and EH modes, as well as the TE and TM modes. The number of bound modes 
M bm is given by Eq. (36-41), whence the total number of modes is 

A*to. = M bm + M tm + M im = M bm + M lm = V 2 /4A, (24~1 3) 

The numbers of bound and of tunneling modes are approximately equal when 
A<gl. 


POWER AND ATTENUATION 

Leaky modes are a useful concept if we can apply them to problems as 
easily as bound modes. This is facilitated by the development of a sound, 
physical description of the power and attenuation of leaky modes [1 1, 13]. As 
there is no formal definition of leaky-mode power, we present an intuitive 
description. 

24-11 Intuitive physical description 

Using the attributes of leaky modes discussed above, we can gain further 
insight into the structure of each mode [13]. Consider a tunneling leaky mode 
on length L of a fiber as shown in Fig. 24-2 (a). The mode is excited at z = 0 and 
as it propagates we assume that radiation originates from the radiation caustic 
of Section 24-6. The guided portion of the leaky mode’s power is assumed to 
lie in the region 0 ^ r < r rad . At z = L, the radiation flowing through each 
point of the cross-sectional plane can be identified with its point of origin on 
r = r rad . Thus radiation at r = r 0 originates from z = 0, and at r = r } from 
z = z u as shown. As the guided leaky-mode power attenuates along the fiber, 
the radiation fields at r 0 on z = L are greater than at r l5 since more power is 
available for radiation at z = 0 than at z = z 1 . Thus we can anticipate that the 
field of a leaky mode beyond r = r rad increases with radial distance up to r = r 0 
where it reaches a maximum. Beyond r 0 the field vanishes. Within r = r rad , the 
leaky-mode fields appear like bound-mode fields, apart from a complex 
propagation constant which accounts for the attenuation along the fiber. It 
may be helpful to note that this attenuation is qualitatively identical to the 
attenuation caused by an absorbing medium occupying the region r > r rad . 

The increase in the radiation field intensity for r > r rad can be seen in the 
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Fig. 24-2 (a) Intuitive description of power flow on a fiber when a leaky 
mode is excited at z = 0 and (b) a differential section of length dz of a step- 
profile fiber, showing the element of leaky-mode power d P r lost to 
radiation. 

asymptotic field expression of Eq. (24-8). If we fix z and allow r to increase, 
then, according to Eq. (24-5), there is an increase in field amplitude varying as 
(l/R 1/2 )exp(|<2'|R). 


24-12 Guided and radiated power 


The power flow in Fig. 24-2(a) is composed of two distinct parts: a guided 
portion which occupies the core and the evanescent region within radius r rad , 
and a radiated portion propagating at angle 9 Z , defined by Eq. (24-9), and 
occupying part of the region r > r rad . If we define P g (z) to be the total guided 
power at position z, the Eqs. (1 1— 21a) and (24-6) give 




-exp( — 2/)‘z)Re • 


ex h* zdA 


(24-14) 


where a is the modal amplitude, Re denotes real part, T rad is the cross-sectional 
area within r = r rad , * denotes complex conjugate and z is the unit vector 
parallel to the fiber axis. Similarly, we define P r (z) to be the total radiated 
power flowing over the cross-sectional plane at position z. Hence 


P r (z) = J-J-expf — 2/Pz) Re 


ex h*-zd/l i, 

A{2) ) 


(24-15) 


where A(z) is the annular area between r rad and r 0 = r rad +z tan 6 Z . 

It follows from these definitions that P r (z) accounts for all the guided power 
lost as radiation in distance z along the fiber. Initially, no guided power is 
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transferred to radiated power, but as z -+ 00 all guided power is transferred to 
radiated power. Hence 

P = P g (z)+P r (z) = P g (0) = P r (oo), (24-16) 

since the total leaky-mode power P is 'constant along the fiber. The initial 
guided power is determined by the source of excitation in Section 24-17. 


Extrapolation of bound-mode power 

The radiation and guided portions of leaky-mode power are presented as 
intuitive concepts, since the demarcation provided by r rad is only meaningful 
for higher-order modes, and the definition of 9 Z assumes the attenuation is 
small. Nevertheless, as r rad -> oo and the attenuation becomes very small, we 
anticipate that P g (z) will have the same functional form as the power of a 
bound mode with IT replaced by — iQ, apart from the factor exp( — 2/f'z). In 
other words, just below cutoff the guided power of a leaky mode is the 
extrapolation of bound-mode power, as may be verified by evaluating 
Eq. (24-14) for a particular fiber and then taking the limit /?' -+ 0. 


Step-profile fiber 


In the case of weakly guiding, step-profile fibers, the power of a bound mode 
is given by P = \a\ 2 N, where the normalization is defined in Table 14-6, page 
319. Setting W= -iQ and applying the transformation of Eq. (37-71) yields 


P.(z) = - 


\ a \ 2 p\o 



1/2 v 2 HWAQWI'MQ) 

U 2 {H\ l \Q)} 2 


exp( — 2 p'z), (24-17) 


where the ~ is omitted and H\ l) is a Hankel function of the first kind. Since P g 
is real, the right side is evaluated in the limit Q = Q T -* 0, when, to lowest order, 
the Hankel functions are pure imaginary and U S U T . 


24-13 Fraction of guided power in the core 

In Section 11-8 we defined t] as the fraction of modal power propagating 
within the waveguide core. Although there is no formal definition of tj for leaky 
modes, we can provide an intuitive expression by adopting the description of 
the previous section and setting 


Re< 

power flow within the core L 

e xh* -zd4 j 

-4co J 

power flow within the radiation caustic f 

R 1J 

eXh*-zdA 1 


(24-18) 


where the notation is defined in Section 24-12. 
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Step-profile fiber 


On the weakly guiding, step-profile fiber, the form of t] immediately below 
cutoff is obtained from Table 14-6, page 319, by analogy with Eq. (24-17). 
Hence 


u 2 f e 2 ) 

* V 2 \H\i\ (Q)H\ l + \(Q) U 2 y 


(24-19) 


where the ~ is omitted from scalar quantities. 


24-14 Power attenuation coefficient 

Our intuitive description of a leaky mode in Section 24—12 ensures that total 
power is conserved as the mode propagates. This property emphasizes the idea 
that the power attenuation coefficient y represents the rate of power loss from 
the guided portion of the fields to the radiation portion of the same fields, 
namely 

P e (z) = P g (0)exp(-yz); y = 2f\ (24-20) 

As the mode propagates, power originally confined to the guided portion 
spreads throughout an increasing domain to occupy the region r rad < r ^ r 0 at 
z-L in Fig. 24-2(a). This concept enables us to derive an expression for the 
power attenuation coefficient [13]. 

Step-profile fiber 

For convenience and simplicity, we use the weakly guiding, step-profile fiber as 
an example. Consider a differential section of the fiber of length dz, as shown in 
Fig. 24— 2(b). This section is sufficiently short that only a small dP r (z) is lost to 
radiation from the radiation caustic. The power attenuation coefficient then 
satisfies 

dP r (z) = yP g (z) dz, (24-21) 

where P T and P g are defined by Eqs. (24-1 5) and (24-14). To evaluate dP r (z), we 
note that the power leaving the surface r = r rad is contained between two 
conical surfaces making angle d 2 of Eq. (24-9) with the axis. If r' is the mean 
radius of these surfaces at position z, we deduce from Eqs. (ll-20a) and 
(24-16) that 

dP r (z) = 7i|u| 2 ^-^ r {Re(exh* -z) r = r -} exp(-2/J’z)dz, (24-22) 

where a is the leaky-mode amplitude and the scalar product is 
evaluated at r = r'. It follows from Table 14-6, page 319, Eqs (24-11) and 
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Re(exh*-z) r = r , = ( — 

Vo 


n 

o 

<N 

( 

H\ 1) (Qr'/p ) 2 


m i] (Q) 


(24-23) 


where H\ 1] is the Hankel function of the first kind. Since d P T (z) must be 
independent of r', it is convenient to let r'-*oo and use the asymptotic form of 
Eq. (37-87) for H\ l) (Qr' / p). Substituting Eqs. (24-17), (24-22) and (24-23) 
into Eq. (24-21), we finally obtain [13] 


4 (2A) 1/2 (U T ) 2 1 

n~l> v ^ ihw, mmwmi’ 


(24-24) 


where we have set U = V T and Q ~ Q T . Later, in Section 24-18 we confirm 
that this result, based on an intuitive physical description of leaky modes, is 
consistent with the formal electromagnetic solution for small values of y. 


Comparison with leaky rays 

The attenuation of leaky rays on multimode fibers is discussed in Section 
7-1. For higher-order modes, it is intuitive that there should be good 
agreement between the leaky-mode and corresponding leaky-ray attenuation 
coefficients. We discuss this agreement both qualitatively and quantitatively in 
Section 36-1 1 for step-profile planar waveguides and fibers. 


ORTHOGONALITY AND NORMALIZATION 

The total fields of an optical waveguide are expressible as a summation over 
discrete bound and leaky modes, together with the space-wave fields. This 
representation is formally identical to the expansion of Eq. (11-2). If we 
consider only forward-propagating modes, then 

E= £ o,e,exp(i/?,z) + £ b k e k exp (i/?Jz)exp (~P' k z)+ E sw , (24-25a) 

;=i k = i 

J ^bm ^lm 

H= £ a J h J exp (ipjz) + £ h*e*exp(i/?j[z)exp(- ftz) + H sw , (24-25b) 

j = 1 k = 1 

where M bm and M lm are the numbers of bound and leaky modes, and E sw , H sw 
denote the space-wave fields. To determine the modal amplitudes b k of the 
leaky modes due to illumination of the endface of the waveguide, we require 
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orthogonality relationships between leaky modes, bound modes and the space 
wave, and an expression for the normalization of each leaky mode. 


24-15 Orthogonality relations 


The orthogonality relations of Section 1 1-4 for bound modes are invalid for 
leaky modes. This is evident from Eq. (24-8), which shows that the fields grow 
as exp ( | Q 1 1 r/p) as r -* oo . Such fields do not obey the orthogonality condition 
of Eq. (1 1-10) which involves integration over the infinite cross-section of the 
waveguide, since this requires that the fields vanish as r -*• oo. However, it is 
possible to construct an orthogonality condition by integrating in the complex 
r plane [20-22]. We assume r has a sufficiently large imaginary part to offset 
the exponential growth of the leaky mode with the largest value of Q\ The 
contour in the complex r plane can be chosen so that bound and leaky modes 
are orthogonal to one another and to the space-wave fields. Consequently, the 
orthogonality condition for two leaky modes is functionally identical with Eq. 
(11-14), provided the infinite cross-section A m is replaced by A where A' x , 
denotes the real cross-section of the waveguide for finite r and becomes 
complex as r -» oo. Thus 


ejXh* -zdA = - 


e k xhj-zd/4 = 0; j f k. (24-26) 


The leaky-mode fields have the same functional form as the bound-mode 
fields, but the modal parameters and propagation constants are complex. 

We emphasize that leaky modes do not obey the power orthogonality of Eq. 
(11-13). This is because e, x h* is not an analytic function and thus cannot be 
continued into the complex plane as is necessary for the above generalization. 


24-16 Normalization 


It follows from the discussion in the previous section that the normalization N 
of each leaky mode is defined by 




exh'zd/1, 


(24-27) 


where A' w is the complex cross-section defined above and z is the unit vector 
parallel to the waveguide axis. We emphasize that, for the implementation of 
the orthogonality relations and the determination of N, it is not necessary to 
know the details of A ' x . The important point is that A’ x . ensures that all leaky- 
mode fields vanish infinitely far from the waveguide. Because h* = h t for 
bound modes on nonabsorbing structures, as discussed in Section 1 1-3, N has 
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the same functional form for both leaky and bound modes. This can be found 
by integrating the leaky-mode fields over the infinite cross-section A . Care 
must be exercised in evaluating N, since the arguments of e and h are complex. 


Step-profile fiber 


To illustrate the above point, consider a weakly guiding, step-profile fiber, 
whose leaky mode fields are given by Eq. (24-6) together with Tables 14-1, 
page 304, and 14-6, page 319. For example, within the core, the z-directed 
power density is 


e x h-z = 



J,(UR ) \ 2 
■ME/) J : 


(24-28) 


after using Eq. (24-11). For weakly leaky modes, /J = kn c0 , so that Eq. (24-28) 
has the same functional form as bound modes. Thus, N also has the same 
functional form as bound modes given by Table 14—6, with W replaced by — iQ. 
With the aid of Eq. (37-71), this leads to 


np 2 n co feo V ' 2 V^_ H\ l .\ (Q)H \j\ (Q) 
2 UJ U 2 {H\ 1) (Q)} 2 


(24-29) 


where H a> is the Ftankel function of the first kind, and the ~ is omitted. 


Bound- and leaky-mode power 

We emphasize that the definition of N given by Eq. (24—27) is formally correct 
for leaky modes of arbitrary attenuation. However, although the power of a 
bound mode on a nonabsorbing fiber is directly related to normalization in Eq. 
(11-22), there is no corresponding expression for the power of a leaky mode. 
The leaky-mode power P of Eq. (24-16) is an intuitive concept for understand- 
ing leaky modes. Only for weakly leaky modes can we express power in terms 
of normalization using Eq. (1 1-22). However, if we are only concerned with the 
power in the core, then Eq. (11-28) applies rigorously to both bound and leaky 
modes. 


24-17 Excitation and perturbation problems 

As we now have orthogonality relations and normalization expressions for 
leaky modes, results which were derived for bound modes in earlier chapters 
can simply be extended to apply to leaky modes. These include the 
perturbation expressions of Chapter 18, the modal amplitudes due to 
illumination in Chapter 20, and the excitation and scattering effects of current 
sources in Chapters 21 to 23. We give an example of leaky-mode excitation by a 
source in Section 24—23. 
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SOLUTION OF THE EIGENVALUE EQUATION 

So far we have presented all the properties necessary for understanding the 
physical attributes of leaky modes, and for determining their excitation. All 
these properties, though, require a knowledge of the complex propagation 
constant /? for each leaky mode. The solution of the eigenvalue equation for 
values of V below cutoff must, in general, be performed numerically. Only for 
weakly leaky modes when Fis close to cutoff are analytical solutions available 
[13]. We now consider examples. 


24-18 Example: Analytical solution for the step-profile fiber 


The eigenvalue equation for bound modes of the weakly guiding, step-profile fibre is 
given in Table 14-6, page 319. We change parameter from W to —iQ, apply the 
transformation of Eq. (37-71) and omit the - to obtain 


i+i (u) m\\(Q) 

MV) ^ H\ l \Q) ’ 


Q 2 = U 2 -V 2 , 


(24-30) 


where J, and Hi 1 ’ are Bessel and Hankel functions of the first kind, and U, Q are 
complex below cutoff V = F c for each mode, with the exception of the fundamental 
mode which is not cut off. Here we derive analytical approximations for the mode 
parameters just below cutoff, when U and Q are approximately real with small 
imaginary parts. These approximations also provide accurate starting values for the 
exact numerical solution in the following section. 


Real parts of V and Q 

The real part of U just below cutoff for all modes with / ^ 1 is given approximately by 
extrapolating the expression in Table 14— 7 to V < V c , whence the real part of Q follows 
from Eq. (24-30) as Q T = ({U T } 2 — V 2 ) 112 . Such an extrapolation is less useful for 
higher-order HE lm modes (/ = 0, m > 1) since there is a discontinuity in U at the cutoff 
of each mode, as we show in the next section. 


Imaginary parts of U and Q 

The components U' and Q' of the mode parameters can be found from a perturbation 
solution of the eigenvalue equation. We define a function G by 


G(U) = U 


MAV) 

MV) 


Hi¥i ( Q ) 


(24-31) 


where U = U r + iU\ Just below cutoff, U' is small compared to U\ so we make a Taylor 
expansion of G about U T and retain terms correct to first order only. Since U is a 
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solution of Eq. (24-30), we obtain, on rearrangement. 


U' = iG(U T 


IdG 

'/ w 


lt/ = u r 


(24-32) 


We differentiate Eq. (24-31) with respect to U and apply the recurrence relations of Eq. 
(37-72). Using Eq. (24-30) to express the Bessel functions in terms of the Hankel 
functions leads to 


dG V 2 H\l\(Q r )H\ l + \(Q T ) 

d U VmVt U' {H\ l '(Q')} 2 ’ 


Q T = { (U r ) 2 - V 2 } 1 ' 2 . 


(24-33) 


Close to cutoff, Q is small and the Hankel functions are dominated by their imaginary 
components. Thus the derivaive is virtually real, and, since [/' is real by definition, we 
require the imaginary component Im{G([/ r )} of Eq. (24-31). The latter involves only 
Hankel functions and, by setting H\ u = J, + iY h where Y, is the Bessel function of the 
second kind, we find, with the aid of the Wronskian of Eq. (37— 76b), that 


Im{G(U r )} = (2/jt)(l/|tf< 1 >(Q r )| 2 ). (24-34) 

Within the accuracy of the perturbation solution, we substitute Eq. (24-34) and the 
modulus of Eq. (24-33) into Eq. (24-32) to obtain [13] 


U' = 


2 If 1___ _ 

* y2 |Hli. , i(Q r )tfjl , i(Q r )|’ 


where Q' follows from Eq. (24-30). 


& = U' 


If 

Q” 


(24-35) 


Power attenuation coefficient 

To obtain the power attenuation coefficient, we equate the imaginary components in 
the definition of U inside the back cover, i.e. U'U T = — p 2 /?'/? r . On the weakly guiding 
fiber, f} T s kn co = V/p( 2A) 1/2 just below cutoff whence we deduce from Eqs. (24-20) 
and (24-35) that 


4 (2 A) 1,2 (U r ) 2 1 

n~~ P V ^ (<2 r )| ’ 


(24-36) 


which is identical to Eq. (24-24) which was derived from intuitive power conservation 
arguments. Very close to cutoff the asymptotic forms of the Hankel function for small 
argument in Eqs. (37-83) and (37-84) lead to the simpler forms 


U' = -n(U r -V), 1 = 0; U' = -ji( V c - U)/|ln 2K(K C - V)\, 1 = 1, (24— 37a) 


U ' S 


2n 1 f/-l 

Tt\U-2)\[2f 


K(v c -v) 


t 


2; y 


2(2A) 1/2 U' 

p y 


(24 — 37b) 


using U ! = U in the expression for in Table 14-7, page 324. and noting that 
U r = V = V c in these approximations. 
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24-19 Example: Numerical solution for the step-profile fiber 

The exact numerical solution of Eq. (24-30) for the real and imaginary parts of U and Q 
is facilitated by using Table 14-7, page 324, and Eq. (24-37) as initial estimates for 
values of U immediately below cutoff. As V decreases, the solution can then be found by 
using a Newton-Raphson iteration, which makes a Taylor expansion of G of Eq. 
(24-31) about a known zero and then truncates the expansion after two terms [21], 
Using this method, U T and — U' are plotted against V in Fig. 24— 3(a) for the HE, + x x 
and EH,_ ! t modes for / = 1, 2, . . . , 6. The fundamental HE! t mode (/ = 0), which is 
not cut off, is included for comparison. Bound-mode solutions correspond to the solid 
curves above cutoff The dashed curves originating at cutoff V = V c for each mode 
denote the tunneling leaky-mode solution for U T and U\ when the radiation caustic is at 
a finite distance from the interface. The solid continuation of each curve denotes the 
refracting leaky-mode solution, when the radiation caustic coincides with the interface. 
We are reminded that this delineation is somewhat artificial for low-order modes, as the 
position of the radiation caustic is not well defined. 




Fig.24-3 Plots of U r and — t/'against V for (a) the HE, + 1 l and EH,_ la 
modes, I = 1, . . . , 6, and (b) the HE lm modes, m = 2,3,4, of a weakly 
guiding step-profile fiber [21], The thin diagonal line denotes cutoff 
U r = V. 


The second set of curves, in Fig. 24—3 (b), give U r and — U' for the HE lm modes (/ = 0) 
with m = 2, 3 and 4, including the fundamental mode (m = 1) for comparison. Below 
cutoff each mode becomes a refracting leaky mode; there is no tunneling leaky-mode 
region as in Fig. 24-3(a). These curves exhibit a feature that is peculiar to the HE lm 
modes; immediately below cutoff, there is no leaky mode solution of the eigenvalue 
equation [19], as indicated by the breaks in the curves for U T . This discontinuity is 
associated with the discontinuity in r rad for these modes, which changes from r rad = oo 
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for bound modes immediately above cutoff to r rad = p immediately below cutoff for 
refracting leaky modes. 


Attenuation coefficient 

The leaky mode eigenvalue equation of Eq. (24-30) and its solutions U\ U' are 
independent of A, but the corresponding attenuation coefficient is very sensitive to the 
value of A. If we equate real an imaginary components of U 2 using the definition at the 
back of the book, eliminate /T and substitute the solution of the resulting quadratic 
equation for (p 1 ) 2 into Eq. (24-20), then 


y 



2A 


— (T/ r ) 2 + (T/ 1 ) 2 + 4(l/ r U') 2 


V 2 
2A 


+ (U 1 ) 2 — (U') 2 



(24-38) 


It is readily verified that y -> 0 as A -» 0. Plots of the normalized attenuation coefficient 
yp corresponding to the values of U' in Fig. 24-3 are given in Fig. 24-4 for a fiber with 
A = 0.005. Each curve shows how a leaky mode can have an arbitrarily small attenuation 
coefficient if V is sufficiently close to cutoff. Such a leaky mode can propagate for 
considerable distances, giving rise to a prolonged spatial transient. In the case of the 
refracting leaky modes which correspond to the solid curves in Fig. 24~4(a), even the 
smallest attenuation coefficient has a relatively high value, so that these modes rapidly 
disappear along the fiber. For a given value of V, attenuation increases as / increases. 

These properties of leaky-mode attenuation coefficients are consistent with the 
attenuation of the family of leaky rays in Chapter 7, which comprise the mode. This is 
discussed in Section 36-11. 




(a) (b) 

Fig. 24—4 The normalized power attentuation coefficient, yp, plotted 
against V for the modes of Fig. 24-3, assuming A = 0.005 in Eq. (24-38) 
[21]- 
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Fraction of power in the core 

The fraction of leaky-mode power propagating within the fiber core is given by Eq. 
(24-19). Using this definition and taking the real part of the quotient of Hankel 
functions, we plot q as a function of V in Fig. 24-5 for the modes of Fig. 24— 3(a). The 
solid curves denote bound modes and the dashed curves denote tunneling leaky modes. 
All refracting leaky modes have >] = 1 since r rad = p and A mi = A ai . 



Fig. 24-5 The fraction of power within the core plotted against V for 
the modes of Fig. 24—3 (a) [21]. 


Accuracy of the weak-guidance approximation 

The accuracy of the leaky-mode solutions presented above for the weakly guiding fiber, 
can be determined by comparing them with the corresponding solutions for the step- 
profile fiber of arbitrary core and cladding indices, using the exact eigenvalue equations 
of Table 1 2—4, page 253, below cutoff [21], We find that the values of U' and U' do not 
differ significantly from the exact solution as A varies, provided A < 0.01 and the mode 
is not too far below cutoff. 


24-20 Example: Step-profile planar waveguide 

The eigenvalue equations for leaky TE and TM modes on the step-profile planar 
waveguide in the weak-guidance approximation are obtained by setting IF = — iQ in 
the TE mode eigenvalue equations of Table 12-2, page 243. Hence 


Q = iU tan U, even modes; Q = —iU cot (7, odd modes, 


(24-39) 


where parameters are defined inside the back cover. The solution of these equations is 
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found by numerical methods similar to those of the previous section. Plots of U T and 
— U' against V for the first five modes- including the fundamental, or first even, 
mode -are shown in Fig. 24-6(a), where the solid curves above cutoff correspond to 
bound modes. Immediately below cutoff, there is no leaky-mode solution in a region 
extending from V = V c down to the kink, or discontinuity in slope of the curve. Within 
this region IFis pure real and negative, and hence the modal fields grow exponentially in 
the cladding with increasing distance from the waveguide axis, as is clear from Table 
12-1, page 243. These solutions are neither leaky- nor bound-mode solutions, and have 
no role in the representation of the total fields in Eq. (24-1). For the first odd mode, the 
region extends from V = V c to V = 0. The remaining modes become refracting leaky 
modes as V is further reduced. 

In Fig. 24— 6(b), we plot the normalized attenuation coefficient y p of Eq. (24-38) for 
the modes of Fig. 24-6(a) on a waveguide with A = 0.005. It is clear that attenuation can 
be arbitrarily small by an appropriate choice of V for a particular mode, leading to a 
prolonged spatial transient. 




Fig. 24-6 (a) Plots of U ’ and — IP against V for the even and odd TE 
and TM modes of a weakly guiding, step-profile, planar waveguide and 
(b) the corresponding normalized power attenuation coefficient, assuming 
A = 0.005. The thin diagonal line denotes cutoff U T = V. 


APPLICATIONS OF LEAKY MODES 

In the remainder of the chapter, we show by examples, how leaky modes can be 
used to determine both the qualitative and quantitative behavior of the 
radiation fields of fibers. 
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24-21 Example: Far-field radiation pattern 

We showed in Sections 21-8 and 21-11 that when the fiber profile is included 
the far-field radiation pattern due to sources within a weakly guiding fiber can be 
described by a correction factor to the ‘free-space’ pattern. The correction factor is, in 
turn, expressible as a product of two factors, C d (0) and C r (0), as we showed for the step- 
profile fiber in Section 21-13. By examining the definitions in Eqs. (21-38) and 
(21— 36b), we find that C r (0) is inversely proportional to G{U) of Eq. (24-31), provided 
U and Q are defined in terms of 0 by Eq. (21-37). Consequently, as 0 Varies, the peak 
values of |C r (0)| occur at the minima of | G (JJ ) |. Now G ( U ) vanishes only at a leaky- 
mode solution of the eigenvalue equation of Eq. (24-30); in these cases U is not real. 
Since Eq. (21-37) requires U to be real, we deduce that |G([/)| has small but finite 
minima when U is approximately equal to the real part of the leaky-mode solution. 
Thus the peaks in |C r (0)| correspond to the finite minima of\G(U) \ and, therefore, to the 
excitation of leaky modes, i.e. to resonances in the fiber cross-section, as illustrated in Fig. 
21-6(a). 


Dipole radiation 

To give a simple example, consider the z-directed current dipole of Section 21-9 when 
located on the axis of a step-profile fiber. The angular dependence of the ‘free-space’ 
radiation pattern of Eq. (21-24b) is proportional to sin 2 8, where 9 is the angle between 
the field point and the fiber axis. In this situation, we set r 0 = 0 and thus C d (0) = 1 in 
Eq. (21-39), whence the radiation pattern in the presence of the fiber varies as 

|C r (0)| 2 sin 2 0. (24-40) 

The qualitative plots in Fig. 24-7 show the ‘free-space’ pattern as the dashed curve and 
Eq. (24-40) as the solid curve. Assuming the fiber is single moded, the peaks correspond 



Fig. 24-7 Peaks in the far-field radiation pattern of a current dipole on 
the axis of a step-profile fiber correspond to leaky-mode resonances. The 
dashed curve is the ‘free-space’ pattern. 
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to excitation of the HE 12 , HE 13 , . . . leaky modes as 0 increases. The symmetry of the 
problem ensures that only HE lm modes are excited. Furthermore, it is clear from Eq. 
(21-37) and the definition of Q at the back of the book that the angle 0 subtended by 
each peak coincides with the leaky-mode angle 0 Z of Eq. (24-9), which gives the 
direction of radiated power flow in the cladding. Consequently, we have a simple way of 
determining the directions of radiation peaks in the far field from a knowledge of the 
leaky-mode propagation constants. However, these peaks need to be distinguished 
from peaks arising in the "free-space’ radiation pattern in more complicated situations. 

Close to and within the core, the radiation fields are composed of both leaky modes 
and a space wave, as expressed by Eq. (24- 1 ). Thus, only when the source excites mainly 
leaky modes is the radiation field given approximately by the leaky-mode fields. This is 
the case at each peak in Fig. 24-7. We next consider a source which is efficient in exciting 
individual leaky modes. 


24-22 Example: Sinusoidal line source 

Consider a weakly guiding, step-profile fiber which contains a sinusoidal line source 
of length 2 L on its axis, directed parallel with the x-axis in the fiber cross-section. The 
magnitude J x of the distribution is assumed to be given by the tubular source of Eqs. 
(21-13) and (21-14) with / = 0 and r 0 ->0. Hence 

J x = {<5(r — r 0 )/2nr 0 } exp(i'Cz) sin(Qz); — L ^ z ^ L, (24—41) 

where the notation is defined in Section 21-6. By symmetry, only the even, or x- 
polarized HE lm modes are excited. The amplitude a,(z) of each leaky mode is given by 
Eqs. (31-35) and (31-36) with the infinite cross-section A x replaced by the complex 
cross-section 4' x of Section 24-15 and the normalization calculated in the manner 
described in Section 24-16. Thus the forward-propagating mode amplitudes in the 
region — L ^ x ^ L are given by 

1 f 2 f 

a j(z) = “ 777 e *j "Lexp( — ifSjZ)exp{P'jZ) dA dz, (24-42) 

J-L 


where e xj and [i = ft) 4- if}) are scalar quantities associated with the eigenvalue equation 
of Eq. (24-30). If we substitute for J x from Eq. (24-4 1 ) and assume that L is sufficiently 
large, then, by analogy with Eq. (21-16), strong excitation of the y'th forward- 
propagating leaky mode occurs when the propagation constant satisfies 

n = |ft-C|; ft) (24-43) 

In which case, we deduce, by analogy with Eq. (21-15), that 


, , i e* (0) exp(jSjz) — exp( -0}L) 

a j( Z ) = o — — 


8 Nj 


fii 


— L ^ z < L, 


(24-44) 


where e xj (0} is evaluated on the axis. The corresponding leaky-mode fields follow from 
Eqs. (24-6) and (24-11) as 

Mb .) 112 

k \0oJ 


i e* (0)l — exp{ — ffi,(z + L] 

P) 


E xi = - - r, '~ ' — -e xj exp (i#z); H vi = -f\ — | 


8 Nj 


E x j- (24-45) 
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If we let L-* oo, the field amplitudes | j and |/f y | are effectively independent of z 
provided z g> 1 //?]. This steady state solution occurs when the power flow into the leaky 
mode from the current source is exactly equal to the power flow from the leaky mode 
into the radiation field. The steady state amplitude, though, depends on the strength of 
the source. We are reminded from Section 24-16 that there is no expression for leaky- 
mode power in terms of the modal amplitude corresponding to the bound-mode 
expression of Eq. (11-22). 


24-23 Example: On-axis sinusoidal nonuniformity 

In Section 22-5 we determined the attenuation of the fundamental mode on a weakly 
guiding, step-profile fiber due to radiation from a sinusoidal perturbation of the 
interface, using ‘free-space’ antenna methods and correction factors. Here we consider 
the situation when the radiation field is well approximated by a single leaky mode, 
which can be realized by having an on-axis sinusoidal nonuniformity of the form of Eq. 
(22-14). The azimuthal symmetry ensures that only HE lm leaky modes are excited. 
Further, the direction of radiation should coincide with the direction of the leaky-mode 
radiation [23]. If we represent the nonuniformity and the incident fundamental-mode 
fields by the induced current method, as in Section 22-5, the direction condition is 
satisfied by setting C = /?i in Eq. (24-43), whence 




(24—46) 


where subscript 1 denotes the fundamental mode. By analogy with Eq. (22-15), the 
induced current is x-directcd, and has the value 


J x i = -i&P 


E 0 V /2 (2A) 1 ' 2 

PoJ «CO 


v 5(r-r 0 ) 
•foil'll r 0 


exp)//?! z) sin(fiz). 


(24—47) 


since F o (0) = l/JoI^i ). For convenience we assume unit initial mode amplitude, and 
the limit r 0 -*• 0 is implied. Following the analysis of the previous section, the leaky- 
mode amplitude is given by Eq. (24—44) normalized by the ratio of the right side of 
Eq. (24—47) to that of Eq. (24-41). Hence 


cij(z) = C i 


exp(/Jj-z) —expi—P'jL) 

P) 


C, , = 5p 


4 N: 



(2A) 1/2 V 

J 0 {V*) Jo(U,)’ 


(24-48) 


where N } is the leaky-mode normalization of Section 24-16, e xj (0) is given in Table 
14-3, page 313, and — L ^ z ^ L. 


Attenuation of fundamental-mode power 

We cannot determine directly radiation from the fundamental mode using Eq. (24-48), 
as there is no general definition of leaky-mode power in terms of a,- (z). However, we can 
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use the known leaky-mode amplitude to calculate the change in the fundamental-mode 
amplitude, (z), from its initial value (0) = 1, and hence the corresponding power 
attenuation. We regard the leaky-mode field, together with the nonuniformity, as an 
induced current, J xj , on the uniform fiber. By analogy with Eq. (24-47), we deduce that 

J xj = —idp(— \' 2 { —±— -L- d(r " ro) aj(z) exp(ifijZ — fijz) sin(Qz). (24-49) 
\Mo J «co J o(Uj) r 0 

We differentiate Eq. (24-42) with respect to z, interchange the subscripts 1 and j, and 
substitute the above expression for J xj . The expressions and /V, for the fundamental 
mode are given in Table 14-3, page 313, and the integral follows from Table 14-6, page 
319. This leads to 


dfli(z) 

dz 


— 2/C j! a J (z)exp{i(£ J -/i 1 )z} sin(Qz), 


(24-50) 


where C jv is given by Eq. (24-48) with subscripts reversed. We deduce from Eqs. 
(11-22) and (24-49) that the power P { (z) in the fundamental mode satisfies 


d PAz) 
dz 


-N , 


d 

dz 


{«i (z)of (z)} =4^! sin(nz)Im[C J1 fl J (z)exp{i(^-^ 1 )z}], 


(24-51) 


since Ui(z) = 1. Substituting from Eq. (2448) and rearranging gives 


dPi (z) 
dz 


= 2 


1 - exp {(-z+L)P)} 


P) 


RefC^Cj, {exp{i(P t j-a-p i )z] 


-expOtft + Q-jSJz)}], 


(24-52) 


where Re denotes real part. We assume the nonuniformity is sufficiently long that the 
exponential dependence on Lean be ignored, i.e. 2 L 1 / fi ) . The resonance condition 

of Eq. (24-46) shows that the first term inside the curly brackets reduces to unity and the 
second term represents an oscillation at twice the ripple frequency. Since L > h/Q, we 
average the right side of Eq. (24-51) over a period and obtain 


y = 


dPi (z) 
dz 




(24-53) 


for the fundamental-mode power attenuation coefficient. 


Equivalence with antenna methods and the correction factor 

When the jth leaky mode is just below its cutoff value V = V c , the attenuation 
coefficient of Eq. (24-53) agrees with the corresponding expression derived by the Tree- 
space’ approximation and correction factor for the fiber profile. For the on-axis source, 
it is clear by setting r 0 = OinEqs. (22-15)and (21-38) that the attenuation coefficient is 
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given by analogy with Eq. (22-20) as 

w o(Qj: Q}) 

W 0 {U],Q)) ’ 


_ ? i (dp V VW 2 (2A ) 1 12 


&P\ P 


JHu i) 


(1 +COS 2 0J 


(24-54) 


in terms of the fundamental- and leaky-mode parameters used above. We substitute for 
W 0 (Q T j, Q r j) from Eq. (22-1 7b) and deduce from Eq. (24-9) that cos0 2 = 1 since ji) 
= kn d just below cutoff. It is clear from Eqs. (22— 1 7b) and (24-31) that W 0 (Uj, Q)) is 
proportional to G(Uj), which is evaluated from Eq. (24-32) and (24-33). Hence 


1 / 5p \ 2 (2A) 1/2 fW, U[ |H q 1) (Q])| I 

r np\p) v 3 {uj i 1 (t/ 1 y 0 (t/;)|H < 1 1 ) (e;)| 2 j- 


(24-55) 


One factor of 1/Uj is expressed through Eq. (24-35) and the other factor through the 
relationship U)Uj = — p 2 f]f) = —kp 2 n d pj = — pV p j/(2A) 1/2 . We approximate U 
and Q by Uj and Q), respectively, in the eigenvalue equation of Eq. (24-30), i.e. 
G(Uj) S 0 in Eq. (24-31). Thus Eq. (24-55) reduces to 


y = 



5pm ) 2 

p V J 1 (U l )J l (U]) J 


(24-56) 


In Eq. (24-53), we substitute for C u and C n from Eq. (24-48) with Uf = Uj. The 
normalization Nj is given by Eq. (24-29) and follows from Table 14-3, page 313. 
Using the condition G(Uj) = 0 to express the Hankel functions in terms of Bessel 
functions leads to Eq. (24-56). Weare reminded that this equivalence holds only for the 
leaky-mode radiation direction of Eq. (24-9). 
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The total electromagnetic fields of an optical waveguide can be expressed as 
the sum of two components. One component, expressible as a summation over 
bound modes, describes the spatial steady state, where energy is guided 
indefinitely along a nonabsorbing waveguide. The second component is the 
radiation field, which describes the spatial transient. In Chapter 24 we 
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discussed leaky modes which describe a portion of the total radiation field, in 
particular the portion far from the source and sufficiently close to or within the 
fiber core. Thus, taken on their own, leaky modes are often sufficient for 
describing the radiation field for many situations of practical interest. The 
remaining portion of the radiation field is included in the space wave, as 
indicated in Eq. (24-1). At positions far from the source, this contribution is 
conveniently determined by the methods of the following chapter. In general, 
however, it is easier to calculate the total radiation field directly, particularly in 
situations where the leaky-mode power is only a small fraction of the total 
radiated power within the fiber core. 

There are two general methods for solving Maxwell’s equations for the total 
radiation field. The Green’s function method, described in Chapter 34, was 
applied in Chapters 21 and 23 to finding the far field and calculating radiated 
power. The second method uses a modal, or eigenfunction, approach, which 
describes the radiation fields in terms of radiation modes, in a manner 
analogous to the bound-mode description of the guided fields. Both methods 
have their inherent advantages, and the choice depends on the particular 
problem. Whilst the modal approach determines the radiation fields every- 
where in the waveguide, the Green’s function method is often better suited for 
determining the far-field radiation. 

This chapter shows how radiation modes are used to construct the total 
radiation fields. We first establish the general properties of radiation modes on 
arbitrary waveguides and then parallel Chapter 13 with a discussion of 
radiation modes on weakly guiding waveguides. Finally, we give examples of 
the application of radiation modes to complement the Green’s function 
solutions given in earlier chapters. 


GENERAL PROPERTIES 

Radiation modes, like bound modes, obey nearly all of the general properties 
presented in Chapter 11. As we show below, the essential difference between 
bound and radiation modes is that there is no eigenvalue equation for 
radiation modes because of the relaxation of the boundary condition that the 
fields are evanescent as r -» oo. Furthermore, at large distances from the 
waveguide, their fields are oscillatory, or wavelike, and do not have the 
evanescent behavior of the bound-mode fields [1, 2], 


25-1 Representation of the modal fields 

The electric field Ej and magnetic field H ; of an individual radiation mode are 
solutions to Maxwell’s equations in the absence of sources. Because of the 
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cylindrical symmetry, or translational invariance, of the waveguide, they have 
the same representation as Eq. (11—6) for bound modes, except that the 
propagation constant P no longer has a discrete value. Hence 

E j{x,y,z) = ej(x, y) exp(ifiz) = {e tJ (x, >-) + e zj (x, y)z] exp(i^z), (25-la) 

Hj(x,y,z) = hj(x,y)exp(ipz) = {\j(x,y) + h zJ (x,y)z}exp{ipz), (25-lb) 

where j = 1, 2, . . . , oo, subscripts t and z denote transverse and longitudinal 
components and z is the unit vector parallel to the waveguide axis. If we 
include the implicit time dependence exp ( — icot), then Eq. (25-1) represents a 
forward-propagating mode, since we always take P > 0. The corresponding 
backward-propagating mode has fields E and H_ J5 which are related to the 
forward-propagating fields by Eq. (11-7). On nonabsorbing waveguides, the 
convention of Section 11-3 could be applied to radiation modes. However, 
choosing the transverse components e tJ and to be real leads to unnecessary 
complexity in representing the fields of the mode in later sections. Thus, for 
convenience e u and are generally complex. 


25-2 Propagation constant 

We recall from Section 11-17 that the propagation constants pj for bound 
modes are found from an eigenvalue equation and, for a clad waveguide, form 
a discrete set of values within the range of Eq. (11-46). The propagation 
constant P for each radiation mode is continuous and can take any value within 
certain ranges. If the propagation constant is real and satisfies 0 =5 P < kn ci , 
then we have a propagating radiation mode, and if the real and imaginary parts 
of P satisfy P r — 0 and 0 < P' < oo, respectively, then we have an evanescent 
mode. The propagating modes transport power and the evanescent modes 
describe stored energy close to the source of excitation. In Table 25-1 we 
delineate the spectrum of values of the propagation constant and modal 
parameters for the various modes. 


Table 25-1 Ranges of values of the propagation constant fi and the modal parameters 
U and Q for modes of a clad fiber. Superscripts r and i denote real and imaginary parts, 
and subscript j denotes the discrete values for bound modes. 



P 

U 

Q 

Bound modes 

kn d < Pj < kn co 

0 HUj<V 

Q) = 0 ; Q) > 0 

Radiation modes 

0 < P < kn d 

V < U a kpn co 

0 < Q < kpn d 

Evanescent modes 

P' = 0 ; P' > 0 

kpn co < U < oo 

kpn d < Q < oo 
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25-3 Radiation-field expansion 

The discrete set of bound -mode propagation constants means that the fields of 
the waveguide in the spatial steady state are given by the finite sum over all 
bound modes in Eq. (11-2). In contrast, each radiation and evanescent mode 
can take any of the continuum of propagation-constant values given in Table 
25-1, and thus an integration over all values of p is necessary. However, like 
bound modes, the total radiation field requires a summation over the subscript 
j of Eq. (25-1) to account for the transverse fields of different modes. However, 
rather than use p as the continuum variable, when P is real for radiation modes 
and imaginary for evanescent modes, we use instead the modal parameter Q, 
defined below, in order to simplify the notation. We take p to be the positive 
root of the inverse relation whence 

(25-2) 

Thus Q is always real and positive for both radiation and evanescent modes. 
The total radiation fields of the waveguide are then given by 

(25— 3a) 
(25-3b) 

in terms of the forward-propagating radiation modes and corresponding 
evanescent modes, together with a similar expression for the backward- 
propagating radiation modes and corresponding evanescent modes with j and 
P replaced by —j and — p, respectively. The (Q) are the modal amplitudes. 
Integration over the range 0 < Q < kpn d accounts for the radiation modes, 
and over kpn cl < Q < oo accounts for the evanescent modes. 

25-4 Orthogonality and normalization 

In Section 1 1-4, we showed that each bound mode is orthogonal to every other 
bound mode and to all radiation modes. The orthogonality properties of 
radiation modes are derived in Section 31-3. On a nonabsorbing waveguide, 
the j th and kth forward-propagating radiation modes obey 

(25-4) 





valid for all Q if j ± k, and valid for Q^Q'ifj = k. 
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where ^4^ is the infinite cross-section, * denotes complex conjugate and z is the 
unit vector parallel to the waveguide axis. We emphasize that orthogonality 
holds when j = k provided the values of Q and Q' differ. In other words, a 
radiation mode is orthogonal to itself for different values of the propagation 
constant. 

The normalization, Nj{Q), for the y'th forward-propagating radiation mode 
on a nonabsorbing waveguide is defined by 



e, (Q) x h? (Q 1 ) • z dA = Nj (Q) 8 (Q - Q'), 


(25-5) 


where d is the Dirac delta function. The normalization integral is unbounded 
when Q = Q', so to identify the functional form of Nj, the integral is factorized 
using a definition of the delta function, e.g. Eq. (37-108). We account for the 
unphysical nature of this normalization in the following section. 


Orthonormal radiation modes 


The fields e, and By of an orthonormal radiation mode have the same definition 
in terms of the normalization Nj(Q) as the bound-mode fields of Eq. (1 1-15). 
Any two modes j and k satisfy the orthonormality condition 



(25-6) 


where S jk is the Kronecker delta, i.e. d jk = 1 if j = k and d jk — 0 otherwise. 


Backward-propagating radiation modes 

By analogy with Section 1 1-4, the orthogonality, normalization and orthonor- 
mality relations satisfied by backward-propagating radiation modes are 
obtained from Eqs. (25-4) to (25-6) by applying the convention of Eq. (11-7). 


25-5 Power of the radiation field 

The total, time-averaged power flow of the radiation field parallel to the 
waveguide axis has magnitude P rad . This follows from Eq. (11-25) as 

^ad^RejJ^ E rad xH* d -zdzlj, (25-7) 

where Re denotes real part. Substituting for the fields from Eq. (25-3) and 
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interchanging the order of integration and summation gives 

^rad = ~ Re { I d<2 f dQ'x(Q,Q') f e,(Q)xhf(Q')-zd>l}, (25-8a) 
Z U 0 Jo JA„ J 

x(q,qi = (25-8b) 

j k 

The orthogonality conditions of Eq. (25-4) and the normalization of 
Eq. (25-5) lead to 

(25-9) 

for the power propagating in the positive z-direction on a nonabsorbing 
waveguide. There is no contribution from the evanescent modes, which do not 
propagate. 

The right side of Eq. (25-9) is independent of z and hence ^rad is constant 
along the waveguide. This is also true of the total guided power P M of 
Eq. (11-27), which is the total power of all bound modes, and, consequently, 
radiated power is determined in analogy with guided power. Individual 
radiation modes, like bound modes, propagate energy parallel to the 
waveguide axis. The total power radiated is the summed power of individual 
radiation modes, as expressed by Eq. (25-9). However, because of interference 
between the fields of different radiation modes, including the same mode with 
different values of the propagation constant, the continuum of modes, 
expressed by the integral in Eq. (25-9), represents the expected behavior 
of the total radiation field, i.e. a flow of power away from the waveguide. 
Clearly, an individual radiation mode is not physically, meaningful and 
is only a convenient building block for describing radiation mathemati- 
cally. 

25-6 Excitation of radiation modes 

Given a source of excitation, either at the waveguide endface or within the 
waveguide, the modal amplitudes aj(Q) of radiation modes are found by 
analogy with the bound-mode amplitudes aj. 

Illumination of the endface 

When the endface of a waveguide is illuminated, we assume that the transverse 
fields E t (x,y) and H t (x,y) at z = 0 are prescribed. The portion of these fields 
which excites the radiation fields in Eq. (20-1) is expressible in terms of 
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radiation and evanescent modes by Eq. (25-3) with z = 0. Hence 


E tr (x,y) = X 


a j (Q)e lJ (Q)dQ- H u (x,y) = £ 


flj(G)MQ)dG- 


(25-10) 


We form the scalar cross product with hj* (Q’) in the first equation, and with 
e*(Q') in the second equation. Applying the orthogonality condition of Eq. 
(25^1), we obtain the expressions analogous to Eq. (20-2) as 


«j(Q) = 

af(Q) = 


1 


2 N;(Q)J 
1 

2 Nj(Q) . 


E tJ xh£.(Q)-zdA, 
e,*(2)xH t -zd A, 


(25-1 la) 
(25-1 lb) 


in terms of the normalization of Eq. (25-5). 


Sources within the waveguide 

If current sources with density J are present within the waveguide, the 
radiation field is given by the second summation in Eq. (31-32), since the 
amplitudes of the radiation and evanescent modes are z-dependent within the 
region occupied by currents. Outside of this region the modal amplitudes are 
constant. We deduce from Eq. (31-37) that 


a ±j(Q) = + 


1 

4 Nj(Q ) . 


{e t j(2) ± e zj (Q) zj*. J exp { + ifi(Q)z } dy , 


r 


(25-12) 


where y is the volume between z = Zj and z = z 2 . Upper and lower signs refer 
to the forward- and backward-propagating modes in z > z 2 and z < z u 
respectively, otherwise a +j (Q) = 0. 


‘FREE-SPACE’ RADIATION MODES 

In order to apply radiation modes, we must show how to construct their fields 
and normalization from Maxwell’s equations for a specific waveguide. This is 
facilitated if we first construct the free-space ’ modes, i.e. the radiation modes of 
an unbounded medium of uniform refractive index n cl [1]. The ‘free-space’ 
modes are easier to construct than the radiation modes of a waveguide, and 
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they exhibit all the general properties discussed above. They fully describe 
radiation from sources in ‘free space’, and are an alternative description to the 
‘free-space’ antenna methods of Chapter 21. Furthermore, the radiation modes 
of a waveguide must reduce to the ‘free-space’ modes when the variation in 
profile vanishes. 


Construction of the modes 

To ensure that ‘free-space’ modes exhibit cylindrical symmetry, we treat the 
medium as a ‘waveguide’ with a uniform core of infinite cross-section and 
index n cl . The most elementary modes are TE and TM whose longitudinal 
fields satisfy e[ } = 0 and h[j = 0, respectively, where superscript f denotes ‘free 
space’. To construct the remaining field components, we recall from Section 
11-15 that the nonvanishing longitudinal field component satisfies Eq. ( 1 1-45) 
everywhere in a uniform medium. Thus 

(P 2 V t 2 + Q 2 )h[j = 0; {p 2 V? + Q 2 )elj = 0, (25-13) 

for TE and TM modes, respectively, where Q is defined inside the back cover. 
Given solutions which are everywhere bounded, the transverse field com- 
ponents follow from Eq. (30-6). 


25-7 Example: Solution in cylindrical polar coordinates 

We construct the ‘free-space’ modes in the cylindrical polar coordinate system (r, </>, z), 
choosing the z-direction as the direction of propagation, in order to relate to the 
radiation modes of circular fibers discussed in subsequent sections. The operator Vf is 
defined in Table 30-1, page 592, and hence Eq. (25-13) has solutions which are 
everywhere bounded and are proportional to either J v (gR)cos (v<t>) or J v (gR)sin (v</>), 
where J v is the Bessel function of the first kind, v is a positive integer or zero, R = r/p, 
and p is a scaling length, e.g. the core radius of a step-profile fiber. The transverse 
components follow from Eq. (30-9) and the complete fields for TE and TM 
polarizations are listed in Table 25-2. The full spatial dependence is given by Eq. (25-1 ). 
In this instance it is convenient to chose e] and hj to satisfy the convention of Eq. (11-8), 
i.e. real transverse and imaginary longitudinal components. 


Normalization 


The derivation of the normalization expressions in Table 25-2 is best determined by 
example. We use the odd, v = 1, TE mode and deduce from Eq. (37-75) that the left side 
of Eq. (25-5) is expressible as 



J 1 (QR)J 1 (Q'R)RdR. 


(25-14) 
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Table 25-2 Free-space modes in cylindrical polar-coordinates. Prime denotes 
differentiation with respect to argument, and parameters are defined inside the back 
cover. 



TE modes 

TM modes 

e f - 

c rj 

^J V (QR)M4>) 

-2 J' v (QR)f v (4>) 

i 

2 J'AQR)gM) 

J v (QR)g v (<t > ) 


7v + 1 {QR)fv+i (4>) + J.-i (QR)fv- 1 (4>) 

J v+ , (2R)/. + , (2R) -7v- 1 (2*)/v- 1 (0) 


-J v+1 (QR)g v+1 (<t>) + J v -i(QR)g v . A4>) 

- J v+ ! (2^)Sv+ 1 W>) 1 (2^)Sv- 1 (0) 

ef zj 

0 

2i^JAQR)fA4>) 

pp 


/» \l/2 « 

-2 — jJ'AQR)gA<t>) 
\PoJ k 

i 

\HoJ RQP 

h *i 

Vs 0 Y /2 V P 

2 hr ^r ; v(eR)/»w 

\At 0 / R2^ 

~ 2 (— ) l2k fj'AQR)fA<t>) 
\PoJ P 

hlj 

a Uj 

0 

Nj 

2V^Y /2 Ax{ 1'- ’>° 
V/V ^2 (2; v = o 

2V^Y /2 ^ x j 1; v>0 

^ V/W PQ 12, ’ v = 0 



By definition, we are interested only in the case when Q = Q'. The singular behavior of 
the integral comes from the asymptotic forms of Eq. (37-87) for Bessel functions of 
large argument. Substitution into Eq, (25-14) gives 

{exp [i(QR - 3w/4)] + exp [ - i(QR - 3re/4)] } x 

0 

{exp [i(Q'R - 3n/4)] + exp [ -i(Q'R - 3tc/ 4)] } d R. (25-15) 

Only terms involving the difference Q — Q' in the exponent contribute to the singularity. 
Neglecting all other terms, we deduce from Eq. (25-5) that 


2 k \Mo) . 


fP(* oV /2 

2 k \Ro) 


x ex P [i(e-e')R]di? = iv j (e)5(e-e'), 

• 00 


(25-16) 
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in terms of the Dirac delta function of Eq. (37-108), leading to the normalization 
expression in Table 25-2. 


CONSTRUCTION OF THE RADIATION MODES 


The radiation modes of a waveguide must reduce to the ‘free-space’ modes 
described above when there is no variation in the refractive-index profile, i.e. 
n = n cl everywhere or V = 0. Accordingly, one approach in constructing the 
radiation modes is to modify the ‘free-space’ modes and express the radiation- 
mode fields as the sum of the ‘free-space’ fields and the fields scattered by the 
waveguide profile [1] 


®j = *5+*5; 


h; = hj + h^, 


(25— 17a) 


where superscripts f and s denote ‘free-space’ and scattered fields, respectively. 
This decomposition is exact, and enables the radiation modes to be formed in 
an intuitive way. Furthermore, such a construction ensures that the radiation 
modes have the same orthogonality and normalization as the corresponding 
‘free-space’ modes [1], Thus 



tj(Q)xhJ(Q')-zdA 


\ I e$(G)x h$(0* -zdA = Nj(Q)6(Q-Q’). 

z ^ 


(25-1 7b) 


In the following section we verify this for the step-profile fiber. A general proof 
for arbitrary structures is available [3], Radiation modes corresponding to 
‘free-space’ TE modes (e r 2j — 0) are called ITE modes, and those corresponding 
to ‘free-space’ TM modes ( h { zj = 0) are called ITM modes [1]. 


Analytical solutions 

The radiation-mode fields are solutions of the same equations satisfied by the 
bound-mode fields, so that whenever an exact solution exists for bound modes, 
a corresponding solution for radiation modes exists. We showed in Chapter 12 
that, for waveguides with arbitrary variation in profile, there are few known 
profiles for which exact solutions of Maxwell’s equations can be obtained 
analytically. Even in these cases, the expressions for the radiation-mode fields 
are generally more complex than those for the bound-mode fields. In the 
following section we consider the step-profile fiber. The radiation-mode fields 
of the step-profile planar waveguide can be derived similarly. 
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Plane-wave decomposition 

The complete spatial variation of each radiation mode is given by Eq. (25-1), 
and the range of values of the propagation constant satisfies 0 < /? < kn d . For 
a particular value of /?, the modal fields can be regarded as a Fourier 
superposition of the fields of a family of plane waves, all inclined at angle 9 , to 
the waveguide axis. In the uniform cladding, 9 Z is related to by 

P — kn ci cos9 z , (25-18) 

and consequently, the range of values of 9 Z satisfies 0 ^ 9. < n/1. 


25-8 Example: Step-profile fiber 

The radiation-mode fields of the step-profile fiber are constructed in the same manner 
as the bound-mode fields of Section 12-8. Away from the core-cladding interface, the 
longitudinal components satisfy 

(p 2 V 2 + U 2 )e zj — 0; (p 2 V 2 + U 2 )h zj = 0; 0 < R < 1, (25-19a) 

(P 2 V?+Q 2 )e xj = 0; (p 2 Vf+Q 2 )h zi = 0; 1 < R < oo. (25-19b) 

where p is the core radius, U and Q are defined at the back of the book and V 2 is defined 
in Table 30-1, page 592. The choice of e zj and h zj must satisfy the decomposition 
indicated in Eq. (25-17) into free-space and scattered parts. This is satisfied by the 
expressions in Table 25-3 where a v , h v , ct and <1\. are constants to be determined, and c( 
and d[ are the ‘free-space’ constants obtained from Table 25-2. The Hankel function of 
the first-kind, H [ l ensures that the scattered fields correspond to an outward-travelling 
wave as R -» oo. 

We use Eq. (30-9) for the transverse-field components and determine the constants 
from continuity of e zj , h zj , e tJ and h^j at the interface. With the aid of the Wronskian of 
Eq. (37-77) this leads to the expressions in Table 25-3 for the ITE and ITM modes. The 
orthogonality and normalization of each radiation mode is identical to the correspond- 
ing ‘free-space’ normalization of Table 25-2 for reasons given above. Alternatively, we 
can parallel the derivation of Nj(Q) in Section 25-7 using the radiation-mode fields. 


Quantitative form of the fields 

Radiation modes with p < kn d , i.e. 0 Z = nil, are composed of plane waves at near 
normal incidence to the core-cladding boundary so that they are only weakly 
influenced by the core. Thus, radiation modes with p <| kn cl are approximately free- 
space modes with ej = e) and h, = h). The implicit conditions discussed below in 
Section 25-11 help facilitate this limiting condition. At the other extreme, when 
P = kn c ,, i.e. 9 Z ~ 0, the plane waves that form a radiation mode are at near grazing 
incidence and are significantly influenced by the fiber core. 
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Table 25-3 Radiation modes of the step-profile fiber. The transverse fields follow 
from Eq. (30-9). Prime denotes differentiation with respect to argument, and 
parameters are defined inside the back cover. 



Core 

Cladding 

e z j 

a y J,(VR)fM) 

{c{JJQR) + clH[ l '(QR)}U<t>) 

Kj 

b v J„(U R)g v (4>) 

{d[J v (QR) + d\H[ 1] (QR)}g A<t>) 

■ 



ITE modes 

ITM modes 

«v 

4 p v V 2 1 

4 n 2 1 F v 

nkn^kp U 2 Q 3 J v (U)H[ l) (Q)M v 

n n 2 0 ppQ J v (U)H{ 1 \Q)M y 


4/e 0 V 12 1 G v 

4 n d / £ 0 V /2 v F 2 1 

7i\pJ Qkp J v (U)H{ l) (Q)M„ 

7t n 2 0 UJ kp U 2 Q 3 JAU)H[ l \Q)M v 


0 

2 i~ 

Pp 

i 

rann 

,. Q JAQ) A v 

n kn 2 0 kp U 2 Q 3 {H[ l) (Q)} 2 M v 

~ l ppH[ i \Q) M v 


r /foV /2 Q 

VW pk 

0 

Qj 

^( e o\ ll2 Q J v(Q) Bv 

4n 2 / Eo y/ 2 v F 2 1 

W Pk H[ l HQ) M v 

nn 2 0 \pj pkU 2 Q 3 {H^(Q)} 2 M v 

1 

2np 2 /e o y i2 p [1; v>0 

Q \Ro) fc X j2; v = 0 

2np 2 / £q y /2 kn d f 1; v > 0 
Q \Po) P X 1 2; v = 0 

F J'AV) H™(Q) J'JU) n 2 H[ ly {Q) 

v UJAU) QH["(Q)' v UJ V (U) n 2 0 QH["(Q) 

. M 2 i n 2 t F v 2 i G v 

v v n n & Q 2 JJQ)(H)i 1, (Q)’ v * Q'JAQM^Q) 
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WEAKLY GUIDING WAVEGUIDES 

In Chapter 13 we showed how the bound-mode fields of weakly guiding 
waveguides can be constructed from solutions of the scalar wave equation. 
With slight modification, the same procedure applies to the radiation-mode 
fields as well [4]. However, while the bound modes are approximately TEM 
waves because /i = kn co ~ kn cl , the radiation modes are not close to being 
TEM waves since fi can take any value in the range 0 < < kn cl . 


25-9 Spatial dependence of the fields 

The discussion of bound modes in Section 13-3 applies equally to radiation 
modes on weakly guiding waveguides, except that the fields are no longer 
predominantly perpendicular to the waveguide axis. However, the cartesian 
components of the transverse electric field e tj of Eq. ( 1 3-7) are still solutions of 
the scalar wave equation. Thus, if 'Ey denotes e xj or e yj , then 


{V t 2 +/cV(x,y)-0 2 (6)}T = 0, 


(25-20) 


where P(Q) is now the continuous propagation constant for radiation modes. 
The solution for 'Ey can be constructed by paralleling the construction of the 
radiation modes for arbitrary waveguides. Thus, by analogy with Eq. (25-1 7a), 
we express 'Ey as the sum of a ‘free-space’ part and a scattered part 



(25-21) 


where Tj is the solution of Eq. (25-20) when n = n c] everywhere, i.e. 


{p 2 V t 2 +6 2 }Tl = 0, 


(25-22) 


in terms of Q of Eq. (25-2). Thus 'Ey reduces to TJ when A — 0, i.e. when 
V — 0. Expressions for TJ and 'Ey are derived in Section 25-11 for the 
step-profile fiber. 


25-10 Vector direction of the radiation-mode fields 

In Chapter 13 we used the polarization properties of the waveguide to 
determine the direction of e u and the correction <5/iy to the scalar propagation 
constant j8y. However, the propagation constant /? for radiation modes takes 
any value in the range 0 < /J < kn cl and is therefore a continuous variable 
independent of waveguide polarization. Consequently, higher-order correc- 
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tions to e xj and e yj would be required to incorporate polarization properties of 
the waveguide. We recall that the polarization effects for bound modes are 
only significant over large distances along the waveguide. In the case of the 
radiation field these effects are even smaller, since radiation power does not 
remain close to the waveguide axis for such large distances. Accordingly, we 
ignore all polarization effects of the waveguide on radiation modes. 
Consequently, the appropriate combination of e xj and e yj forming e u - need only 
satisfy the orthogonality properties of the radiation-mode fields. 


Orthogonality and normalization 

Within the weak-guidance approximation, the remaining components of the 
radiation-mode fields e,- and hj are expressible in terms of e u - by omitting all 
terms involving V, In n 2 in Eq. (30-5). Hence 


(25— 23a) 
(25— 23b) 


where z is the unit vector parallel to the waveguide axis, the vector operators 
are defined in Table 30-1, page 592, and remaining parameters appear inside 
the back cover. Thus, unlike the corresponding bound-mode field, the 
transverse magnetic field does not satisfy the scalar wave equation. Using these 
expressions, we show in Section 32-11 that the orthogonality relations of 
Eq. (25-4) and the normalization of Eq. (25-5), reduce, respectively, to 


(25— 24a) 
(25— 24b) 


We note that the total electric field is required, whereas the corresponding 
bound-mode relations of Eqs. (33— 5b) and (33-6) involve only the transverse 
component. 


Ufo\ ,2 m) 
2 \poJ k 


e j(6)’e*(Q')d/l = 0; QfQ' if j = k, 

e j (G) ‘ e T(G) d^4 — N j(Q)d(Q —Q'). 



‘Free-space’ orthogonality and normalization 

The combination of e xj and e yJ which satisfies Eq. (25-24a) is not unique. 
However, when *¥j is constructed according to Eq. (25-21), the orthogonality 
of the free-space modes, like the normalization, automatically ensures 
orthogonality of the corresponding radiation modes [4], This may be verified 
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for the example below. Thus it is simpler and more convenient to construct e tJ 
so that the ‘free-space’ portion of the fields are polarized with either e zJ = 0 or 
h zj = 0, i.e. ITE and ITM modes. Since every cartesian component of the fields 
satisfies the scalar wave equation exactly in ‘free space’, the fields in 
Table 25-2, which were constructed from the. longitudinal components, can 
equally be constructed starting with Eq. (25-22) and the transverse com- 
ponents of the electric field. In other words, by transforming the radial and 
azimuthal components of in Table 25-2 to cartesian components, we 
immediately determine the combination of e xj and e yJ . This is the procedure 
adopted below. 


25-11 Example: Step-profile fiber 

To construct the radiation modes of a weakly guiding, step-profile fiber of core and 
cladding indices n co and n d , we start with the ‘free-space’ solution of Eq. (25-22). When 
V t 2 is expressed in cylindrical polar coordinates using Table 30-1, page 592, the only 
solutions which are everywhere bounded are the even and odd pair 

% fe = Ji(QR)cos (/<£); = J,(QR) sin (/</>), (25-25) 

where 7, is the Bessel function of the first kind, R = r/p, the core radius is p and / is a 
non-negative integer. The next step is to incorporate the scattered fields through S'), as 
in Eq. (25-21). Since v f'f must represent an outgoing wave as r -> oo, and = 4')+ 'F) 
must be bounded at r = 0, we deduce from Eq. (25-20) that these requirements are 
satisfied by 

= p t J,(U R ) cos (lip); 0 « R < 1, (25-26a) 


= {Ji(QR) + qiH^HQR)} cos (l<t>); 1 R < oo, (25-26b) 

together with a similar expression for "Pf with cos (/</>) replaced by sin (Uj>). Here H\ 1 1 is 
the Hankel function of the first kind and U is defined at the back of the book. Since *Pf 
satisfies the scalar wave equation, both 'Pf and S'Pf /dR are continuous on R = 1. This 
determines the constants p, and q h which with the help of the Wronskian of Eq. (37-77), 
have the forms given in Table 25—4. 

If e xl and e yl are the cartesian components of e t/ , then, as explained in the previous 
section, the linear combinations of 'Pf and 'Pp forming e xl or e yi are obtained by 
comparison with the x- and y-components of the ‘free-space’ field e tJ - of Table 25-2. 
Using Eq. (37-49) to transform the radial and azimuthal components, and the 
recurrence relations of Eq. (37-72) for the Bessel functions, we obtain the combinations 
for even a'nd odd ITE and ITM modes in Table 25-4. The method of construction 
ensures that these modes have the same normalization as the ‘free-space’ modes and the 
exact radiation modes of Table 25-3. 

Sometimes it is useful to know the normalization of the scalar radiation modes, as 
discussed in Section 33-7. By substituting from Table 25-4 into Eq. (33-31), we obtain, 
in an analogous manner to the normalization in Table 25-2, the scalar normalization 



(25-— 26c) 
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Table 25-4 Radiation modes of the weakly guiding step-profile fiber. Parameters 
are defined inside the back cover, and vector operators are defined in Table 30-1, 
page 592. 


¥? = p, J,(UR) cos (1<P); OsSRsU 

= {Jt(QR) + <hHi"(QR)}cos(l<t>); l a R<ao 
¥?= ¥ftan (l<p) 
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(odd) 

e t , = (T'f +1 - ¥?_ , )x + (4»? + ! + '¥?- ! )y 
(even) 

e,, = W + i-' Pf-.)x-('Pf +1 +'Pf_ 1 )y 
(odd) 

= i ■> h z i — — V t • h t / 


2 np 2 (s 0 \ ll2 p Jl; />0 

e UJ t*\z i-o 



We emphasize that F, (Q) should not be confused with the normalization N , of Table 
25-4 for the radiation modes of the weakly guiding fiber. The latter is used in this 
chapter. 

Implicit conditions 

The fields in Table 25-4 are the weak-guidance limit of the exact fields of Table 25-2. In 
this limit, the fiber parameter V is fixed and -* n cl . However, we find that certain 
implicit conditions must be used in order to correctly reproduce the weakly guiding 
fiber fields [5], One of the following conditions must hold: either 

P = kn d \ Pp -» oo as A -» 0, (25-27a) 

with U and Q arbitrary, or 

U £ Q; V - oo as A - 0. (25-27b) 
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The domains of validity in ji overlap, since /? 3= 0 in the second case. As A decreases with 
V constant, the second condition holds for a larger range of values of fi, until, when 
A = 0, it holds for all values of /? except j? = kn c] . 


RADIATION FROM SOURCES IN ‘FREE SPACE’ 

In this first set of examples, we determine radiation from sources in ‘free space’, 
using the ‘free-space’ radiation modes, and compare the results with the 
antenna methods of Chapter 21. 

25-12 Example: Dipole radiation 

An x -directed current dipole of strength / and length d is located in an infinite uniform 
medium of refractive index k c1 at the origin of coordinates, as shown in Fig. 25-1 (a). The 
current can be represented by 

J x — Id S(r — r d )6(z)/2nr d , (25-28) 

in the limit r d 0, where 6 is the Dirac delta function. The dipole excites ‘free-space’ 
modes, and, by substituting Eq. (25-28) into Eq. (25-12), the amplitude of each mode is 
given by 

|2M9) 

where upper and lower signs refer to forward- and backward-propagating modes in the 
regions z > 0 and z < 0, respectively, and e xj is evaluated at r — 0. We deduce from 



Fig. 25-1 (a) A current dipole of strength / and length d is located at the 

origin of coordinates and is parallel to the x -direction, (b) Cross-section of 
the tubular source showing the orientation of axes and the current 
direction parallel to the x-axis. 

Table 25-2 that only the v = 1 even TE and TM modes are excited. Denoting these 
modes by j — 1 and j — 2, respectively, then, at r = 0, it is clear that e xl = 1 and 



Section 25-13 

e x2 = — 1. Substitution into Eq. (25-29) yields 
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fl ±i = + 

for the four excited modes. 


Id 

4 Ni(G)* 


+ 


Id 

4 N 2 (Q)' 


(25-30) 


Fields of the dipole 

If we substitute Eq. (25-30) and the fields of Table 25-2 into Eq. (25-3), the dipole fields 
are given exactly by integration over two modes for z ^ 0 and z ^ 0. Asymptotic 
evaluation of these integrals for r-*oo, together with a transformation from cylindrical 
to spherical polar coordinates, leads to the far fields of Eqs. (21-23) and (21-24a). 


Radiated power 


The total power radiated by the dipole is found by substituting Eq. (25-30) and the 
normalizations of Table 25-2 into Eq. (25-9). Allowing for forward- and backward- 
propagating modes 


M_(a oY /2 p pncl [ * m ) 

16np 1 \e 0 ) Jo \p{Q) fcn c 2 , j 


QdQ, 


(25-31) 


whence, by making the transformation Q = kpn cl sin 6 Z , p = kn cl cos 0 Z , it is readily 
verified that we recover the expression in Eq. (21— 24b), which was derived using far-field 
antenna methods. 


25-13 Example: Tubular-source radiation 


Consider a tubular source, as described in Section 21-6, of length 2 L and radius r 0 , 
which carries x -directed currents with magnitude 

J x = S(r —r 0 ) cos (/(/>) sin (iiz) exp (iCz)/2nr 0 , (25-32) 


where lisa positive integer or zero, and the tube is aligned as shown by the cross-section 
of Fig. 25-1 (b) so that <f> 0 = 0 in Eq. (21-13). The tube is embedded in a uniform 
medium of refractive-index n cI , and thus its radiation field can be described in terms of 
‘free-space’ modes relative to the z-axis in Fig. 21-3. Substitution of Eq. (25-32) into 
Eq. (25-12) gives the modal amplitudes 


a ±j(Q) = + 


l 

8*N,(Q)J 


> 


e xj (Q)cos(/$)d0 sin (ftz) exp [i{C + /?(Q)}z] dz, 


(25-33) 


where e xj is evaluated on r = r 0 . We deduce from Table 25-2 that only the even TE and 
TM modes with v = / + 1 and v = / — 1 are excited when / > 1, and when l = 0 only the 
even v = 1 modes are excited. We showed in Section 21-6 that the z integration is only 
significant if Q = |C— P(Q)\. Assuming P(Q) = C—Cl, only forward-propagating 
modes are involved, which is equivalent to retaining the upper signs in Eq. (25-33) and 
the first term within the curly brackets of Eq. (21-15). We then deduce from Table 25-2 



532 Optical Waveguide Theory 


Section 25—14 


that 


a t - 1 


. _ kn d r . 

ai+1 ~W) h 


a l- 1 — a l + 1 


m 

kn. 


G h 


for the TE and TM modes, respectively, when l > 2, and where 

„ iQ { Ho\ 112 sin {C- (1(Q) -tyL , 

Gi — 77 2 ( ) T' « 77 vi r> Ji(Q r o/P)- 

I6np 2 n cl \e 0 ) C-0(Q)-Q 


(25-34a) 


(25— 34b) 


The radiated power in the four modes is found by substituting Eq. (25-34) into Eq. 
(25-9). Hence 


^rad 


1 


64np 2 n d 


. \l/2 rkpnd 

0 / Jo 




+- 


kn„. 


{c-m)-n } 2 U«ci P(Q) 


QdQ. 

(25-35) 


To evaluate the integral we set Q = kpn d sin 0, and ft = kn c] cos 9 Z , and, by following 
the discussion of Section 21-10, use the fact that the major contribution comes from 
around 0 2 £ 9 0 of Eq. (21-30). Thus 


^rad — 



(1 +COS 2 d 0 )Jf ( kr 0 n d sin 0 O ) 



sin 2 x . 
— 2 ~ dx, 
x 2 


(25-36) 


where x = {C — (HQ) -Cl}L, x + = (C —Cl)L and x_ = (C — kn cl —Cl)L. By analogy 
with the x integration in Eq. (21-31), we deduce that Eq. (25-36) reduces to the far-field 
antenna result of Eq. (2 1— 33a) when / 3* 2. The derivation for the cases l — Oand/ = 1 is 
similar. 


RADIATION FROM SOURCES WITHIN FIBERS 


We now examine how radiation from the point dipole and the tubular source is 
modified by the presence of a fiber. In order to relate the results to the 
correction factor of Section 21-12, the fiber is assumed to be weakly guiding. 

25-14 Example: Dipole within a step-profile fiber 

We determine the correction to the radiation from the current dipole of Section 25-12, 
when located on the axis of a weakly guiding, step-profile fiber. If the z-axis of Fig. 
25-1 (a) coincides with the axis of the fiber, we can repeat the analysis of Section 25-12 
using the weakly guiding radiation modes instead of the ‘free-space’ modes. The on-axis 
fields e xl and e x2 , and consequently the modal amplitudes of Eq. (25-30) are multiplied 
by the factor p 0 defined in Table 25-4. Thus the total radiated power of Eq. (25-31) 
must allow for the additional factor |p 0 | 2 in the integrand, and in terms of the variable 
9 Z defined below Eq. (25-31), we obtain 

p rad = ^32^” Cl ( ~) j sin 0 Z (1 +cos 2 0 z )|ft)| 2 d0 z . (25-37) 

We deduce from Table 25-4, Eqs. (21— 36b) and (21—38) that 
p o =W o {Q,Q)IW o (U,Q) = C l {0). 


(25-38) 
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Consequently Eq. (25-37) is identical with the angular integral of the product of the far- 
field of Eq. (2 1— 24b) in ‘free space’ and the correction factor C 0 (0) of Eq. (21-36a) for an 
on-axis source within the fiber, as discussed in Section 21-13. 


25-15 Example: Tubular source within a step-profile fiber 


A tubular source of radius r 0 is located symmetrically within the core of a weakly 
guiding, step-profile fiber, i.e. 0 < r 0 ^ p, where p is the core radius. To account for the 
fiber profile, we repeat the analysis of Section 25-1 3 using the weakly guiding radiation 
modes of Table 25—4 instead of the ‘free-space’ modes of Table 25-2. The modal 
amplitudes of Eq. (25-34a) are replaced by 


a i-i — a i + 1 — PiGi 


MUrJp) kn d 

MQrjp) mv 


a i - i — — a i+ i 


p,G, 


mutq/p) m) 

MQr 0 /p) kn c , ’ 

(25-39) 


for the TE and TM modes, respectively, where l > 2 and G, is defined by Eq. (25-34b). 
Accordingly, the final expression for radiated power is found to be identical with 
Eq. (21— 41b) when p t is expressed in terms of Eq. (21— 36b). 


25-16 Effect of a finite cladding 

Throughout the chapter we have determined radiation fields on the assump- 
tion that the cladding is unbounded. However, in practice, fibers have a 
cladding of finite thickness as shown qualitatively by Fig. 1-1 in the 
Introduction to Part I. When the cladding thickness is large, it has a negligible 
effect on the bound-mode fields, which decrease exponentially in the cladding. 
However, some of the radiated power will be reflected from the interface 
between the cladding and the jacket. We can regard the combined core and 
cladding regions of a single-mode fiber as the core of a multimode fiber. 
Consequently, the ray methods of Part I are applicable, and the power 
transmission coefficients of Chapters 6 and 7 can be used to determine the 
fraction of power entering the jacket. Reflected power is lost to the jacket at 
subsequent reflections in an analogous manner to the rays of Part I. 
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The last five chapters have shown how the radiation fields of an optical 
waveguide can be represented in different ways. In Chapter 24, we introduced 
the notion of leaky modes to describe the bulk of the radiation field close to the 
waveguide axis at distances sufficiently far from the source of excitation. The 
remaining portion of the radiation field corresponds to a space wave, as 
defined in Eq. (24-1). The same radiation field can also be represented either by 
an expansion over radiation modes, as we showed in Chapter 25, or by 
a superposition of the fields of point dipole sources, using the Green’s func- 
tion techniques for waveguides described in Chapters 21 and 34. In this chap- 
ter, we show how to find the space-wave component of the radiation field by 
formally decomposing either representation into leaky modes and a space 
wave. 

The radiation-mode and point-dipole representations of the radiation field 
are formally identical. For fibers, the former representation involves an 
integration over the parameter Q, as in Eq. (25-3), and the latter makes an 
equivalent integration over the angle 6 of Fig. 21-4. The evanescent modes 
have a pure imaginary propagation constant /? which corresponds to real 
values of Q. Thus, although [i may have an imaginary part, Q is always real. We 
show that, by deforming the path of integration from the real (7-axis into the 
complex ()-plane, we can decompose the radiation field into: (i) a finite sum of 
leaky-mode fields, corresponding to contributions from discrete, complex 
poles; and (ii) a space-wave field, corresponding to the value of the integral 
along its path in the complex plane. With a view to evaluating the space- 
wave field asymptotically, at large distances from the source of excitation, 

534 
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we use the steepest descent path for the integration path in the complex 
Q-plane [1], 


INTEGRAL REPRESENTATION AND DECOMPOSITION 


In the following discussion, we use the modal expressions of Eq. (25-3) to 
represent the radiation field. Since the analysis applies equally to the magnetic 
or electric fields, we need only consider the latter. Further, we use the weak- 
guidance approximation for simplicity and when we require an example, we 
refer to the step-profile fiber for any functional dependence. Thus 

E rad (x,y,z) = Z I aj(Q)ej(x,y,Q)exp{ip(Q)z}dQ, (26-1) 
j Jo 

where the a/2 ) are modal amplitudes and p is related to Q inside the back cover. 
Integration over the range 0 ^ Q < kpn cl corresponds to forward-propagating 
radiation modes, and over the range fcpn d < Q < oo corresponds to evan- 
escent radiation modes which decrease exponentially with increasing z. 

When the source of excitation is specified, either as a current distribution J 
within the fiber, or as illuminating fields E, and H t over the endface, the aj(Q) 
are given explicitly by Eqs. (25-12) and (25-11), respectively. In either case, we 
substitute the expression for aj(Q) into Eq. (26-1), and take advantage of the * 
symmetry properties of the integrand to extend the range of integration to 
Q = — oo. For the step-profile fiber, each cartesian, or scalar component, of 
the field is proportional to an integral / of the form 


/ (x,y,z) 



f(x,y,Q) 

Wi(U,Q) 


exp{ip(Q)z}dQ, 


(26-2) 


as is clear from Sections 25-14 and 25-15. The integration is along the real 
2-axis,/, is a prescribed function which is analytic throughout the complex 
2-plane with the property that f ~ expfi2r/p) as r -> oo, and W t (U,Q) is 
defined by Eq. (21— 36b). 

We have intentionally omitted the details in progressing from Eq. (26-1) to 
Eq. (26-2) because of their algebraic complexity. Since we only want to show, 
the formal procedure for decomposing the radiation field, such details are 
counter-productive from a pedagogical point of view, and are to be found 
elsewhere [1-3], Similarly, the approach from the Green’s function represen- 
tation to integrals of the form of Eq. (26-2) is available in Refs. [3, 4], 


26-1 Singularities of the integrand 

We now examine the singularities of the integrand of Eq. (26-2) in the complex 
2-plane, with a view to deforming the path of integration away from the real 
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(?-axis. Integrals of this form are discussed in standard texts [1, 3], The poles of 
the integral are the zeros of the eigenvalue equation of Eq. (24-30). Bound 
modes correspond to Q having zero real part and positive imaginary part, as is 
clear from Eq. (24—4), and correspond to the crosses on the imaginary Q-axis in 
Fig. 26-1 (a). Leaky modes correspond to the complex zeros of fVi(U,Q), for 
which Q r > 0 and Q‘ < 0 according to Eq. (24-5), where superscripts r and i 
denote real and imaginary parts. Hence leaky-mode poles lie in the fourth 
quadrant of Fig. 26-1 (a). 



(a) (b) 


Fig. 26-1 (a) The complex Q-plane showing branch points at ±b, 

where b = kpn a , and the dashed curves corresponding to the branch cuts. 
Bound- and leaky-mode poles are denoted by cross and dots, respectively, 
(b) The complex 'k-plane, where the rectangular regions T1-T4 and 
B 1-B4 correspond to the quadrants of the top and bottom Riemann sheets 
of the cut Q-plane in (a). The dashed curve p corresponds to the branch 
cuts and sd is the steepest-decent path. 


Branch cuts 

The relationship between the propagation constant, ft, and Q is 

p 2 )3 2 (Q) = (/cpn cl ) 2 -<2 2 , (26-3) 

whence there are branch points at P = 0, or Q = ± kpn ci . These are to do with 
the fact that in satisfying the conditions on the radiation-mode fields as r -* oo, 
we must specify a particular choice of signs for ft and Q. The branch cuts may 
be chosen arbitrarily, as long as they do not cut the path of integration along 
the real Q-axis. In Fig. 26-1 (a), we choose the cuts so that, on the top sheet, 
P' 0, and on the bottom sheet, /i‘ < 0. Thus, forward-propagating bound and 
leaky modes lie on the top sheet. There are poles on the lower sheet, but these 
correspond to modes that grow in the direction of propagation. For a 
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nonabsorbing fiber, the branch cuts may be chosen to lie along the real and 
imaginary g-axes. As the bound-mode poles also lie along the imaginary 
g-axis, it is convenient to introduce a slight absorption into the cladding to 
clearly distinguish the position of poles and branch lines. The latter are then 
defined by 

Q r Q' = k 2 p 2 n r d njj ; n cl = rf d + in’., , (26-4) 

through equating imaginary components of Eq. (26-3). 

Armed with a description of the singularities of the integrand of Eq. (26-2) 
in the complex g-plane, we could now distort the path of integration from the 
real (Taxis. However, as can be seen from Fig. 26-1 (a), it would be necessary to 
evaluate integrals around branch cuts. To avoid this, we introduce a 
transformation that removes the branch cuts. 


26-2 Transformation of the integration variable 

A simple change of variable enables us to remove the branch cuts in Fig. 
26-1 (a), and make the integrand in Eq. (26-2) single-valued. Hence we set 

Q = kpn d sinT; P = kn d cosT; ¥ = £ + !>/, (26-5) 

whence the upper and lower sheets in the complex g-plane map into the 
complex T-plane in Fig. 26-1 (b), and the poles map into the appropriate 
regions. The real axis in the g-plane becomes the contour p, comprising the 
£-axis for — n/2 < £ < jt/2 together with the lines £ = —n/2, rj > 0 and 
£ = n/2, >i < 0. Thus Eq. (26-2) becomes 


I{x,y,z) = kpn d £ 

l 


' f(x,y,Q,m ) 

J P ^(t/(nem) 


exp (ikzn d cos ¥ ) cos ¥ d 

(26-6) 


evaluated along the contour p, where U (*P) = { V 2 + g 2 (¥) } 1 12 . Now that the 
branch cuts have been removed, it is clear that, by suitably deforming the 
contour p, the contribution from the leaky-mode poles can be extracted from 
the integrals in Eq. (26-6). When this is carried out in detail, it is found that the 
analytical forms of the bound and leaky modes are identical. Consequently, the 
leaky-mode fields derived in Chapter 24 are identical to those derived here. 
Furthermore, the expressions for the modal amplitudes cij (Q) are exactly those 
discussed in Section 24-17 [2], However, an integral along the deformed path 
remains. This is the space-wave contribution. 


26-3 Steepest descent path 

With a view to evaluating the space wave asymptotically at large distances 
from the source, we distort the path of integration p in Fig. 26-1 (b) along the 
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steepest descent contour [1], denoted by sd. Thus Eq. (26-6) is replaced by 


I(x,y,z) = V j (x, y)exp (if jz) + £ 


g t (x,y,z,¥)dT, (26—7) 


'sd 


where ^ J exp(i)? J ) is the residue at each leaky-mode pole enclosed by the 
distorted path, and g t denotes the integrand in Eq. (26-6). To determine the 
contribution from the steepest descent contour, we recall that </, varies 
asymptotically as exp (i { Qr/ p + fiz } ) for r -> oo. If we introduce dimensionless 
polar coordinates (r, 8) which describe the radial and longitudinal displace- 
ments according to 


r = prsin0; z = prcos0; z = {r 2 +z 2 } ll2 /p, (26-8) 


then, recalling the definition of ¥ in Eq. (26-5), the function g t contains a factor 
exp{!Vcpn d T cos(¥ —6)} as r -*■ oo. Thus, there is a saddle point at ¥ = 8, and 
the steepest descent path sd is found by requiring that the phase, or real part of 
t cos (¥ — 8) remains constant. Hence [2] 


cos(^ -8) cosh q = 1, 


(26-9) 


corresponding to the path shown in Fig. 26-1 (b). Only those leaky-mode poles 
lying between p and sd contribute to the first summation in Eq. (26-7). If (£,, q q ) 
are the coordinates of the gth leaky-mode pole, then the inequalities 


cos(£ 9 — 0)coshf/ ? < 1; cos sinh q q < 0, (26-10) 

must be satisfied for the pole to contribute. We now examine in more detail the 
leaky-mode and space-wave components. 


LEAKY-MODE CONTRIBUTION TO THE 
RADIATION FIELD 

The above decomposition complements our intuitive description of leaky 
modes in Chapter 24, and shows formally that the fields of leaky modes have the 
same analytical forms as bound-mode fields. Each leaky mode is associated with a 
transverse resonance in the fiber cross-section, specified by the eigenvalue 
equation W t (U,Q) = 0. Leaky modes only contribute to the radiation field within 
an angular sector of the (r,z)-plane of Fig. 26-2. Consider the gth leaky-mode 
pole with coordinates (£,, r\ q ) which lies between the steepest descent path sd 
and the path p in Fig. 26-1 (b). In this case and q q satisfy the inequalities in 
Eq. (26-10). As r and z vary, the angle 8 defined by Eq. (26-10) will vary and the 
steepest descent path defined by Eq. (26-9) will be continuously modified. 
Clearly, there is a maximum angle 8 q for which Eq. (26-10) is only just satisfied, 
when the leaky-mode pole lies on the steepest descent path. In this case, 
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within the shaded region. Outside this region the mode becomes part of 
the space wave. 

cos(^, — 0,)cosh>j, = 1, and by equating real parts in Eq. (26-5) with ¥ = 

+ irj q and eliminating rj q , we find that for weakly leaky modes 

where Q T q and ffi q are the real parts of Q and /? evaluated at the pole, and the 
imaginary parts have been ignored. In other words the gth leaky mode only 
contributes to the radiation field within the angular sector 0 < 9 < 9 q in Fig. 
26-2. When 6 > 9 q , the leaky mode ceases to contribute to the summation in 
Eq. (26-7) and becomes part of the space wave. This result is consistent with 
our intuitive description of weakly leaky modes in Section 24-1 1 , where we 
showed that the leaky-mode fields occupy an angular region bounded by a 
value of 9., given by Eq. (24-9) which is identical to the value of 9 q above. 

Leaky modes play no role in representing the radiation fields at large radial 
distances from the fiber, i.e. as r -> oo, z finite. Furthermore, as leaky modes 
attenuate exponentially along the fiber, their contribution to the radiation field 
at large distances along the fiber is negligible, i.e. as z -> oo. We recall from 
Chapter 8 that this distance may be enormous, since leaky modes on 
multimode fibers can have very small attenuation rates. As we show below, 
except in certain rare cases, leaky modes provide a good approximation to the 
radiation field within and close to the core and sufficiently far from the source of 
excitation whenever the radiation field is significant. 


SPACE-WAVE CONTRIBUTION TO THE 
RADIATION FIELD 

There is no closed-form expression for the space wave at an arbitrary position 
in the (r, z)-plane. However, at large distances from the source of excitation, it 
can be represented by an integral along the path of steepest descent. The 
integral can then be evaluated asymptotically by the method of steepest 



540 Optical Waveguide Theory 

descent [1, 3, 5], Thus at large radial distances from the fiber, when r -* go and 
z is fixed, the space-wave fields vary as r~ 1/2 , due to the saddle point 
contribution along the steepest descent path [1,3,4], This is the well-known 
far-field dependence of a radiating line source. 

The space-wave contribution to the radiation field close to or within the core 
at large distances from the source, when z -» oo and r ~ p, is found by setting 
6 = 0 in Eq. (26-9), so that the steepest descent path is defined by cos £, x 
cosh?/ = 1, or ft = kn d in Eq. (26-5). In this case, there is no saddle point 
contribution, but the next term in the expansion along the steepest descent 
path shows that the space-wave fields decay as z ~ 3/2 [6, 7], Such attenuation is 
known to be a diffraction effect associated with the energy creeping along the 
interface between two dielectric media [3], In the case of two semi-infinite 
media, this wave is called a lateral wave [3], Thus, in the case of the fiber, the 
space wave is associated with an interface wave, as shown schematically in Fig. 
26-3. It is well known that the interface wave is significantly excited only when 
the source S is highly directed at the complementary critical angle 8 C . Hence, 
apart from such exceptional cases, leaky modes describe the radiation field 
close to and within the core at large distances from the source, whenever the 
radiation field is significant. 



(a) (b) 

Fig. 26-3 Schematic representation of (a) a lateral wave at a planar 
interface between semi-infinite media of refractive indices n co and n d < n co 
and (b) an interface wave on a step-profile fiber. 


Summary 

To summarize, at sufficiently large distances from a source within a waveguide, 
only the space wave, which has an r~ 1/2 -dependence as r -too, contributes to 
the far-field radiation. At large distances from the source and close to or within 
the waveguide core, the r~ 1/2 -behavior is modified by the presence of the 
waveguide. The main contribution to the radiation then comes from energy 
that creeps along the interface in the form of an interface wave decaying as 
z _3/2 as z -» oo. However, the source must be highly directed if the interface 
wave is to transport significant power. In contrast, leaky modes describe 
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energy that is distributed throughout the core and close to it, and describe the 
radiation field whenever it is significant. Near to the source, both leaky modes 
and the space wave are significant and both must be included to correctly 
describe the radiation fields. 
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There are several methods for determining the fields of a perturbed waveguide, 
and the simplest approach depends on the form of the perturbation. If the 
perturbation is slight and does not vary along the waveguide, we use the 
perturbation methods of Chapter 18 to construct the modes of the waveguide. 
On the other hand, if the perturbation is arbitrary but varies slowly along the 
waveguide, we employ the local modes of Chapter 19. Here we are mainly 
concerned with slight perturbations which vary arbitrarily along a single fiber. 
The method of analysis is known as coupled mode theory, or z-dependent 
perturbation theory. Coupled mode theory is particularly useful when a slight 
perturbation has a large effect on the distribution of modal power, e.g. when a 
resonance condition causes a large exchange of power between the modes of 
the unperturbed fiber. Apart from such exceptional situations, slight perturb- 
ations have only a small effect on power exchange, and are adequately 
described by the induced current method of Chapter 22. Our main interest 
here is to describe resonant coupling on fibers which propagate only one or a 
few modes. The effects of z-dependent perturbations on multimode fibers are 
more easily described by the ray methods of Chapter 5. 


COUPLED MODE THEORY 

A fiber with z-dependent nonuniformities is no longer cylindrically symmetric 
and therefore cannot support individual modes of the unperturbed fiber. 

542 
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Nevertheless, the fields of the perturbed fiber at position z can be described by 
a superposition of the fields of the complete set of bound and radiation modes 
of the unperturbed fiber. An individual mode of the set does not satisfy 
Maxwell’s equations for the perturbed fiber, and hence the perturbed fields 
must generally be distributed between all modes of the set. This distribution 
varies with position along the fiber and is described by a set of coupled mode 
equations, which determine the amplitude of every mode [1-3]. 


27-1 Coupled mode equations 

The set of coupled mode equations is obtained by substituting the modal 
expansion for the fields of the perturbed fiber into Maxwell’s equations, and 
leads to an infinite set of coupled, first-order differential equations for the z- 
dependent amplitude of each mode. This set is a reformulation of Maxwell’s 
equations and thus describes the fields of the perturbed fiber exactly. However 
there is generally no advantage in such a reformulation, since the coupled 
equations are intractable and have no known analytical solution. Nevertheless, 
when only two modes are involved, simple perturbation solutions are possible. 
For this to occur, it is intuitive that the modal fields of the unperturbed fiber 
must be a good approximation to the modal fields of the perturbed fiber, 
including the perturbation region. This is possible only when the refractive-index 
profiles of the perturbed and unperturbed fibers differ slightly throughout the 
fiber, for reasons explained in Section 18-21. Because there are few problems 
involving arbitrary profile fibers which can be solved when this condition is 
satisfied, we instead specialize our formulation to weakly guiding fibers and 
ignore all polarization effects due to the fiber structure. The inclusion of 
polarization effects, however slight, is complicated, as we showed in Section 
18-21. 


27-2 Weakly guiding fibers 

The unperturbed fiber has refractive-index profile h(x, y) and the perturbed 
fiber has z-dependent nonuniformities described by n(x, y, z). Both fibers are 
weakly guiding and we assume h = n s n cl everywhere. For reasons given in 
the previous section, we ignore all polarization effects and work solely with 
solutions of the scalar wave equation. For convenience we assume the electric 
field is x -polarized and set 

M 

E x (x, y, z) = Y.{b j (z) + b_fiz)}'¥fix,y), (27-1) 

j= i 

where bj{z) and b-j{z) contain the amplitude and phase-dependence of 
the forward- and backward-propagating scalar modes, respectively, M is the 
number of forward-propagating modes and v P / (x, y) is the solution of the 
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scalar wave equation of Eq. (13-8). In the present notation, this equation 
becomes 

{V t 2 + k 2 n 2 (x, y) - p ) } '¥ J = 0. (27-2) 

The scalar propagation constant pj is determined from the eigenvalue 
equation. We have ignored the continuum of radiation modes in Eq. (27-1) 
since we shall be considering coupling between bound modes only. 

The set of coupled mode equations satisfied by the modal amplitudes can be 
derived directly from the scalar wave equation for the perturbed fiber, as we 
show in Section 33-11, or may be regarded as the weak-guidance limit of the 
corresponding equations for arbitrary profile fibers, derived in Section 31-11. 
The latter approach leads to 

(27— 3a) 

for the yth forward-propagating mode, and 

(27— 3b) 

for the y'th backward-propagating mode, where the D jt are z-dependent 
coupling coefficients defined as the weak-guidance limit of Eq. (31— 50a). Thus, 
we ignore longitudinal field components, replace e tj -e t/ by Ty'E, and, on noting 
the difference in normalization between Eqs. (31— 45a) and (27-1), deduce that 

(27-4) 

The fiber is assumed nonabsorbing so that the are real, and A x is the infinite 
cross-section. In subsequent sections we examine those special situations 
where an analytical solution of the coupled mode equations can be found. 

Power of the perturbed fields 

The total bound-mode power at each position along the perturbed fiber is 
found by summing the power in each bound mode using the expressions in 
Table 13-2, page 292, with a replaced by b ±j (z). Hence the power flowing in 
the positive z-direction is given by 

(27-5) 

where N j is the normalization. The power flowing in the negative z-direction is 
given by the same expression with bj(z) replaced by h_;(z). 
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27-3 Example: Weak power transfer 

When only a small fraction of the total power of the perturbed fiber is transferred 
between modes, the coupled mode equations can be solved iteratively. The solution of 
the first iteration is then identical to the induced-current solution of Chapter 22. To 
demonstrate this equivalence, we assume that only the /th forward-propagating mode 
of the unperturbed fiber is excited at z = 0 of the perturbed fiber. To lowest order we 
ignore coupling to all other modes, whence the solution of Eq. (27-3a) is 

Mz) = MO) exp (ift,z); bj(z) = 0, j f I. (27-6) 

where b,( 0) determines the total initial power. The first order iteration is obtained by 
substituting Eq. (27-6) for the b ± , on the right side of Eq. (27-3). This leads to 

+ iPjb+j = ± /Dj,h,(0)exp(iftz); j + l. (27-7) 

The solution satisfying b ±j ( 0) = 0, j l, is readily shown to be 

(27-8) 

If we now solve the same problem by regarding the /th mode on the perturbed fiber as 
an induced current within the unperturbed fiber, we replace E, by b,(0)'¥ l exp(ip l z) in 
Eq. (22-6) and deduce that the x-directed current has magnitude 

J x = i(e 0 /Ho) il2 k(n 2 -n 2 )b l {0)'¥i exp(i/?,z). (27-9) 

In Eq. (27-8) we substitute for D jt from Eq. (27-4) and express the integrand in terms 
of J x . If we set b ±J (z) — a ±j (z) exp { + ifSjZ} and define Y to be the volume between 
planes at z = 0 and z, we obtain 

a± , ‘ f exp ( + //!>) dr-/ f d/4. (27-10) 

^■ n co \ fi o/ Jr I Ja x 

With the help of Table 13-2, page 292, it is readily verified that this is the weak- 
guidance limit of Eq. (21-2), and, consequently, the first iteration of the coupled mode 
equations is identical to the induced-current solution. 


STRONG POWER TRANSFER 

Under certain resonance conditions, a small perturbation of the fiber leads to 
the transfer of a large proportion of total power between only two modes of 
the complete set of modes of the unperturbed fiber, e.g. resonant coupling on a 
sinusoidally deformed fiber as discussed below. The coupled mode equations 
describe arbitrary power transfer exactly, whereas the induced -current method 
of Chapter 22 is inaccurate, since it assumes only a slight transfer of total mode 
power. If we ignore the weak power transfer to all other modes, the set of 
coupled mode equations reduces to just two equations for the resonant modes. 
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We assume the fiber is weakly guiding and use the results of Section 27-2 to 
distinguish between two cases. 

Two forward-propagating modes 

When coupling occurs resonantly between forward-propagating modes with 
propagation constants fi x , /j 2 and modal amplitudes b l (z), b 2 (z), respectively, 
Eq. (27-3) reduces to 


(27-1 la) 
(27-1 lb) 


where the coupling coefficients are defined by Eq. (27-4). The self-coupling 
coefficients are D u , D 22 and the cross-coupling coefficients D l2 , D 21 satisfy 
N 2 D 2 1 = NiD i2 , in terms of the normalization of Table 13-2, page 292. 

One forward- and one backward-propagating mode 

Coupling between a forward- and a backward-propagating mode is described 
by Eq. (27-1 1) with b 2 replaced by b_ 2 and the sign of its derivative reversed. 
In the special case when the backward-propagating mode has propagation 
constant — /?,, the coupled equations become 


(27— 12a) 
(27-1 2b) 


In more general situations where strong coupling occurs between several 
distinct pairs of modes, we can apply Eqs. (27-1 1) or (27-12) to each such pair. 
To illustrate the use of the coupled equations, we consider resonant coupling 
between pairs of modes on a sinusoidally deformed fiber. 


db x 

dz 

db-i 


dz 


i(P l +D ll )b l = iDub-i, 

d-i(Pi +£>n)6_i = — (D i ! h j . 


db 

i d-D ll )b l = iD 12 b 2 , 

dz 

db, 

— HP 2 + D 22 )b 2 = iD 21 b l , 


SINUSOIDAL PERTURBATIONS 

A weakly guiding fiber of refractive-index profile n(x, y) carries a sinusoidal 
nonuniformity of small amplitude. The profile of the perturbed fiber is 
assumed to have the form 

n 2 (x, y, z) = n 2 (x, y) + 3n 2 . (x, y) sin (Oz), 


(27-13) 
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where |<5n 2 | n 2 and Q is the spatial frequency. It is intuitive that strong 

coupling will take place between two bound modes of the unperturbed fiber 
when their propagation constants satisfy the resonant, or synchronous, 
condition. If we omit the - from scalar quantities hereon, this condition is 
given by 

|/*i— &| =«• (27-14) 

For two forward-propagating bound modes this difference cannot exceed 

k{n co — n cl ) on a clad fiber. Hence Q < (F/p)(A/2) 1/2 , which is approximately 
1.2 x 10 4 m _1 for a fiber with V = 2.4, A = 0.005 and p = 10 pm. We now 
quantify the resonant coupling for two different situations. 

27-4 Example: Two forward-propagating modes 

The coupled equations for the amplitudes of the two modes are given by 
Eq. (27-1 1). If we substitute Eq. (27-13) into Eq. (27-4), each coupling coefficient can be 
factorized according to 

Dj,(z) = Dj, sin (flz); D n = ~ 6n 2 '¥ j '¥,dA VjdA, (27-15) 

2 "co I Ja x 

where Dj, is a constant independent of z. In order to derive the approximate solution 
below, we first express the coupled equations in dimensionless form. The modal 
amplitudes are transformed to new functions X and Y by 

X(z) = b l (z)N[ l2 ex P (-ip l z); Y(z) = b 2 (z)N l 2 12 exp(-ip 2 z), (27-16a) 

where and N 2 are the mode normalizations, and a new variable 8 is introduced, 
which satisfies 

8 = kz/2; k = (D l2 D 2l ) 112 . (27- 16b) 

Dimensionless parameters are then defined by 

a = —(Q — fit + ft 2 Y’ x ■= — (Pi— p 2 )i Si = 1 s 2 = . (27- 16c) 

K K K K 

We substitute Eqs. (27-15) and (27-16) into Eq. (27-11) and obtain 


(27— 17a) 



(27-1 7b) 
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Although these equations do not have a simple analytical solution, we can obtain an 
asymptotic solution for large spatial frequencies [4], At low frequencies, when the 
sinusoid varies slowly along the fiber, we can use the local-mode description of 
Chapters 19 and 28. 

Asymptotic solution 

Since the amplitude of the sinusoid is small, it is clear from Eqs. (27-15) and (27-16) 
that the length scale 1 /D 12 over which significant power coupling can take place 
between modes is large compared with the beat length 2it/ |/J, — (i 2 | = 27t/ft, whence we 
deduce from Eq. (27-16) that |t| > 1 and |t|>|cr|. Thus the exponential terms 
involving o + 1 and <r + 2x in Eq. (27-17) oscillate more rapidly than the corresponding 
terms in a alone. Accordingly the solution consists of a slow-scale variation in 6, which 
is independent of t, on which is superposed a fast-scale variation in 6. The amplitude of 
the fast-scale corrections is of order 1/x, as may be deduced by integrating either 
equation by parts and ordering the 6 dependence. If subscript 0 denotes the slow-scale 
solution, then [4] 

= To ex P ^ = -X o e\p(-io0). (27-18) 

d0 aO 

If the first mode has unit power and the second mode zero power at z = 0, then the 
solution satisfying X 0 = 1, Y 0 = 0 at 6 = 0 is readily shown to be 


(27- 19a) 
(27— 19 b) 


The corresponding fields follow from Eqs. (27-1) and (27-16). 



Power distribution along the fiber 

The power in each mode follows from Eqs. (27-5) and (27-16) as 


P 1 (z) = 1 — F 2 sin 2 (8/F ); P 2 (z) = F 2 sin 2 (0/F ), 


(27-20) 


which conserves the initial power along the fiber. Thus the maximum power transfer, 
F 2 , is very sensitive to the value of a in Eq. (27-19b), which in turn is proportional to 
the difference between ft and jS, — fl 2 in Eq. (27-16c). Plots of P 2 (z) as a function of 6 
for various values of cr are given by the curves in Fig. 27-1 (a). At resonance o = 0, F = 1 
and complete power transfer occurs, whereas at o = 2 and o = 5 only 50% and 14% 
power transfer occurs, respectively. It also follows from Eq. (27-20) that the distance 
over which maximum power transfer occurs decreases with decreasing F. Finally, when 
the maximum power transfer is small, the solution to the problem may require the 
involvement of other modes, in which case the weak power transfer solution of 
Section 27-3 is appropriate. 





Section 27-4 


Mode coupling 549 




(a) 


e 


(b) 
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Fig. 27-1 The power P 2 (z) excited in the second mode due to resonant 
coupling with the first mode, which carries unit initial power on a fiber 
with a slight sinusoidal nonuniformity. The slow-scale solution (a) is given 
by Eq. (27-20) in terms of 6 of Eq. (27- 16b), and the fast-scale solution (b) 
is given by Eq. (27-25). 


Higher-order corrections 

The corrections to the slow-scale solution of the coupled mode equations, due to fast- 
scale variations in r, can be included by iterating Eq. (27-17). To determine the first 
correction, we set 

X = X 0 + Xi; Y = Y 0 +Y U (27-21) 

where |A _ 1 |<|A' 0 |, |y 1 |<| |y 0 |, and substitute into Eq. (27-17). The slow-scale 
equations of Eq. (27-18) are subtracted out and we set A" = X 0 ,Y = Y 0 in the remaining 
terms on the right side. Hence 

(\X 

—— - = — Y 0 exp { i(o + 2z)6} + 2is l X 0 sin (a + r)0, (27— 22a) 

<JC7 

^|y 

— 2- = X 0 exp { i'(er + 2 t)6} + 2is 2 y 0 sin (<* + *)0. (27— 22b) 

dc7 

The slow-scale solutions are held fixed during integration, and, consequently, the 
solution satisfying X l = y, = 0 at z = 8 = 0 is [4] 

A - ! = exp { — i(cr + 2t)0} + — ! — — { 1 — cos (cr -E t)<?}, (27-23a) 

cr + 2r o + 1 

Y l = -^---{1 — exp (i[<r + 2r ]6)} — ~ S2 ^° - cos (g + z)6, (27— 23b) 

o + 2r o + r 


where A _ 0 and Y t) are given by Eq. (27-19). Within the present approximation, the power 
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in each mode is given by 

P,(z)= |* 0 | 2 + 2Re(A: 0 Xr); P 2 (z) = |T 0 | 2 + 2 Re (V7 ), (27-24) 

where Re and * denote real part and complex conjugate, respectively. If we substitute 
Eqs. (27-19) and (27-23) into Eq. (27-24), the self-coupling terms denoted by the real 
parameters Sj and s 2 do not contribute to modal power. Thus the power in the second 
mode is [4] 


(27-25) 

assuming |t| |> |oj. Plots of P 2 (z) are given by the curves in Fig. 27—1 (b), which show 
the higher frequency oscillation about the slow-scale curves. There is negligible 
difference between the solid curves and the exact numerical solution of Eq. (27-17). 



27-5 Example: One forward- and one backward-propagating mode 

Coupling, in the special case of resonance between a forward-propagating mode and 
the corresponding backward-propagating mode, is described by Eq. (27-12). We 
substitute the factorized coupling coefficient of Eq. (27-15) and make analogous 
transformations to Eq. (27-16) defined by 

X (z) = bi (z)N\ l2 exp ( — i/Ujz); Y(z) = b. , (z)N \' 2 exp (t'/SjZ), (27-26a) 

0 = a = -3— (£1 — 2/ii ); r = S-, (27-26b) 

to obtain the coupled equations in the dimensionless form 

J y 

— = {exp (i<T0) —exp ( —i[a + 2t]0)}T 

Qu 

+ {exp (i[< r + 1]0) — exp ( — i[a + r]0) } AT, (27 -27a) 

— = {exp( — i'<T0) — exp (i'[er -t- 2r]0)}AT 

dc7 

— {exp (i [<r + 1]0) — exp ( — i[ff + t ]0)}T. (27-27b) 

By paralleling the discussion of the previous section we have |r| ^ 1 and |r| > \a\, 
whence the slow-scale equations are 

dXn d T n 

—— = Y 0 exp(i<79)\ — = X 0 exp(-i<r6). (27-28) 

a 0 a6 


The solution at or close to resonance a = 0 involves functions which grow or decay 
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exponentially with 8. Consequently, the only solution which is bound as 8 -* oo and 
satisfies X 0 = 1 at 8 = 0 is 

X 0 = exp (io8/2) exp ( — k8); Y 0 — — ^ ~ ex P ( — iod/2) exp ( — k8), (27-29) 

where k = (1 — cr 2 /4) 1/2 and \ c\ < 2. We then deduce from Eqs. (27-5) and (27-26) that 
both modes carry the same power 


Pi (z) = P_ ! (z) = exp ( — kD { { z); 0 z < oo, 


(27-30) 


propagating in opposite directions. This result is consistent with the physical 
description of the situation. The amplitude of the forward -propagating mode decreases 
with increasing z as power is continually lost to the backward-propagating mode. 
Consequently, as the backward-propagating mode travels in the decreasing z-direction 
it picks up all the power lost by the forward-propagating mode, and its power must 
increase as z decreases. The rate of power transfer between the two modes depends on cr 
and has maximum value D n exp( — D u z)at resonance cr = 0. As |cr| increases this rate 
decreases rapidly until at | a| = 2 it might appear that power transfer ceases since k = 0. 
However, it is then necessary to include the fast-scale corrections to determine the 
actual power transfer. For |cr| > 2 the solutions for X 0 and T 0 are given by Eq. (27-19) 
with F = (cr 2 /4 — 1) 1/2 . 


Weak power transfer 

In Section 22-9, we determined the power scattered into the backward-propagating 
fundamental mode when a forward-propagating fundamental mode is incident on the 
sinusoidally perturbed interface of a step-profile, weakly guiding fiber of length 2 L. The 
solution given by Eq. (22-29) is only valid when the power loss from the forward- 
propagating mode is slight. The solution in Eq. (27-29) is also inappropriate since 
it assumes an infinitely long fiber. If we formulate the problem of Section 22-9 in 
the notation of this section, we require a solution of Eq. (27-28) satisfying X Q = 1 at 
z = 8 = 0 and Y 0 = 0 at z = 2 L, or 8 = 8 L = Du L. The solution satisfying the resonant 
condition is readily shown to be 


X 0 = cosh6-sinh6tanh0 L ; T 0 = sinh0 — cosh0tanh0 L , (27-31) 

which reduces to the solution in Eq. (27-29) when L -> oo. For weak power transfer, 
d L <£ 1, in which case the amplitude of the backward-propagating mode at z = 8 = 0 is 
proportional to —0 L . If we substitute for dn 2 from Eqs. (22-28) and (27-13) into the 
definition of j in Eq. (27-15) and recall that 4^ = 1 on r = p and the integral in the 
denominator follows from Table 14-6, page 319, it is straightforward to show that the 
ratio of a- t to 5! in Eq. (22-29) is identical to —0 L . 
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In the previous chapter we introduced coupled mode theory to describe 
propagation on waveguides with slight perturbations which vary arbitrarily 
with distance along the waveguide. Here we consider waveguides with 
arbitrarily large nonuniformities, but with the proviso that they vary slowly 
along the length of the waveguide. We introduced the concept of local modes 
for studying such waveguides in Chapter 19. The use of local modes is an 
excellent approximation provided any change from cylindrical symmetry 
occurs sufficiently slowly. Even so, a local mode is not an exact solution of 
Maxwell’s equations and, as it propagates, small amounts of power are lost by 
coupling to the radiation field or to other local modes. The principal purpose 
of this chapter is to show how to determine this loss. 

However, before we begin, we emphasize that coupled local-mode theory is 
particularly useful in situations when there is a large transfer of power between 
local modes. Apart from such exceptional situations, power transfer is slight 
and- the induced-current methods of Sections 22-10 and 22-11 are sufficient. 


COUPLED LOCAL-MODE THEORY 

The exact fields of an arbitrarily perturbed waveguide are expressible as a 
superposition of local-mode fields and the radiation field, and, provided the 
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waveguide is slowly varying, the power in each local mode remains virtually 
constant as the mode propagates. Nevertheless, there will be an exchange of 
power, however slight, between each local mode and the radiation field, 
because an individual local mode is not an exact solution of Maxwell’s 
equations. This is described by a set of coupled local-mode equations, which 
determine the amplitude of each local and radiation mode. 


28-1 Coupled local-mode equations 

The expansion of the exact fields is described by 

E, (x, y, z) = X i b j < z ) + b -j < z ) ) (x , Pj (z) ), (28-la) 

j 

H t (x, >>, z) = X \bj ( z ) - (z) } hjj (x, y, ft ; (z) ), (28-lb) 

j 

where subscript t denotes transverse component, ~ denotes orthonormality 
and the bj(z) describe the modal amplitude and phase. The local-mode 
propagation constant, and hence the local-mode fields, vary with distance z 
along the fiber according to the prescription of Section 19-1. Negative 
subscripts denote backward-propagating modes, and the summation im- 
plicitly includes radiation modes. 

There are essentially two methods for deriving the equations satisfied by the 
bj(z). The more physical approach is to divide the fiber into a series of 
differential sections, one of which is shown in Fig. 31-2, and then consider the 
change in each modal amplitude across each section [1]. Details are given in 
Section 31-16. Alternatively, we substitute Eq. (28-1) into Maxwell’s equa- 
tions and use the orthogonality conditions for local modes to derive the set of 
coupled local-mode equations [2, 3], This approach is presented in Section 
31-14, and leads to Eq. (31-65) 


(28— 2a) 
(28— 2b) 


- iPjbj = X {C/A + A-A-A 

+ ifijb-j = — X {C-jA + C-j-ib^i }, 


for the y'th forward- and backward-propagating local modes, respectively. The 
Cji are coupling coefficients defined by 



(28-3) 
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where A x is the infinite cross-section and z is the unit vector parallel to the 
waveguide axis. When l-*— l or j-+ —j, we apply the field symmetries of 
Eq. (1 1-7). We are reminded that fij, e,, h 7 and C M depend on z. The coupling 
coefficients can be expressed in an alternative form, as we show in Section 
31-15 [4], leading to Eq. (31-70). Thus 


(28-4) 


where * denotes complex conjugate and parameters are defined inside the back 
cover. 

In Section 27-1 we showed that in applying the coupled mode equations 
there is an intrinsic restriction to weakly guiding waveguides. This restriction 
does not occur in the application of the coupled local-mode equations. A general 
solution of the coupled local-mode equations is derived for weak power 
transfer in the following section, and the radiation modes are discussed later in 
the chapter. 


Total guided power 


The local-mode fields are orthonormal, and consequently the total guided 
power propagating in the positive z-direction follows from Eqs. (11-16), 
(11-27) and (28-1) as 


n d(*) = 


I 


i= l 


IM Z )| 2 , 


(28-5) 


where M is the number of forward-propagating local bound modes at position 
z. Replacing bj by gives the guided power propagating in the negative 
z-direction. 


Weakly guiding waveguides 

In the special case of weakly guiding waveguides, when the variation in profile 
over, any cross-sectional plane is slight, we can ignore all polarization 
properties of the waveguide, and express the fields and coupling coefficients in 
terms of solutions of the scalar wave equation. This is equivalent to ignoring 
the longitudinal components of the fields and expressing h tJ in terms of e tJ - 
through Eq. (13-1). Alternatively, the coupled local-mode equations and the 
two forms of the coupling coefficients can be derived directly from the scalar 
wave equation, as we demonstrate in Sections 33-12 and 33-13. 
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28-2 Weak power transfer 

The coupled local-mode equations can be solved approximately when only a 
small fraction of the total power of the perturbed waveguide is transferred 
between modes. We show that the first-order solution is identical to the 
induced-current solution of Chapter 22. For convenience we assume that only 
the Zth forward-propagating local mode is excited at z = 0. To lowest order we 
ignore coupling to all other modes. The solution of Eq. (28-2) is then 


b, ( z ) = b, (0) exp < i 


AMdzk bj (z) — 0, j + l. (28-6) 


The equation for the first-order solution is obtained by substituting Eq. (28-6) 
into the right side of Eq. (28-2), whence 


d b+Az) 

dz ± iPjb ±j (z) = + 6,(0)C ±J ,(z)exp 


P,(z)d z\, (28-7) 


for j f /. The solution satisfying the initial condition b ±j ( 0) = 0 is 


b ±j (z) = ± 6,(0) ^exp | ±i 


Pj(z) dz 


C +jl {z) exp(i<5j8z)dz, 


(28— 8a) 


where dp is the average value of the accumulated difference in propagation 
constants along the waveguide, and is defined by 


dp (z) = - 
z ■ 


{Pt( z ) "F Pj(z)} dz. 


(28— 8b) 


If we substitute the coupling coefficient of Eq. (28-4) into Eq. (28-8a) and 
assume 6,(0)= 1, the resulting expression for b ±j is identical with that of 
Eq. (22-35). The latter was derived using induced currents to represent the 
slight mismatch between the local-mode fields and the exact fields of the 
waveguide. Thus we deduce the equivalence of the first iteration of the coupled 
local-mode equation and the induced-current representation. 


28-3 Slow variation condition 

An important application of the solution of the coupled local-mode equations 
for weak power transfer determines how slowly a waveguide must vary along 
its length in order that an individual local mode can propagate with negligible 
variation in its power. If we assume the / th local mode alone is initially excited 
with unit power, i.e. 6,(0) = 1, then the fraction of power excited in the j th 
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forward-propagating mode follows from Eqs. (28-5) and (28-8a) as 


Pj(z) = ^ C ji (z)exp (idfi z)dz^ ^ C ji (z)exp(-/«5j8z)dz^; j l, (28-9) 

where C jt is real if we adopt the convention of Eq. (11-8). Since the waveguide 
is slowly varying, it follows from Eqs. (28—4) and (28-8b) that C jt and are 
also slowly varying, but the exponential term in Eq. (28-9) oscillates rapidly. 
Consequently, we integrate Eq. (28-9) by parts and drop the term involving 
(dCj,/dz)/SP [4], On rearranging the solution, we have for j / 

Pj{z) s F 2 (z) + F 2 (0)-2F(z)F(0)cos(<5j8z); F(z) = C j,(z)/8p , (28-10) 

where F is proportional to the ratio of the cross-coupling length 1 / C and the 
average beat length Injbfi. Thus a local mode propagates with negligible 
power loss provided |F(z)| 1 everywhere along the waveguide, i.e. provided 

the coupling length is large compared to the local beat length. In Eq. (28—4), C j7 is 
most sensitive to the change in profile with z, whence we conclude that the 
requirement |F(z)| ^ 1 is equivalent to our intuitive criterion of Section 19-2, 
i.e. the nonuniformity must change over a distance that is large compared to 
the local beat length. 

The fraction of power coupled to the backward-propagating modes is given 
by Eq. (28-10), provided we replace /?, by — (l j in Eq. (28-8b) and e,- by e_ ; in 
Eq. (28-4). For weakly guiding waveguides, when the longitudinal fields may 
be neglected, it is clear that power exciting these modes is negligible compared 
to the power coupled into the forward-propagating modes. Similar conclu- 
sions apply for coupling to the radiation modes, which are discussed later in 
this chapter. 

In general, the local-mode propagation constants are contained implicitly 
within the local eigenvalue equation, and their precise values must be obtained 
numerically. However, analytical expressions can be derived for the coupling 
coefficients, as we show in the example below. 

28-4 Example: Step-profile fiber of nonuniform radius 

The refractive-index profile n 2 (r, z ) for a step-profile fiber with nonuniform core radius 
p(z) is everywhere expressible as 

n 2 {r,z) = n c 2 0 {l -2A H(r-p{z))}, (28-11) 

where the Heaviside step function satisfies H(x) = 1 if x > 0 and H(x) = 0 otherwise. 
Consequently the coupling coefficient of Eq. (28-4) vanishes everywhere except on the 
interface. We distinguish between two situations. 
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Weakly guiding fiber 

In this situation the longitudinal field components are ignored and the transverse 
components of the electric field are continuous across the interface. The derivative of 
the profile in the integrand of Eq. (28-4) is given in terms of the Dirac delta function by 

5 2 j 

-^- = 2n 2 0 A-^<5(r-p(z)). (28-12) 


Consequently the coupling coefficient is given by [4] 


Cj, 


k s, 


Mo 


1/2 


4> A dp 2 

Pj-Pi dz 


*2 71 

/ A 

( e u 

J o 


e t/ )r = p, z)d</>. 


(28-13) 


Expressions for e^- and e [( are deduced from Tables 14-1, page 304, and 14-6, page 319, 
by replacing p with p(z). The azimuthal integral involves products of trigonometrical 
functions and consequently only coupling between modes of the same order will occur. 
If we substitute the resulting expression into Eq. (28-10) and require |F| <| 1, it is 
straightforward to show that the intuitive criterion of Eq. (19-7) for the validity of the 
local-mode description is modified by factors which take into account the fiber profile 
and accumulated changes along the fiber. 


Arbitrary profile height 

When A is arbitrary, the determination of Cj, is complicated by the fact that the radial 
components of e ; and e, are discontinuous across the interface. We circumvent this 
difficulty by recognizing that n 2 e rj and n 2 e r , are continuous across the interface, and 
rearrange the integrand in Eq. (28—4) as 

e* ' e, ^ = (ejj-e*, + e*-e zi )^- -(n 2 e? J )(n 2 e rl )~(^j, (28-14a) 

where the z-derivative in the second expression on the right is obtained in an analogous 
manner to Eq. (28-12) by setting 

1 If 2A ) 

- = — V + (28- 14b) 

» «co l 1 - 2A J 

Consequently C n is given by Eq. (28-13) with the integrand replaced by 



Expressions for e ; and e, are deduced from Tables 12-3, page 250, and 12-5, page 256, 
with p replaced by p(z). The azimuthal integral involves products of trigonometrical 
functions and coupling only occurs between modes with the same order v. 


28-5 Example: Twisted elliptical fiber 

Consider a weakly guiding fiber whose elliptical cross-section rotates along its length. 
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as shown in Fig. 19-2. The local-mode description of the two fundamental modes was 
given in Section 19-4. We assume that the x- and y-polarized modes have power 1 and 
0, respectively, at z — 0. The transverse electric fields e tl and e l2 are parallel to the major 
and minor axes, respectively, and the common scalar propagation constant is f i . 


Weak power transfer 

When the rate of twisting is sufficiently small, there is only slight transfer of power from 
the x- to the y-polarized mode. This can be calculated using the analysis of 
Section 28-3. We first evaluate the coupling coefficient C t 2 using Eq. (28-3). Relative to 
unit vectors x and y parallel to the rotating x- and y-axes, the nonzero field components 
for the two modes are given by 

Vp Vp /g \l/2 

= ^ i== W " co * xe “' (28 ~ 16) 


where is the fundamental solution of the scalar wave equation, N is the normalization 
defined in Table 13-2, page 292, z is the unit vector parallel to the fiber axis and 
remaining parameters are defined at the back of the book. The next step is to relate the 
directions of the rotating axes to the fixed axes. Thus if x 0 and y 0 are unit vectors 
parallel to the x 0 - and y 0 -axes in Fig. 19-2, then 


x = x 0 cos 8( z ) + Yo sin 6(z)', y = — x 0 sin ®( z ) + 9o cos 0(z), 
where the angle of twist 6(z) is related to the rate of twist t(z) by 


6(z) = 


* 


i(z)dz. 


(28-17) 


(28-18) 


We substitute Eq. (28-16) into Eq. (28-3), differentiate Eq. (28-17) and recall the 
definition of N to obtain successively 


C l2 (z) 







_fo 

Mo 



j V P 2 dA = t(z). 

(28-19) 


In order to determine the ratio F of Eq. (28-10), we need the difference between the 
propagation constants p x = /J + Sfl x and P y = fl+ Sp y for the two modes, as these take 
into account polarization properties of the elliptical fiber. Consequently, the local, or 
fundamental, modes of the twisted fiber propagate with negligible exchange of power 
provided |F|<? 1. Since the propagation constants are independent of z, this is 
equivalent to requiring that the length over which the fibers twist through 2n is large 
compared to the beat length, or 

|t(z)| « \P X -P y \, (28-20) 

which, apart from the factor of 2n is identical to the intuitive criterion of Eq. (1 9-9). For 
a step-profile fiber of small eccentricity, the difference — fi y is given by Eq. (18-25). 
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Strong power transfer 

If the rate of twist is no longer small, there will be significant coupling from the x- 
polarized local mode to the y-polarized local mode and to the radiation field, assuming 
the fiber is single moded. The solution in this case requires the complete set of coupled 
local-mode equations, including the radiation modes, and is generally intractable. 
However, one situation in which the problem becomes tractable arises when resonant 
coupling occurs between the two local modes. The length scale for significant power 
transfer from one mode to the other is the half beat length k/ \ fi x — f} y \ . This 
corresponds to a rotation of the fiber through zr/2, for which the length scale is njlt. 
Accordingly the resonance condition is 

|2t| = \p x -p y \. (28-21) 

When this condition is satisfied, we can neglect coupling between the local modes and 
the radiation field, and the coupled local-mode equations of Eq. (28-2a) reduce to [5] 

~ —ip x bi = * b 2 ; ~ - ip y b 2 = -t bj (28-22) 

dz dz 

using the coupling coefficient of Eq. (28-19), where r, fl x and are independent of z. If 
we eliminate bj or b 2 between the two equations, the solution satisfying bj = 1, b 2 — 0 
at z = 0 is readily shown to be 


(28— 23a) 
(28— 23b) 
(28-23c) 

The corresponding power in each mode follows from Eq. (28-5) as 

(28-24) 

Thus a fraction F 2 of the total power is exchanged between the two modes and the beat 
length is 2nF /t. At the resonance of Eq. (28-21), F 2 = 1/2, and 50 per cent power 
transfer occurs. We emphasize that the solution, Eq. (28-23), is only accurate at, or very 
close to, resonance. This situation minimizes the power loss to radiation and to the 
backward-propagating fundamental mode. 


LOCAL RADIATION MODES 

The coupled local-mode equations discussed in Section 28—1 implicitly include 
coupling to the radiation field. In keeping with the concept of local modes, 
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which describe the flow of guided power along the slowly varying waveguide, 
we define a set of local radiation modes to describe the radiation field and thus 
the power radiated from the waveguide. The form of the fields of each local 
radiation mode is identical to that of the local modes, except that the 
continuous propagation constant p(Q) is independent of z. Hence 

Ej (x, y, z) = e ; (x, y, z) exp (i(i(Q)z); H ; (x, y, z) = h, (x, y, z) exp (i(i(Q)z), 

(28-25) 

where e, and hj are the orthonormal fields defined in Section 25-4, and their z 
dependence arises from the construction of the fields at each position along the 
waveguide, as described in Section 19-1. 

Coupled local-mode equations 

The inclusion of the local radiation modes in Eq. (28-1) follows by analogy 
with the coupled mode equations derived in Section 31-11. For example, the 
amplitude and phase dependence bj(z, Q) of the j th forward-propagating local 
radiation mode satisfies the coupled local-mode equation 

^ -W(Q)bj = I {Cjtmi + Cj-mb-,}, (28-26) 

where the right side implicitly includes an integration over 0 of the remaining 
local radiation modes as in Eq. (31— 51a). The z-dependent coupling coef- 
ficients Cjt (0 are given by either Eq. (28-3) or Eq. (28-4) with [ij replaced by 

mi 

Total radiated power 

The total radiated power propagating away from the waveguide is given by 
analogy with Eqs. (28-5) and (25-9) as 

fkpn d 

E rad = I \bj(Q)\ 2 dQ, (28-27) 

j Jo 

for the forward-propagating modes, and by the same expression with bj 
replaced by b-j for the backward-propagating modes. 


Weak power transfer 

By analogy with Eq. (28-8), the weak power transfer solution of Eq. (28-26) is 
bj(Q) = b t (O)exp {i/3(<2)z} J C j{ (0 exp (idfiz) dz, (28-28) 
where 5/3 is defined by Eq. (28-8b) with (ij replaced by [i (0, and it is assumed 
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that only the /th local mode is excited initially. To illustrate the use of this 
result, we consider a simple example below. Further, it is clear from the 
discussion below Eq. (28— 8b) that the above expression can be derived using 
the induced-current representation of Section 22-10, provided we replace the 
)th local mode by the )th local radiation mode throughout Section 22-11. 


28-6 Example: Step-profile taper 

Consider the step-profile tapers of Fig. 28-1, whose ends have fixed core radii p 0 and p L 
but otherwise are of arbitrary, slowly decreasing radius. We are primarily interested in 
radiation loss when a local mode approximates the fundamental mode on the taper, but 
the analysis is easily modified to describe losses from higher-order local modes. This 
also provides criteria for the accuracy of the local-mode description. 



(a) (b) 


Fig. 28-1 Step-profile tapers occupy the region between fibers of core 
radii p 0 and p L at z = 0 and z = L, respectively. In (a) the taper slope is 
discontinuous at its ends, and in (b) the taper merges smoothly into the 
fibers at both ends. 


Weak power transfer 

We denote the fundamental and local radiation modes by subscripts 1 and j, 
respectively. Assuming unit initial power in the fundamental mode, we deduce from 
Eqs. (28-27) and (28-28) that the total power excited in the jth mode is given by 


P : ■■ 


f‘0" cl 


\G(Q)\ 2 dQ; G(Q) 


* L 

J o 


C (z) exp(idpz)dz, (28-29) 


where C (z) denotes the z-dependent Cj, (Q). The integral for G (Q) can be evaluated 
asymptotically. To cater for both tapers, we integrate twice by parts. If we set 
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(5/8 = (5/8 ( 2 ) = /8, (z) — /8(Q), this leads to 


G«2) = !Go + G. 


L d f 1 d 

„“ p, “ W di(^diUd 


dz. 


C(0) C(L)exp(iSpL) 

WW) &iw 


exp(i(5/8L) d / C \ 1 d/C\ 

WL) d^\Sp) L ~Jp(G}dz\6p ) 


(28-30a) 
(28— 30b) 
(28-30c) 


where (5/8 is evaluated at z = L in G 0 and G,. The length scale for the slow variation in 
C/(5/8 is of order L. Accordingly, if we assume L&ji 1, i.e. the taper length is large 
compared with the mean beat length 2n/&P, then G, is of order 1 /LSfi times G 0 ,and the 
integral is of order l/(L(5/8) 2 times G 0 and is ignored. It is clear from the expression for 
the coupling coefficient in Eq. (28-13) that C(0)and C(L) are nonzero in the case of the 
taper in Fig. 28-1 (a), and consequently G(Q) is well approximated by G 0 . However, in 
the case of the taper in Fig. 28-1 (b), C (0) = C (L) = 0 and G 0 = 0, so that G ( Q ) must be 
approximated by G,. 


Radiated power 


For simplicity we assume that there is a sufficiently large change in radius on the taper 
to ensure that |(5/8 (L) | 4 |<5/S (0)|. We can then ignore terms in dji (0) in Eq. (28-30b), and, 
on substituting into Eq. (28-27) obtain 


% kpn c | 

C(L) 

2 d(2; 

rkpn d 

L 

J 0 

<5 fi(L) 

Pj = io 

<5 ML) 2 



dfi. 


(28-31) 


for the tapers of Figs. 28-1 (a) and 28-1 (b), respectively. In other words the radiated 
power originates predominantly from the region close to the narrower end of the taper. 
If we substitute the coupling coefficient of Eq. (28-13) into Eq. (28-31), we deduce that 
the power radiated from the taper of Fig. 28-1 (a) varies with the square of the slope at 
z = L. Thus i if the taper is linear with constant slope, Pj is proportional to L~ 2 , where L is 
the length of the taper. Similarly, the power radiated from the taper of Fig. 28-1 (b) 
involves the radius of curvature of the taper at z = L, but is an order of magnitude 
smaller. In both cases, the integration over Q is complicated by the dependence of the 
radiation field in the coupling coefficient, i.e. ej{Q), and the quantitative value of Pj 
must be obtained numerically. Nevertheless, the slowness requirement that 
L\P(Q)~Pi\ 1 is consistent with the intuitive criterion of Eq. (19-7). 


COMPOSITE WAVEGUIDES 

The coupling of local modes on composite waveguides, such as two parallel, 
slowly varying fibers, is described by the results of this chapter, provided we 
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know the local-mode fields for the composite system. We showed in Section 
19-7 how these fields could be described by a superposition of the local-mode 
fields of each fiber in isolation, assuming, the fibers are sufficiently well 
separated. In the following, we investigate the accuracy of the composite-mode 
description of propagation by determining the coupling between the funda- 
mental local modes. 


28-7 Example: Tapered couplers 

Propagation along slowly varying, tapered couplers of the type illustrated in Fig. 
28-2 (a) can be described by the local modes of the composite waveguide, as discussed in 



Fig. 28-2 Examples of (a) a tapered coupler of core index and core 
radii (z) and p 2 (z) in a uniform cladding of index n d and (b) two identical 
fibers. 


Section 19-7. Within the weak -guidance approximation, the fundamental solution T + 
of the scalar wave equation is given by Eq. (19-14), and the second fundamental 
solution V P_ follows likewise. Hence 


'i '± 


'P 1 +a + 'P 2 

a+4) 1 ' 2 ’ 


a ± = 





(28-32) 


where and ¥ 2 , P 2 are the z-dependent local-mode solution and propagation 

constant, respectively, for each fiber in isolation, and C is the z-dependent generaliz- 
ation of Eq. (18-35). If we assume step-profile tapers, then n— n t =0 everywhere 
except over the core A co2 of the second taper, where n—n 1 = n co — n cl . In terms of the 
normalization of Table 13-2, page 292, this leads to 


C(z) = 


k &nj ( £ o y /2 

2 Nj W 


J'W 


> P i 'F 2 d A, 


(28-33) 
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since n 2 0 — n d = 2n co (n co — n a ). At the beginning of the coupler, z = 0, only the ¥ + 
mode is excited and has amplitude b+ (0). The amplitude b_ (z) of the *F_ mode, to 
which there is only weak power transfer, is given by Eq. (28-8) with j and l replaced by 
- and +, respectively. The coupling coefficient follows from Eq. (28^4), and, for 
convenience, is expressed as 


C_ 


k A nj, / e 0 \ 1/2 / (z) 

4p--p + \no) NV 2 N l J 2 ’ 


l(z). 


A ”co v 


*F 


dn 2 

— d A, 
dz 

(28-34) 


where p + , N + and /)_, N_ are the propagation constant and normalization for the *F + 
and *F_ modes, respectively. By analogy with Eqs. (28-12) and (28-13) 


I(z) = 


d p\ 
dz 


(*F + *F_),. =p d^,+ 


dpi 

dz 


('F + *F-) r , =p, d<t>i 


(28-35) 


where p lf p 2 are the core radii at position z, the azimuthal angles are relative to the fiber 
axes in Fig. 28-2(a), and r h r 2 are the cylindrical radii. We deduce from Eq. (28-32) that 


¥ + «F_ = ( *F 2 — x 4*, ¥ 2 - «Fl)/(4 + x 2 ) 


, 20/2 


(28-36) 


and, on ignoring exponentially small terms, it is clear that we need retain only *F 2 and 
- *F 2 , respectively, in the integrand of the first and second integrals on the right of Eq. 
(28-35). Recalling from Table 14-3, page 313, that ?, = 1 on r, = pj and = 1 on 
r 2 — P 2 < w e obtain 

d d 

(4 + x 2 ) ll2 I(z) = 2n— (p\ —pi) = 2— (A col — A co2 ), (28-37) 


where A C01 denotes the core area of fiber i. We recall from Eq. (18-35) that 
= 2 C, set N + =N-=N l + N 2 for large separation, and substitute Eqs. 
(28-33) and (28-37) into Eq. (28-34) to obtain 


C_ + = 


nNi 

TV t + jV 2 dz 


(pi-Pi)M (4 + X ) 


V 2\1I2 


*F! *F 2 d A 


a co2 


(28-38) 


Th e power P_ (z) in the *F_ mode is given by Eq. (28-10) with F = C_ +/<5)5, where 
df} = 2 C and C denotes the mean value of C (z) over the taper length. Since the integrals 
in C_ + and C decreases exponentially with increasing separation, it is clear that P- (z) 
will be small only if the taper angle is minute. In other words,/or a given taper angle the 
local-mode description is acutely sensitive to separation, as anticipated in Section 19-9. 


28-8 Example: Identical fibers 

The analysis of the previous section also applies to the special case pf identical fibers, 
such as those illustrated in Fig. 28-2(b). At each position along the composite 
waveguide pj = p 2 and p x = f} 2 , whence Eq. (28-32) and (28-37) show that x = I ( z ) 
= 0. In other words there is no coupling to the *F_ mode within the accuracy of the 
analysis. This is also obvious from symmetry arguments. Consequently coupling only 
occurs with higher-order local or radiation modes with the symmetry properties of *F+. 
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In this chapter we study the phenomenon of optical cross-talk between pairs 
and between arrays of cylindrically symmetric or slowly varying fibers. Cross- 
talk arises because the fields of a fiber extend indefinitely into the cladding and 
interact with any other fiber which may be present. This interaction excites the 
fields of the second fiber, which in turn interact with the fields of the first fiber. 
Consequently there will be an exchange of power between the two fibers as the 
fields propagate. The amount of cross-talk, or power exchange, depends on the 
overlap of the fields of the two fibers. In ray language, cross-talk is associated 
with frustrated internal reflection or, equivalently, optical tunneling. 

Cross-talk problems are of interest in the design of optical couplers, or 

567 
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switches [1], In biological applications, the maximum density of visual 
photoreceptors in the retinae of animals may be limited by cross-talk [2, 3]. 

29-1 Alternative descriptions of cross-talk 

Cross-talk can be described directly in terms of the modes of the composite 
waveguide. Thus, for example, cross-talk between a pair of identical fibers 
manifests itself by the interference, or beating, of the composite modes. 
Alternatively, cross-talk can be described in terms of the modes which 
propagate along each fiber in isolation from the other fibers. The coupling of 
power between these modes must clearly give the same cross-talk as the first 
method. We present the second approach in this chapter, since the first 
approach has already been described in Chapters 18 and 19. 

While the analysis of cross-talk in terms of the coupling between modes of 
individual fibers is formally exact, our ability to analyse such problems is 
restricted to weakly guiding fibers which are sufficiently well separated , for 
reasons given in Section 18-21. The former restriction is equivalent to ignoring 
all polarization effects due to the composite waveguide structure, and the latter 
restriction ensures that a simple superposition solution is accurate. 

TWO PARALLEL FIBERS 

We begin by examining propagation along, and power transfer between, two 
parallel, cylindrically symmetric fibers, such as those illustrated in Fig. 29-1, 



(a) (b) 


Fig. 29-1 (a) Two parallel fibers of core index and radius n lf p, and n 2 , 

p 2 , respectively, are surrounded by a uniform cladding of index n cl . The 
axes are distance d apart, (b) Cylindrical polar coordinates r, , 4> l and r 2 , 
4> 2 relative to the fiber axes. 
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and show that within the restrictions of the previous section, cross-talk 
depends on the solution of two coupled equations. The fiber cores are assumed 
to be surrounded by an unbounded, uniform cladding medium, which, in 
practice, can be realized by the use of an index-matching fluid. 


29-2 Derivation of the coupled equations 


The two fibers in Fig. 29-1 have core refractive-index profiles h l (x, y) and 
n 2 (x, y), referred to a common set of axes, and a uniform cladding of index n d . 
For convenience we assume both fibers are single moded in isolation of each 
other, and, within the weak-guidance approximation, we work with the x- 
polarized fundamental modes. Hence if N x and N 2 are the normalizations of 
Table 13-2, page 292, we set 

E x i (x, y, z) = a x (z)'V x (x, y) exp (ip 1 z)/N\ 12 = b x (z)T\ (x, y)/N\ 12 , 

(29-la) 


E x 2 (x, y, z) = a 2 (z)'P 2 (x, y) exp(ip 2 z)/N l 2 l2 = b 2 (z)' P 2 (x, y)/N l 2 12 , 

(29-lb) 

where the modal amplitudes are z-dependent to account for the coupling. The 
fundamental solution of the scalar wave equation and propagation constant 
are and V P 2 , P 2 for each fiber in isolation, and b x (z), b 2 (z) contain all the 
z-dependence for each fiber. We omit the - from scalar quantities for clarity. 

We define n(x, y) as the profile of the composite waveguide, i.e. n = n x over 
the core of the first fiber, n = n 2 over the core of the second fiber and n = n cl 
elsewhere, and let V denote the corresponding solution of the scalar wave 
equation. The second fiber is regarded as a perturbation of the first fiber, in 
which case the equation satisfied by b x (z) is deduced from Eq. (3 1—49), by 
setting k = 1, and replacing E and ej by 5P and 'F 1 /iV! /2 , respectively, in the 
weak-guidance limit, where N x is the normalization and we assume non- 
absorbing fibers. Hence [4] 


dbj 

dz 


ifiibi 


i k / e 0 
4 N} /2 \/i 0 


12 


(n 2 -n 2 1 )'V'i' i dA, 


where A x is the infinite cross-section of the composite waveguide. 


(29-2) 


Solution using coupled mode equations 

To solve Eq. (29-2) we need to know ¥. An expression could be obtained by 
expanding T* over the complete set of 'i’j for the bound and radiation modes of 
the first fiber, and this would, of course, lead to the infinite set of coupled mode 
equations derived in Section 33-11. The disadvantage of this description is that 
each mode of the first fiber by itself is a poor approximation to the field within 
the second fiber. Consequently large numbers of modes are required for 
accuracy, and .the set of coupled equations is then intractable. 
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Superposition solution 

It is intuitive that the fields of the composite waveguide are well approximated 
by a linear combination of the fundamental-mode fields of each fiber in 
isolation, provided the two fibers are optically well separated and are not too 
dissimilar. Accordingly we set 

¥(x, y, z) = b , (z)T, (x, y)/N[> 2 + b 2 (z)' P 2 (x, y)/N\ 12 (29-3) 

for the solution of the scalar wave equation of the composite waveguide. 
Substitution into Eq. (29-2) leads to one coupled equation. A second equation 
is obtained similarly by treating the first fiber as a perturbation of the second 
fiber. Hence [4] 

(29-4a) 
(29— 4b) 

where the are coupling coefficients defined by 

i, ;=1,2, (29-5) 

and are therefore constants independent of z. Since the fibers are assumed to be 
well separated, T, is exponentially small over the core of fiber j, and 
consequently both C l2 and C 21 are minute compared with j5j and )S 2 . 
Furthermore, n 2 — nf vanishes over the core of fiber j, and hence the self- 
coupling coefficients C xl and C 22 are negligible compared with the cross- 
coupling coefficients. The former are usually ignored, although they are readily 
included in the solution of Eq. (29-4) by redefining and fi 2 to include C u 
and C 22 , respectively. 

29-3 Identical and nearly identical fibers 

Although the cross-coupling coefficients may be arbitrarily small, a large 
fraction of total power of the composite waveguide can transfer between the 
two fibers under resonant conditions. Indeed, if this is not the case, then Eq. 
(29-3) is inadequate and coupling to the backward-propagating fundamental 
modes and to the radiation fields of both fibers must be included. Resonance 
occurs when the fibers are identical or nearly identical, in which case we deduce 
from Eq. (29-5) that 
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Substituting into Eq. (29-4) and ignoring C u andC 22 for reasons given above, 
we can eliminate b { orb 2 and obtain a second-order differential equation with 
constant coefficients. The solution satisfying (q (z) = b 1 (0)andb 2 (z) = b 2 ( 0)at 
z = 0 is readily shown to be 


(29— 7a) 


(29— 7b) 


(29-8) 

Thus the amplitude of each mode varies sinusoidally along the wave- 
guide. 

Power transfer between modes 

The power in each mode follows from Eqs. (11-22) and (29-1) as 

P l (z)=\b l (z)\ 2 - P 2 (z) = \b 2 (z)\ 2 (29-9) 

Substitution from Eq. (29-7) leads to 

Pi (z) = Pi (0) + F 2 | P 2 (0) - P , (0) + [ P x (0) P 2 (0)] 1/2 1 sin 2 0r), 

(29- 10a) 

P 2 (z) = P 2 (0) + F 2 1 Pj (0) - P 2 (0) - [ Pi (0) P 2 (0) ] 1 ,2 1 sin 2 0 z ^ 

(29— 10b) 

in terms of the initial powers. We have assumed that both b x (0) and b 2 (0) are 
real to ensure the two modes are in phase at z = 0. When unit power is 






572 Optical Waveguide Theory 


Section 29-4 


launched only in the first mode, then P t (0) = 1, P 2 ( 0) = 0 and [5] 


Pi 


(z) = 1 — F 2 sin 2 



P 2 (z) = F 2 sin 2 



(29-11) 


Hence a fraction F 2 of total power is transferred from one fiber to the other 
fiber and back in the beat length z b = 2nF/C- along the waveguide. Only when 
the fibers are identical is complete power transfer achieved, and since C is very 
small compared with pi or /? 2 , the fibers must be virtually identicalfor F 2 to be 
significant ; otherwise the accuracy of the analysis is reduced for reasons given 
above. 

The results of this section are identical to those of Sections 18-13 and 1 8-20, 
as expressed by Eqs. (18-39) when F = 1 and Eq. (18-61) for F < 1, which 
were derived using the composite modes of the two-fiber waveguide. 
Furthermore, F of Eq. (29-8) and C of Eq. (29-6) are identical to Eqs. (18-57) 
and (18-35), respectively, provided we set n 2 —h 2 ~ 2 n co (n — fij) in the latter. 
We now consider examples to quantify the amount of cross-talk. 


29-4 Example: Identical step-profile fibers 

The solution given by Eq. (29-11) depends only on the coupling coefficient since F = 1 
for identical fibers. We derived an expression for C in Section 18-14 assuming a step 
profile. The normalized coefficient pC/(2A) 112 is plotted against the normalized 
separation d/p for various values of the common fiber parameter V in Fig. 29-2(a). For 
example, the beat length z b = 2n/C is approximately 2.8 x 10 4 p for V = 2.4, A = 0.005 
and d/p = 4. Given V, the value of C increases with decreasing separation as the fields 



Fig. 29-2 (a) Normalized coupling coefficient of Eq. (1842) as a 

function of the normalized separation d/p for a pair of identical step- 
profile fibers, (b) Fraction of total power transferred between step-profile 
fibers with slight difference dp in their core radii. 
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overlap more. For fixed separation, C increases with decreasing V as more 
fundamental-mode power spreads into the cladding around the two fibers. 


29-5 Example: Identical Gaussian-profile fibers 


When each fiber in isolation has a Gaussian refractive-index profile, we can determine 
the coupling coefficient using the Gaussian approximation of Chapter 15 for the 
fundamental modes. The profile for the composite waveguide is given in terms of the 
radial coordinates of Fig. 27-1 (b) by 


1 — exp 


(-ft 


-exp 


(29-12) 


where p = p x = p 2 is the scaling length, and the profile n 2 is given by the same 
expression with the term in r 2 omitted. By examining the integrand in Eq. (29-6) it is 
clear that the dominant contribution to the coupling coefficient comes from a region 
close to the axis of the second fiber. Hence 


C = 


(2A) 1/2 

4 


Vpn co / e 0 \‘ /2 f°° f 2n 

19 1 \PoJ Jo Jo 


j *F 2 exp ( — )R 2 d</> 2 d/? 2 , 


(29-13) 


where R 2 = r 2 /p and V is the common fiber parameter. We use the Gaussian 
approximation of Eq. ( 1 5-2) and Table 1 5-2, page 340, for *P 2 close to the r 2 axis, and 
the far-field approximation of Eq. (15-16) for 9V i.e. 


Hfi = 


V+l 


exp 


f (V — l) 2 

[2(V + 1) 


K 0 ({V- 1}/?,); *F 2 = exp? — 


V—l 


(29-14) 


where/?! = rjp. Together with the normalization of Table 1 5-2, we substitute into Eq. 
(29-13) and use the addition formula of Eq. (37-81) to express K 0 in terms of R 2 and 
(j> 2 . Only the p = 0 term of the addition formula remains after performing the <p 2 
integration, whence 


(2A) 1/2 

P 


V — 1 
V+l 


exp 



K 0 ({V-l}d/p)G, 


(29- 15a) 


where the integral G is expressible in closed form using Eq. (37-101) 


/ 0 ({E— l}/? 2 )exp< — 


{-T«} 


R 2 dR 2 = 


V+l 


exp 


(F-l ) 2 
2(V+ 1) 


(29-15b) 


Finally we replace K 0 by its asymptotic form of Eq. (37-88), since (V — \)d/p P 1 when 
the fibers are optically well separated, and obtain 


C = 


'vtAV ' 2 

Ap) 


AV- 


(v+iy 


l ) 1 ' 2 j 
- 3 - exp 


(V — 1) 


V — 1 
V+l 



(29-16) 


When V = 2.6, A = 0.005 and d/p = 4, the beat length z b = 1.7 x 10 *p. This is 
approximately six times larger than the result for step-profile fibers with the same 
separation at cutoff of the second mode, and is due to the exponentially small difference 
n 2 -n 2 for the Gaussian profile compared with n 2 0 — for the step profile. 
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29-6 Example: Slightly unequal step-profile fibers 

When the two fibers of Section 29-4 have slight differences Sn co and dp in their core 
indices and radii, respectively, the fundamental-mode propagation constants are no 
longer equal and differ by a small amount dp = —p 2 . The corresponding miniscule 

change in the fields has negligible effect on the coupling coefficient, but the value of dp 
strongly affects the fraction of total power transferred between the fibers, as is clear 
from Eqs. (29-8) and (29-11). 

Without loss of generality, we assume that fiber 1 has core index and radius n co + dn co 
and p + dp, respectively, and consequently the contributions to dp are given by /i — p of 
Eq. (18-8) with dn d = 0 and Eq. (18— 13a). We substitute for fj from Table 14-3, page 
313, and express k in terms of the fiber parameter V. On rearranging we obtain [5] 

(29-17) 

where the - is omitted from scalar quantities. Hence we can offset, say, an increase in 
n m by a decrease in p so that <5/1 = 0 and total power transfer still occurs. For example, 
when V = 2.4 we deduce from Table 14—4, page 314, that this occurs when 

dp/p ^ - (1.4/A) (Ho/O- (29-18) 

Since A 4, 1 for the weakly guiding fibers, a small index change has a far greater effect 
than the same fractional change in radius. 

When dp is due to radius variations only, it follows from Eqs. (29-8)and (18-42) that 
the fraction of total power transferred between the fibers is 

(29-19) 

This is plotted in Fig. 29— 2(b) as a function of dp/p for various values of V and d/p. 

29-7 Example: Slightly absorbing fibers 

When the fibers in Fig. 29-1 are absorbing, the refractive-index profile of each fiber and 
of the composite waveguide has the complex form given in Table 11-2, page 232. The 
fundamental-mode propagation constant for each fiber in isolation is also complex, so 
we set 

?i=Pl + W, Vi = 2)8 j; p 2 =Pl + iPi, y 2 = 2p' 2 , (29-20) 

where superscripts r and i denote real and imaginary parts, and yi,y 2 are the 
corresponding power attenuation coefficients. Coupling between the absorbing fibers is 
described by Eqs. (29-4) in terms of the complex coupling coefficients of Eq. (29-5), and 
both /i a and F are complex in the solution given by Eq. (29-7). 

If absorption is the dominant process, then C/F in the arguments of Eq. (29-7) is 
almost pure imaginary, and little or no coupling of power between the fibers occurs 
before all initial power is absorbed. On the other hand, when the fibers are only slightly 
absorbing, then C and F are approximately real and Eq. (29-7) differs from the solution 
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for nonabsorbing fibers by an overall attenuation factor exp { — (/J| + /l 2 )z/2}. Thus the 
power in each fiber corresponding to the conditions of Eq. (29-11) is given by [6] 

Pi(z) = jl -F 2 sin 2 ^zjjexp(-y a z); P 2 (z) = F 2 sin 2 ^zjexp ( -y a z), 

(29-21) 

where y a = (y j + y 2 )/2 is the mean power attenuation coefficient for the two fibers. 


29-8 Example: Multimode fibers 

So far the discussion of cross-talk has assumed single-mode fibers with coupling 
between the fundamental modes. However, the solution of Section 29-3 is more 
general, because strong coupling can occur between every identical pair of modes on 
two equal multimode fibers. Even if the fibers differ, strong coupling can occur between 
different modes, since the propagation constant of, say, a TE 0m mode on one fiber 
may be close or equal to the propagation constant of a HE lm mode on the other 
fiber. 

Consider two parallel, weakly guiding fibers with identical step profiles, core radius p 
and axis separation d. A linearly polarized, uniform beam is focused onto the axis of one 
fiber and consequently only the HE Im modes are excited. The same modes are then 
excited on the second fiber by coupling. Quantitative analysis then shows that the 
power P 2 excited in the second fiber is given by [7], 


P 2 (z) If sin L] 

p I (0)~2[ l y 


L 


J1 

0c 




(29-22) 


where (0) is the total power entering the first fiber, V and 6 C are the fiber parameter 
and complementary critical angle defined inside the front cover and d m ^ 0 C 1 is the 
angle subtended by the lens. If the fibers are long enough, an equilibrium situation is 
reached when the fibers carry equal power. However, this length is enormous unless the 
fibers are very close together. For example, if 6 C = 0.2, p = 7.5 pm and V = 150, the 
equilibrium length is about 1 m for touching fibers ( d = 2 p), and exceeds 100 m when 
d = 2.04 p. Furthermore, if the core radii differ by only 0.1 %, negligible power is 
transferred. 


TWO SLOWLY VARYING FIBERS 

To complement the analysis of cross-talk between cylindrically symmetric 
fibers, we now consider pairs of fibers which vary slowly along their length, 
such as the identical fibers of Fig. 19-3 (a) and the tapered coupler of Fig. 
19-4(a). Propagation along these systems was described in Chapter 19 using 
the local modes of the composite waveguide. Our purpose here is to describe 
cross-talk in terms of the coupling of the local modes of each fiber in isolation 
of the other. 
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29-9 Derivation of the coupled equations 

If the fibers are sufficiently slowly varying, we can approximate the field of each 
fiber in isolation by a local mode, as described in Section 19-1. Cross-talk can 
then be determined by coupling between the local modes of each fiber. For 
convenience we retain the assumptions made for the cylindrically symmetric 
fibers, so that the slowly varying fibers are single moded, weakly guiding and 
optically well separated. Accordingly the analogous expressions to Eq. (29-1) 
are now 


E x i = a l (z)'¥ l (x, y. Pi (z))exp |i 

/M z )dz|/lV ! (z) 1/2 

(29— 23a) 

= bi(z)V l /N 1 (z) 112 , 


(29— 23b) 

E x 2 =a 2 (z)'i i 2 (x, y, /J 2 (z))exp ji 

j8 2 (z)dz|/N 2 (z) 1/2 

(29— 23c) 

= 6 2 (z)'P 2 /N 2 (z) 1/2 , 


(29— 23d) 

where and p 2 are slowly varying with z. 




The coupled local-mode equations of Section 31-14 apply to local modes of 
the same fiber, and are therefore inappropriate for describing coupling 
between modes of the two fibers, for reasons given in Section 29-2. Instead we 
can generalize the derivation of the coupled equations of Eq. (29-4) to slowly 
varying fibers, and deduce that [8] 


(29— 24a) 
(29— 24b) 


where hi and b 2 are defined by Eq. (29-23), C(z) is the generalization of 
Eq. (29-6) when N lt n, n, ^ and 4' 2 are z dependent, and we have ignored 
self-coupling terms for reasons given at the end of Section 29-2. 


-i?i(z)i>i = iC(z)b 2 , 
d b 7 

ifi 2 (z)b 2 = iC(z)b u 


29-10 Solution of the coupled equations 

To solve Eqs. (29-24) for the amplitude of the fundamental local mode on each 
fiber, we anticipate that propagation on the composite structure will occur at 
the average of the local phase velocities. Accordingly we make the substitution 

bj(z) = gj(z) exp J (Pi+P 2 )& 


(29-25) 
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dgi 

dz 


^.02- Pi 
+ 1 ^ 9 \ 


‘Cg 2 


d#2 _ . P2-P1 

dz 1 2 


92 = iCg ). 


(29-26) 


On eliminating g 2 , we deduce that g x satisfies 


d 2 gi , dlnC dg, . f 1 d /% \ 2 (P 2 -Pi) 2 

dF + — d7 + 't2 C S(~^J + C 


9l = 0. (29-27) 


We ignore the derivatives of , /? 2 and C compared with the remaining terms, 
since /?j, j? 2 and C are slowly varying, and consequently satisfies the 
harmonic equation 


d 2 gi 

dz 2 


C 2 

+ ^■2^1 


= 0 ; 


F = 



(?l-/?2) 2 

4C 2 


1/2 


(29-28) 


where F, and thus C/F, are slowly varying functions of z. The solutions of this 
equation are given within the WKB approximation by Eq. (35-29), whence 


Q 1 = p+(r)/+ +p_(z)/_; 


l ± = exp 



(29-29) 


where p+ and p_ are arbitrary, slowly varying functions of z. The correspond- 
ing expressions for and b 2 follow from Eqs. (29-25) and (29-24), 
respectively, and we ignore derivatives of p+ and p_ in the latter. Accordingly 


bi = (p + /+ +p_/_)/ a ; = (o + p + /+ +fl_p_/_)/ a , (29-30) 

where the slowly varying functions a+,a_ and the integral are defined by 


„ ,, , _ P2-P1 1 . , 

+ W 2C ± F > 


: exp j 


(? 1+ j? 2 )dzk (29-31) 


at each position along the composite waveguide. 


Power conservation 

The solution of Eq. (29-30) must satisfy the requirement that the total power 
F[ (z) + P 2 ( z ) of the local modes is the same everywhere along the system. On 
substituting Eq. (29-30) into Eq. (29-9), we deduce that the functional forms 
of p+ and p_ are given by 

p + (z) = 5+ /{I + a 2 + (z)} 1/2 ; 


P-(z)= S_/{l+a 2 _(z)} 1/2 , (29-32) 
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where B + and B_ are constants independent of 2 . Hence finally 

(29— 33a) 
(29-33b) 

where J ± and / a are defined by Eqs. (29-29) and (29-31). The corresponding 
power in each fiber follows from Eq. (29-9) as 


(29— 34a) 


(29— 34b) 


since a + a _ = — 1, as is clear from Eqs. (29-28) and (29-3 1 ). We have assumed 
that B+ and are real to ensure the modes have the same phase at z = 0. 

29-11 Example: Identical fibers 

When the two slowly' varying fibers are identical, as in Fig. 19— 3(a), then = /? 2 , and 

Eqs. (29-28) and (29-31) show that F — 1 and a ± = ±1. The solution of Eq. (29-33) 
satisfying iq (0) = 1 and fc 2 (0) = 0 is B+ = £_ = 1/^/2, whence Eq. (29-34) gives the 
power at each position along the fibers as [8] 

(29-35) 

which is identical to the result derived in Section 19-6, using the composite local modes 
of the two-fiber waveguide. 

29-12 Example: Tapered couplers 

Consider a tapered coupler, such as the one illustrated in Fig. 19^t(a), and assume that 
only the first fiber carries unit initial power, i.e. hj (0) = 1 and b 2 ( 0) = 0. We can 
simplify the solution of Eq. (29-34) by using the fact that the fibers are optically well 
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separated, i.e./?! P \C\,f 2 |C|. Furthermore, the fibers are sufficiently dissimilar that 

Pi ^ P 2 at z — 0. It then follows from Eqs. (29-28) and (29-3 1 ) that F = 0, a + =0 and 
| a_ | $> 1, which merely verifies our initial conditions expressed by 


?! (0) = B\ S 1; P 2 (0) = Bi = 0. 


(29-36) 


Hence the power distribution between the two fibers along the length of the coupler 
follows from Eq. (29-34) as 


P iff) 


1 

u^ + ; 


P 2 (z) = 



l-?l(2). 


(29-37) 


In the central region of the coupler where the fibers are virtually identical, it follows that 
F S a + = 1 , and each fiber carries half the total power. At the end of the taper, z = L, 
the dissimilarity between ffie fibers is the reverse of that at z = 0, and thus fi 2 > /V In 
this case F = 0 and a+ 1, so that Eq. (29-37) reduces to ?! (L) = 0, P 2 (L) = 1. In 
other words, all of the power initially in the first fiber has transferred to the second fiber, 
which is the conclusion reached in Section 19-7 using the composite local modes of the 
coupler. 


ARRAYS OF FIBERS 

When an arbitrary number of parallel, single-mode fibers forms an array, an 
equal number of coupled equations is required to describe cross-talk, since 
each fiber requires one equation to describe the coupling of its fundamental- 
mode fields with the fundamental-mode fields of all the other fibers in the 
array. We assume that power exchange between these modes is the predomi- 
nant effect. In general, the set of coupled equations is intractable but, for some 
cases of practical interest, the symmetry of the array together with the 
symmetry of the illumination enables cross-talk to be described by pairs of 
coupled equations, which are simply related to the coupled equations studied 
in Sections 29-2 and 29-9. Thus the solution for two parallel, cylindrically 
symmetric or slowly varying fibers is the building block for constructing 
solutions to more complicated arrays. To demonstrate the idea we now 
consider examples. 


29—13 Example: Periodic illumination of infinite arrays 

Consider an infinite array of parallel, single-mode fibers which are identical and 
uniformly spaced. We assume the fibers are weakly guiding and have an otherwise 
arbitrary refractive-index profile. At the beginning of the array, z = 0, alternate fibers 
are illuminated with power ?i (0) or ? 2 (0) < ?j (0), denoted by + or — , respectively, in 
the examples of Fig. 29-3. The periodic illumination means that the amplitudes b { (z) 
and b 2 (z) of the fundamental-mode fields, defined in Eq. (29-1), are the same for every 
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Fig. 29-3 Sections of infinite arrays of fibers illuminated alternatively 
with power + and — . The arrays are (a) one-dimensional, (b) columnar, 
(c) hexagonal and (d) chess board. 


fiber illuminated with power P t (0) and P 2 (0), respectively, i.e. 6, (z) applies to every ‘ + ’ 
fiber and b 2 (z) to every ‘ — ’ fiber. 

We can determine the modal amplitudes quite simply provided we assume that the 
fiber spacing is sufficiently large to ignore all but nearest-neighbor coupling. We are 
reminded that the coupling coefficient of Eq. (29-6) decreases exponentially with 
increasing separation. Nearest-neighbor coupling involves only fibers with different 
illumination, since two fibers with the same illumination clearly exchange no power. 
Consequently the solution for 6, (z) and b 2 (z) is given by Eq. (29-7) with /?i = P 2 = /?, 
i.e. F = 1 and fS a = /?, and C replaced by a weighted coupling coefficient to account for 
all nearest-neighbor fibers which interact, e.g. the number of +’s adjacent to each -in 
Fig. 29-3. If C(d ) denotes the coupling coefficient between two fibers with center-to- 
center separation d, then the appropriate weighted coupling coefficient D for each of the 
arrays in Fig. 29-3 is given by 


(a) 2C(d)\ (b) 2C(d) + 4C{j2d)\ (c) 4 C(d); (d) 4 C{d). 


(29-38) 


It is now evident that, by similar reasoning, coupling between one fiber and all other 
fibers of the array can be reduced to one pair of coupled equations in terms of a 
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weighted coupling coefficient which is a generalization of Eq. (29-38). However, 
nearest-neighbor coupling is a very accurate approximation and is adequate for most 
purposes. 

Power in each fiber 

The power in fibers with + or — illumination follows Eq. (29-10) by setting 
~W 2 > P — 1 an( l replacing C by D. Hence 


(29-3 9a) 
(29 39b) 

The values of D in Eq. (29-38) show that cross-talk is greater in an array than for two 
fibers with the same separation. Furthermore, the beat length varies inversely with D 
and therefore maximum power transfer occurs over a shorter distance in arrays. 


Pi(z) = P t (0) cos 2 (Dz) + P 2 (0) sin 2 (Dz), 
P 2 (z) — Pi (0) sin 2 (Dz )- f P 2 (0) cos 2 (Dz). 


29-14 Example: Absorption in infinite arrays 

In addition to cross-talk, we can also take into account the effects of absorption in 
arrays. This is useful in the study of visual photoreceptors, which in many animals are 
absorbing fibers, often single moded and weakly guiding [2, 3], The image encoded by a 
photoreceptor array is determined by the distribution of absorbed light across the 
array. Here we examine the image deterioration due to cross-talk when the photorecep- 
tors have the alternate illumination of Fig. 29-3. 

We assume a uniform power absorption coefficient a throughout the array, in which 
case the power attenuation coefficient y for each fiber satisfies y = a, as we showed in 
Section 18-8. Thus, by analogy with Eq. (29-21), the power in each fiber is given by the 
product of Pi (z) or P 2 (z) of Eq. (29-39) with exp ( — az). We define P+ ( z ) and P _ (z) to 
be the power absorbed over length z of fibers with illumination + and — , respectively. 
If there were no cross-talk, then P+(z) -* P,(0) and P_(z) -» P 2 (0) as z -* oo, i.e. each 
fiber of the array would absorb all of the power illuminating it. However, because of 
cross-talk, this situation is degraded. If we define a normalized difference in absorption 

D> (5N (z) = {P + (z) — P_ (z)}/{Pj (0) — P 2 (0)}, (29^0) 

then <5/V(z)->l as z -» oo without cross-talk. To determine the degradation, we 
consider a differential length dz of the array, and deduce from Eq. (1 1-62), Table 1 1-2, 
page 232, and Table 13-2, page 292, that 

dP+ (z) — dP_ (z) = a{Pj (z) — P 2 (z)} exp ( — azjdz, (29-41) 

since n r = n co everywhere. Thus for length L of the array 


5N(L) = 


Pi (0) -P 2 (0) 


j> w - 


P 2 (z)} exp ( — az)dz. 


(29-42) 
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Substituting from Eq. (29-39) and using Eq. (37-114), we deduce that 


5N(L) = - — -^ 2 /g2 {1 — [cos (2DZ.) — (2D/a)sin(2DL)]exp( — aZ,)}, (29-43) 

where the value of D is given by Eq. (29-38), and the parameter 2 D/a is proportional to 
the ratio of the absorption length 1/a to the beat length 2n/D. Hence <5 N(L)-> 
1/(1 +4D 2 /a 2 ) as L -» co for arbitrary values of 2D/tx. On the other hand if L is finite 
and the absorption length is large compared to the beat length, i.e. 2D /a 1 , we deduce 

that SN (L) 1 and the degradation due to cross-talk is severe. 


29-15 Example: Single-fiber illumination in an infinite array 

Consider an infinite, one-dimensional array of identical, single-mode fibers which are 
weakly guiding. They are labelled by n = — oo, . . . , — 1, 0, 1 . . . , oo, as shown in 
Fig. 29^1(a). Only the center fiber n = 0 is illuminated with unit power at z — 0. As its 
fundamental mode propagates, power will be coupled to the fundamental modes of the 
neighboring fibers n = ± 1. These two fibers in turn couple to the n = +2 fibers and to 
the n — 0 fiber, and so on. Thus power is distributed over an increasing number of fibers 
farther into the array. 

To model this process, we assume nearest-neighbor coupling only and ignore losses 
to the radiation field. There is a coupled mode equation for each fiber, which relates the 
fundamental-mode amplitude b„(z) of the nth fiber to the corresponding amplitudes 
b„~ 1 (z) and b„ +l (z) of the (n — 1 )th and (n + l)th fibers, where b„(z) is defined by 
analogy with Eq. (29-1). The cross-coupling coefficient between adjacent fibers is given 
by C of Eq. (29-6), and by generalizing Eq. (29-4a) to include coupling to adjacent 
fibers, then [9] 

d b„ 

i^b„ = iC(b n - l +b„ + 1 ); -co<n<co, (29-44) 


where /? is the fundamental-mode propagation constant, self-coupling is omitted and 
by symmetry b_„ = b„. If we rearrange these equations as 

2 d& Cz) { r " b " exp (~ l ft 2 )} = { r< "~ 1)b »-i exp(-i/?z)}-{r (n+I, fi„ +1 exp( — i/?z)}, 

(29^15) 

and compare with the recurrence relation of Eq. (37-72a), we find that the solution 
satisfying b 0 ( 0) = 1 and b„(0) = 0 ,nj= 0, is given by 

b„(z) = i"JJ2Cz) exp (z'/iz), (26-46) 


where J„ is the Bessel function of the first kind. The power P„ (z) in each fiber of the array 
follows from Eq. (29-9) as 


•P„(z) = P-n(z) = 7 2 (2Cz). 


(29-47) 


We deduce from Eq. (37-87) that the maximum power in any fiber varies as 1 jz when 


z -> oo. 
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29-16 Example: Finite polygonal arrays 

We now examine propagation along arrays consisting of a finite number of weakly 
guiding, single-mode fibers. The fibers are located at the n vertices of a regular, closed 
polygon, as illustrated by the triangular ( n = 3) and hexagonal (n = 6) cases in 
Figs. 29^t(b) and (c), while another fiber -not necessarily identical to the surrounding 
fibers -is located at the center of the polygon. For arbitrary illumination, the 
description of cross-talk between any pair of fibers of the polygon is complicated. 
However, if the fields of all the surrounding fibers are taken together, propagation 
along the polygon can be described by one pair of coupled equations, similar to 
Eq. (29-4) [4,5], 



(b) (C) 


Fig. 29-4 (a) Infinite, one-dimensional array of fibers labelled by n and 
with center-to-center separation d. (b) and (c) are finite polygonal arrays 
for the triangular (n = 3) and hexagonal (n = 6) cores. The central fiber is 
not necessarily identical to the surrounding fibers, and the center-to-center 
separation between the central and surrounding fibers is d. 

We ignore radiation losses and include only nearest-neighbor coupling. The central 
fiber is denoted by subscript 0 and the surrounding fibers by subscripts 1,2 and 
the center-to-center separation from the central fiber to each surrounding fiber is d. By 
analogy with Eq. (29-1), the amplitude of the fundamental-mode fields on the nth fiber 
is denoted by b„ (z). If we omit self-coupling and generalize Eq. (29^4a) to include cross- 
coupling between the central fiber and the n surrounding fibers, then b 0 (z) satisfies 

db ° R u r V 

— -ip 0 b 0 = ;C 0 1 2. b r 

dz j _ J 


(29-48) 
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where p o is the fundamental-mode propagation constant for the central fiber and C 0 , is 
the coupling coefficient between the central fiber and any surrounding fiber, evaluated 
from Eq. (29-6). For each surrounding fiber, we include coupling only to the central 
and adjacent fibers, whence 

d ^-iP l b j =iC l2 (b j+l + b j _ 1 ) + iC 0l b 0 , (29-49) 


for j — 1,2, , n, where C 12 is the coupling coefficient between adjacent surrounding 
fibers and fi l is the fundamental-mode propagation constant. Note that b j+1 -> b, 
when j = n and f>;_ t -» b„ when j = 1. The next step is to sum Eq. (29-49) overall values 
of j, which leads to 

X bj = 2iC 12 L bj+inC 0l b 0 , (29-50) 


for n ^ 3. When n = 2, the central and surrounding fibers are colinear, and 
consequently coupling between the outer fibers is negligible. Finally, we introduce the 
transformations 


a o Ya £ bj ; C — « 1/2 C 01 ; p 2 — Pi +2 C 12 , 

« j= i 


(29-51) 


which reduces Eqs. (29-48) and (29-50) to 


d f° - iP 0 b 0 = iCa 0 ; 

dz 


dflo 

dz 


— ift 2 a o — iCb 0 . 


(29-52) 


The solution is then given by Eq. (29-7) with appropriate change of notation. 


Symmetrical illumination 


In the special case where the surrounding fibers are illuminated equally, then b { = b 2 
= . . . = b„ and the power P 0 (z ) in the central fiber and the total power Pi(z) in the 
surrounding fibers are given by Eq. (29-10) in terms of 


F = l/{ 1 + (fio ~Pi — 2C 12 ) 2 /4C 2 } 1/2 . 


(29-53) 


Consequently complete power transfer between the central and surrounding fibers can 
occur only if they differ sufficiently so that Po = Pi + 2C 12 . Since C 12 is exponentially 
small, only a slight difference between the fibers is required to satisfy this condition. 
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PART III 

Supplementary Materia. 




Introduction to Part III 


The presentation of the analysis in Parts I and II attempts, where possible, to 
provide basic physical insight, which is quantified with simple, worked 
examples. Now, in Part III, we augment this approach with a more rigorous 
mathematical foundation, which also includes important background material 
necessary to assist in the development of ideas in the preceding chapters. 
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In this chapter we lay down the fundamental equations for an electromagnetic analysis 
of optical waveguides. From these equations we deduce elementary properties of the 
fields. The material presented here is used throughout Parts II and III, although it is 
abstracted mainly in Chapter 1 1 when discussing properties of bound modes. 

The spatial dependence of the electric field E(x, y, z) and the magnetic field H(x, y, z ) 
of an optical waveguide is determined by Maxwell’s equations. We assume an implicit 
time dependence exp( — tcof) in the field vectors, current density J and charge density a. 
The dielectric constant e(x, y, z) is related to the refractive index n(x, y, z) by e = n 2 e 0 , 
where « 0 is the dielectric constant of free space. For the nonmagnetic materials which 
normally constitute an optical waveguide, the magnetic permeability p is very nearly 
equal to the free-space value p 0 . Thus for convenience we assume p = p 0 throughout 
this book unless otherwise slated. Under these conditions, Maxwell’s equations are 
expressible in the form [1] 

VxE = i(p 0 /e 0 ) ll2 kH; VxH = J -i(e 0 /p 0 ) ia kn 2 E, (30-la) 

V-(n 2 E) = <t/« 0 ; V-H = 0, (30-lb) 

using rationalized MKS units, where k = In/X is the free-space wavenumber, and A is 

590 



Sections 30-1, 30-2, 


Maxwell’s equations 591 


the wavelength of light in free space. Relationships between n, k , e 0 , and other 
electromagnetic quantities are given inside the back cover. 

In regions free of charges and currents, the boundary conditions satisfied by the 
fields across an interface between media of differing refractive index are: (i) continuity 
of the magnetic field and the component of the electric field tangential to the interface; 
and (ii) continuity of the normal component of the displacement vector £ 0 « 2 E. 


30-1 Fields of translationally invariant waveguides 

If a waveguide has a refractive-index profile that does not vary with distance z along the 
waveguide, i.e. n = n(x, y), then the waveguide is translationally invariant. The electric 
and magnetic fields of the waveguide are expressible as a superposition of fields with the 
separable form [2] 

E(x, y, z) = e(x, y)exp(i/?z); H(x, y, z) = h(x, y)exp (i/lz), (30-2) 

where j8 is the propagation constant and the axes are oriented as in Fig. 11-1 (a). The 

corresponding forms for the cylindrical polar coordinates shown in Fig. 12-3 are 

E(r, 4>, z) = e(r, $)exp(i/?z); H(r, <j>, z) = h(r, 0)exp(ij8z). (30-3) 

We decompose these fields into longitudinal and transverse components, parallel to 
and orthogonal to the waveguide axis, respectively, and denoted by subscripts z and t, 
where 

E = (e, + e 2 z)exp (iySz); H = (h, + /i 2 z)exp(i/?z), (30-4) 

and z is the unit vector parallel to the waveguide axis. 


30-2 Relationships between field components 

If we substitute the field representation of Eq. (30-4) into the source-free Maxwell 
equations, i.e. Eq. (30-1) with J = 0, cr = 0, and compare longitudinal and transverse 
components, we deduce 

(30— 5a) 
(30— 5b) 
(30— 5c) 
(30— 5d) 


u Y /2 1 

i) 

/ £ y/2 1 

h t = (^~J -z x{^e t + iV,e z }, 

/ u \l/2 i j 

e = = J = -{V t -e,-l-(e t -V t )lnn 2 }, 


where n = n(x, y) and k = 2n/L The vector operators are defined in Table 30-1, and 
vector identities are given in Section 37-2. 
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Table 30-1 Vector and scalar operators. Decomposition of vector and scalar 
operators into transverse and longitudinal components, where *F and A are 
separable scalar and vector functions. The unit vectors x, y, z, r and $ are parallel to 
the coordinate directions in Fig. 12-3. 


= i j/(x, y)exp(ipz) 

A = a(x, y)exp{ipz ) 

VT = \ t '¥ + iP'¥z 

V • A = V,-A, + ip A. 

J'V J'V 
Vt ^ = x ^ +y d7 

dr r 8<p 

8A X 8A v 

= -|-M r ) + -^ 
r or r d(p 

V 2 T = V t 2 T-/? 2 T 

Vx A = V t x A, + ipz. x A, — i x V t A. 

S 2 ^ 8^ 

‘ 8x 2 8y 2 

1 8 f 54* ) 1 5 2v F 

r 8r\ 8r j + r 2 8<p 2 



30-3 Transverse fields in terms of the longitudinal fields 

If we eliminate e t or h, from Eqs. (30- 5a) and (30— 5b), we can express the transverse 
fields in terms of the longitudinal fields [2] 



(30— 6a) 
(30— 6b) 


where n = n(x, y) and k = In/).. These expressions are particularly useful for construct- 
ing the modal fields of step-profile waveguides in Chapters 12 and 25, when the 
wavenumber is related to the modal parameters inside the back cover by 

n 2 k 2 _o 2 = j fc2n co-0 2 = U 2 /P 2 , core, (30— 7a) 

f/c 2 n|, —f} 2 = —W 2 /p 2 , cladding, (30— 7b) 

where n co and n c] are the core and cladding refractive indices. 


Planar waveguides 

The cartesian components of Eq. (30-6) for planar waveguides with refractive-index 
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profile ti{x) are 


e x =-<p-j- + I— I k 
P i ox \£ 0 J 


, l L dh z l s o Y , 2 3c * 

h x = ( ) V 

PL ox \p 0 J dy 

where p = k 2 n 2 — fi 2 and n = n(x). 


,(Po\ l2 .ShJ _ i 

\e 0 ) oy\ p 

( e o y /2 , 2 de z\ , ' 

\Po J oy J p 


^ = ^y i_ f~) 1/2fe T 5 }’ (30 " 8a) 

P l dy \s 0 J 8x J 


ijA+OfLV'VM (3Mb) 

o l oy \Po / ox J 


Circular fibers 

The radial and azimuthal components of Eq. (30-6) for circular fibers with refractive- 
index profile n(r) are 


i \Je 2 (p 0 V l2 kdh : \ 

‘-- P far + tj ;#}• 

h _ l 'Jo^ | z /e 0 \ 112 kn 2 de 2 
' p (/ dr \p 0 J r 8<j) 

where p = k 2 n 2 — fl 2 and n = n(r). 


pBe z (p 0 \' 2 8k 


p\r 8<f> \e 0 J dr y 


(30-9a) 


i Y»H m 

J p[r 0 <j> \p 0 J 8r J 


30-4 Fields of nonabsorbing waveguides 

The fields of the waveguide can have arbitrary normalization, so that in general e and h 
are complex. However, on a nonabsorbing waveguide, the refractive index n is real, and 
Eq. (30-5) shows that it is consistent to choose the components of e and h so that either 
the transverse components are real and the longitudinal components are imaginary or 
the transverse components are imaginary and the longitudinal components are real. We 
adopt the former convention throughout this book, so that 

(30-10) 

The fields E and H of Eq. (30-4) do not obey this convention. 



30-5 Forward- and backward-propagating Helds 

When the propagation constant p is positive, the fields of the waveguide propagate in 
the positive z-direction in Fig. 11-1 (a). Under the transformation /?-»—/?, the 
backward-propagating fields are simply related to the forward-propagating fields. If we 
denote forward and backward by + and — superscripts, then we deduce from Eq. 
(30-5) that there are two possibilities. Either 

e“ = — e, + +e z % h " = h t + — h z z, (30—1 la) 

or 

(30-1 lb) 

We adopt the latter convention throughout. The relationships of Eqs. (30-10) and 
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(30-1 lb) both hold for nonabsorbing waveguides, so by combining them we deduce 
e~ = (e + )*; h~=(-h + )*, (30-12) 

where * denotes complex conjugate. 


VECTOR WAVE EQUATIONS 

If we eliminate either the electric or magnetic fields from Maxwell’s equations in Eq. 
(30-la), we obtain the inhomogeneous vector wave equations 

{\ 2 + n 2 k 2 }E = -V(E t -V 1 lnn 2 )-i^J 2 |feJ + ^V^^-^j|, (30-1 3a) 

(V 2 + n 2 k 2 }H = (VxH)x V, Inn 2 - Vx J - Jx V t lnn 2 , (30-1 3b) 

where n = n(x, y), k = 2n/X, and V 2 is defined by Eq. (37-30). We emphasize that V 2 is a 
vector operator, not to be confused with the scalar operator V 2 . If the scalar 
components of E and H are referred to the directions defined by an arbitrary coordinate 
system, then V 2 couples the components, e.g. Eq. (30-1 5) below in the case of cylindrical 
polar coordinates. 

When there are no sources present, i.e. J = 0, the fields with the separable form of Eq. 
(30-4) satisfy the homogeneous vector wave equations 

{V 2 + n 2 /c 2 -/? 2 }e = — (V, + /j?z)e,-V t lnn 2 , (30— 14a) 

{ V 2 + n 2 /c 2 — /? 2 }h = {(V, + i/Jz)x h}x V, In n 2 , (30-14b) 

where n = n(x, y), k = 2n/X, and the vector operator Vf is defined in Eq. (37-30). 


Circular fibers 

If we refer the component equations of Eq. (30-14) to the radial, azimuthal and 
longitudinal directions defined by the cylindrical polar coordinates r, <p, z in Fig. 12-3, 
i.e. e = (e r , e^, e z ), h = (h r , h h z \ and assume a symmetric refractive index profile n(r), 
we find 

2 de A d 


^d]nn 2 |_^ + _^ 2 ° ( (3Q _ i5a) 

dr J r 

v 2 e, + + -fe - e 4 + {n 2 k 2 ~p 2 }e, =0, (30—1 5b) 


V 2 e a — \ p 

* ' r 2 d<P dr ‘ 1 


+ e r +{n 2 k 2 -fi 2 }e z = 0, (30— 1 5c) 

dr 


V?h r -^^-^ + {n 2 k 2 ~P 2 }h r = 0, (30—1 5d) 

r c<p r 


1 din n 2 d 


2 _dh ± _K- 

r 2 dtp r 2 
lfdlnn 2 2'ld/j. h + , 

;{“ 5 r + ;W-? +{ "‘ (31M5e| 


vk + K+t»v-rih,-o. oo-isn 

dr dr dr 

where n — n(r) and the transverse Laplace operator W 2 is defined in Table 30-1. 



Maxwell’s equations 595 


Sections 30-6, 30-7 

30-6 Cartesian components of the Helds 

As emphasized above, the vector operator V 2 couples the field components in an 
arbitrary coordinate system. However, if the field vectors have components referred to 
fixed cartesian directions, this coupling does not occur and the vector operator V 2 is 
replaced by the scalar Laplacian V 2 . Thus, if we set 

E = E,x + E y y + E = z; H = H x x + H,y + H 2 z, (30-16) 

in Eq. (30-1 3a), where x, y and z are unit vectors parallel to the axes in Fig. 1 1-1 (a), we 
obtain 


{V 2 + n 2 k 2 }E = - V{E t . V, In n 2 } j J, (30-17a) 

{V 2 + n 2 /c 2 }H = (VxH)xV t lnn 2 -VxJ-Jx V t lnn 2 , (30-17b) 


where V 2 is defined by Eq. (37-36), and n = n(x, y). We note that although the field 
components are in fixed cartesian directions, the spatial variation of the components is 
expressible in any cylindrical coordinate system, e.g. Eq. (30-23) below in the case of 
cylindrical polar coordinates. 


30-7 Homogeneous vector wave equations 

If we work with the cartesian field components of Eq. (30-16) and the separable fields of 
Eq. (30-4), then in source-free regions Eq. (30-17) reduces to the homogeneous vector 
wave equations with transverse and longitudinal components given by 

(30- 18a) 
(30-18b) 
(30- 18c) 
(30—18d) 

where n — n(x, y), k = 2n/X, the transverse fields are defined by 

e t = e*x + e y y; h t = h x x + h y y, (30-19) 

and the operators V, 2 , V, are defined in Table 30-1. 


{V 2 + n 2 k 2 — /? 2 }e t = — V,(e, • V, In n 2 ), 

{V, 2 +n 2 k 2 — p 2 }e z = — ij8e, • V, Inn 2 , 

{V 2 + n 2 k 2 -(S 2 }h, = (V, xh,)xV, Inn 2 , 

{V? + n 2 k 2 -f 2 }h, = (\fi z -iP h t ) • V, In n 2 , 


Planar waveguides 

On a planar waveguide with refractive-index profile n(x), the separable fields have the 
spatial dependence 

E(x, z) = e(x)exp(i/?z); H(x, z) = h(x)exp(i/Jz). 


(30-20) 
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The component equations of Eq. (30-18) are then 


d 2 e x 

~dx r + di <e 


d In 


dx 
d 2 e 




(n 2 k 2 — fl 2 }e x = 0, 
y + {n 2 k 2 -p 2 }e y = 0, 


d 2 e„ dlnn 2 , , , 

— 2 + '0— e x +{n 2 k 2 -P 2 }e z - 0, 


dx 


dx 
d 2 h. 


dx 


dx 2 


d 2 Ai y 

d In n 

dx 2 

dx 

dlnn 2 

| iPh x - 

dx 


+ {n 2 k 2 ~P 2 }h x = 0, 
'± + {r, 2 k 2 -p 2 }h y = 0, 
\ + {n 2 k 2 -P 2 }h z = 0, 


where n = n(x) and k — 2n/2. 


(30-2 la) 
(30-2 lb) 
(30— 21c) 
(30— 21d) 
(30-2 le) 
(30—2 1 f ) 


Circular fibers 

On a circular fiber with axisymmetric refractive-index profile n(r), the separable fields 
have the form of Eq. (30-3), where 


e(r, <£) = e x (r, <t>)x+e y (r, 4>)y + e z (r, 4>) % 
h(r, 4>) = h x (r, (j>)x + h y (r, 4>)y + h,(r, (p)z. 
The component equations of Eq. (30-18) are then 


{V 2 + n 2 k 2 — P 2 }e x + 


dx 


{V 2 + n 2 k 2 — P 2 }e y + -^ 


{e x cos 4> + e y sin <p} 
{e x cos 4> + e y sin </>} 


d In n 2 
dr 

d Inn 2 
dr 

dlnn 2 


= 0 , 
= 0, 


{Vf + n 2 k 2 - P 2 }e z + iP{e x cos(j) + e y sin <j)} — — — = 0, 


{V, 2 +n 2 k 2 — [} 2 }h x + 

{V 2 + r, 2 k 2 -p 2 }h y -^ 

{V 2 + n 2 k 2 — p 2 }h z + 


-C 
<0 1 

H 

<0 1 
1 

[ dx 

dy 

PA. 

_dK] 

| dx 

dy j 


WK ~ cos 




din n 2 


(30-22a) 
(30— 22b) 

(30-23a) 
(30— 23b) 
(30— 23c) 


l sin 0 = 0, (30— 23d) 

I dr 

cos 4> ^ = 0, (30— 23e) 

dr 


0, (30— 23f ) 


dr 
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where n = n(r), k = 2njl and V, 2 is defined in Table 30-1. The cartesian operators are 
related to the polar operator by Eq. (37-47) 


d 

8x 


= cos 4> 


d 


sin (p 8 
r 8(p ’ 


8 


sin <p — + 

8y 


cos cf> d 
r d<p’ 


(30-24) 


and the cartesian and polar coordinates are oriented as in Fig. 12-3. The solution of 
Eq. (30-23) for e and h is identical to the solution of Eq. (30-15), since the fields are 
independent of the choice of coordinates. 


30-8 Equations for the longitudinal field components 

The longitudinal components e z and h z in Eqs. (30— 18b) and (30— 18d) depend on the 
transverse fields e, and h.. If we use Eq. (30-6) to express e, and h t in terms of e. and h z , 
we obtain the coupled equations 

{V, 2 +p}e z — “V t e 2 • V, Inn 2 = -(—} ^z • ( V./i 2 x V. Inn 2 ), (30-25a) 

P \ fi o ) P 

( e ^ kn 2 B 

,Inn 2 = — ) -z- (V,e 2 x V t lnn 2 ), (30— 25b) 

VW P 


n 2 k 2 

{V 2 + p}h2 ___ VA . Y 


where p = k 2 n 2 -f} 2 , n — n(x, y) and k = 2n/L 


ABSORBING MEDIA 

Maxwell’s equations apply directly to absorbing media by allowing the refractive index 
to be complex, as explained in Chapter 11. Here we show how to determine the 
electromagnetic power that is absorbed. 


30-9 Absorbed power 

Poynting’s vector theorem can be derived from Maxwell’s equations as a consequence 
of power conservation. It shows that the time-averaged power produced by a 
distribution of currents with density J within volume is given by[l] 

P= -^| J-E*dF, (30-26) 

where the time dependence exp(— icot) is implicit in J and E. We can then use the 
induced-current representation of Chapter 22 to determine the power absorbed due to 
material absorption. Using the notation of that chapter, we let n be the refractive index 
of the absorbing medium and denote the refractive index of the corresponding 
nonabsorbing medium by n. The effects of absorption can then be described by the 
induced current J of Eq. (22-3), where 

J = i(e 0 /p 0 )' l2 k(n 2 — n 2 )E, (30-27) 

and E is the electric field of the absorbing medium. If the real and imaginary parts of the 
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refractive index for the absorbing medium are n r and then we set n = n r + in', n = n' 
and substitute the resulting expression into Eq. (30-26). The power lost from the fields 
is found to be 


V ' 2 

f* 

P= -fcffs. ) 

nV|E| 2 dr. 

W J 

Y 


(30-28) 


This expression is exact, provided the electric field in the absorbing medium is known 
exactly. 


ANISOTROPIC MEDIA 

Here we generalize Maxwell’s equations and the associated wave equations to describe 
propagation in anisotropic materials [3], The generalization follows by recognizing 
that the displacement vector, D, is not, in general, parallel to the electric field E. Instead, 
it obeys the relationship 

D = e 0 n 2 -E, (30-29) 

where n 2 is a tensor with nine components, i.e. the components of D are given by 
D-, = £o n i k^k’ where i,k = 1, 2 or 3 and summation over k is implied. These components 
depend on the particular reference axes. For simplicity, we assume the cartesian axes are 
aligned parallel to the principal axes of the anisotropic medium, as discussed in Section 
11-23. The tensor then has only diagonal components n 2 ,, n\ 2 and n§ 3 ; all other 
components are zero. For convenience, we denote these components by n 2 , n 2 and n 2 , 
respectively. 

30-10 Vector wave equations 

Maxwell’s equations for a source-free, anisotropic medium are 

V xE = Hn 0 /s 0 ) ll2 kH; VxH = -i(e 0 //r 0 ) 1/2 kn 2 • E, (30-30a) 

V • (n 2 • E) = 0; V • H = 0, (30-30b) 

where parameters are defined inside the back cover. If we take V x of the equations in 
Eq. (30— 30a), eliminate either H or E, and apply the vector identities of Eqs. (37-30) and 
(37-31), we obtain the vector wave equations for the cartesian components of the fields 

V 2 E + /c 2 n 2 • E = V ( V • E); V x[n" 2 • (V xH)} = /c 2 H, (30-31) 

where n -2 is a diagonal tensor with components n * 2 , n“ 2 and n ~ 2 . These equations 
are analogous to Eq. (30-1 7) for a source-free ( J = 0), isotropic medium. Because n 2 • E 
is not parallel to E, it is not possible, in general, to express the V(V • E) term in Eq. 
(30-31) in an analogous manner to the term — V(E t ■ V t Inn 2 ) in Eq. (30-17a). 
However, simplifications of the vector wave equations are possible in special cases, as 
we now show. 

30-11 Planar waveguides 

If the waveguide has planar symmetry, i.e. is uniform in both the y- and --directions of 
Fig. 1 2-1 , and the principal axes of the materials constituting the waveguide are parallel 
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to the cartesian axes, then the structure supports TE or TM modes. By analogy with the 
TE and TM modes of isotropic waveguides, discussed in Sections 12-14 and 12-15, 
respectively, the electric field of each TE mode and the magnetic field of each TM mode 
have only y-components. If we use the representation of Eq. (30-20) and substitute into 
the first equation in Eq. (30-31), we obtain 


d 2 2 2 
dS +kn >' 


2 Je, = 0, 


(3 0-3 2a) 


where n y = n y (x). Thus the electric fields of the TE modes obey the scalar wave 
equation. Similarly, the second equation in Eq. (30-31) leads to 



din nl d 


dx dx 


+ k 2 n 2 z -p 2 



(30— 32b) 


for the TM modes, where n z = n z (x). If n 2 is constant across the waveguide, then h y 
satisfies the scalar wave equation. The remaining components follow from Maxwell’s 
equations, Eq. (30-30a), and, by analogy with Eqs. (12-17) and (12-23), we have 


TE modes 

TM modes 


p 

e x feijUJ h > 

, _ i/s 0 \ ll2 de y 

k \/2 0 J dx 

e _ ' f^o\ ll2 <ih y 
kn] \£ 0 / dx 

o 

II 

II 

II 

h x = h 2 =e y = 0 


where parameters are defined inside the back cover. 


(30-33) 


30-12 Uniaxial waveguides 

The principal refractive indices of a uniaxial anisotropic waveguide satisfy 
n x - n y i* n z > and, if the z-direction is parallel to the waveguide axis, the vector wave 
equations can be simplified. The longitudinal components of Eq. (30-31) are readily 
shown to be 


{V t 2 + k 2 n 2 — fj 2 (n z /n t ) 2 }e z = -i^(e t • V, lnnf), (30-34a) 

{Vf +k 2 nf -p 2 }h z = (V.^-ijSh,)- V.lnnf, (30-34b) 

where n t = n x = n y . These equations reduce to Eqs. (30-18b)and (30— 18d), respectively, 
for the isotropic waveguide, i.e. when n = n x = n z . 

The transverse field components can be expressed in terms of e, and h z by replacing n 
with tt, in Eq. (30-6), as may be readily verified. Thus, for example, the radial and 
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azimuthal field components of a circular fibre with n, = n t (r) are given by Eq. (30-9) 
with p = k 2 n 2 —fi 2 . 

30-13 Polarization parallel to a principal axis 

Under special conditions, discussed at the end of Chapter 1 3, it is possible for a mode to 
propagate with its electric field virtually parallel to either the x- or y-axis in the 
waveguide cross-section, assuming these are the principal axes. In such cases the 
displacement vector is parallel to the electric field, and, using the field representation of 
Eq. (30-4), the cartesian components of the transverse field, e,, satisfy the transverse 
component of the vector wave equation of Eq. (30-31) 

(V, 2 + k 2 n 2 — )S 2 )e, = - V t (e, • V, In n, 2 ), (30-35) 

where n t = n x , e t = e x \ for the x-polarized modes, and n t = n y , e, = e y y for the y- 
polarized modes. The unit vectors x and y are parallel to the axes. Apart from the fact 
that the values of n, differ for the two polarizations, this equation is identical to Eq. 
(30-1 8a) for isotropic waveguides. 
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There are two general methods for solving Maxwell’s equations or, equivalently, the 
inhomogeneous vector wave equations. One method uses the Green’s function 
approach of Chapter 34, while the other uses eigenfunction, or modal, methods. The 
purpose of this chapter is to lay the foundations of the modal approach, by deriving the 
basic properties of modes and showing how they are used to represent the fields of 
optical waveguides. Consequently the contents of this chapter are mainly mathema- 
tical, and supplement the summary of modal properties presented in Chapters 11,25 
and 28. The modes considered here are exact solutions of Maxwell’s equations. In 
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Chapter 33 we parallel the results of this chapter for the modes of weakly guiding 
waveguides, starting from solutions of the scalar wave equation. 

We begin by deriving an important integral relationship between two field solutions 
of Maxwell’s equations, the reciprocity theorem. In its two-dimensional form, this 
theorem is ideal for deriving the properties of modes of translationally invariant 
waveguides. It has diverse application, ranging from proof of orthogonality and 
derivation of modal amplitudes due to current sources, to formulation of coupled mode 
equations, as well as providing stationary expressions for the propagation constant and 
group velocity. 

There are two forms of the reciprocity theorem -conjugated and 
unconjugated -depending on whether the conjugated or unconjugated forms of the 
fields are employed. Throughout Part II, we have consistently used the conjugated 
reciprocity theorem, which provides a simple physical interpretation in terms of power 
flow. Although results derived from the conjugated form usually assume a nonabsorb- 
ing waveguide, the effects of material absorption on practical waveguides are normally 
so small that they can be treated as a perturbation of the nonabsorbing waveguide. 


RECIPROCITY THEOREM 

The derivation of the conjugated or unconjugated reciprocity theorems requires two 
distinct electromagnetic situations: one characterized by refractive-index profile n, 
current density J and electric and magnetic fields E and H; while the other is 
characterized by h, J, E and H. All vector quantities contain the implicit time 
dependence exp( - iojt ), where w is the angular frequency. The refractive-index profiles 
n and h may depend on all three spatial variables, but the permeability is taken to have 
the free-space value p 0 unless otherwise stated. 


31-1 Conjugated form 

We define a vector function F c by 

F c = ExH* + E* x H, 


(31-1) 


where * denotes complex conjugate. The unbarred fields satisfy Maxwell's equations of 
Eq. (30-1), and the barred fields satisfy the conjugated forms of these equations 


VxE* = — i 


. Vo 


\l/2 

/ £„ \ ' 

/cH*; 

VxH* = J* + i — 

/ 

\VoJ 


1/2 


k{n*) 2 E*, (31-2) 


where p 0 , e 0 and k are real. Using the vector identity of Eq. (37-28) we deduce that 


1/2 


VF C = ~iy— J k{(n*) 2 — i? 2 }E-E* — (E*-J+E-J*). 

The two-dimensional form of the divergence theorem of Eq. (37-56) for F c is 

8 


(31-3) 


VF dA 


J A 


F 'Z(L4 + (D F *n d/ 


(31-4) 
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where A is an arbitrary cross-sectional area of the waveguide, and z is the unit vector 
parallel to the z-axis. The line integral is along the boundary of A, and n is the unit 
outward normal on / in the plane of A. This result is valid for both continuous and 
discontinuous profiles. Along a step discontinuity the scalar product F c -n depends only 
on the components of the fields orthogonal to the direction of n, as is clear from Eq. 
(31-1). The boundary conditions of Maxwell’s equations given at the beginning 
of Chapter 30 then show that F c -n is continuous across the discontinuity. Conse- 
quently, there are no additional contributions to the line integral from discontinuities 
within A. 

For optical waveguides, we take A to be the infinite cross-section A x . The line 
integral is then over the circle r = oo, where r is the cylindrical radius, and, if either or 
both of the barred and unbarred fields represent bound modes, then F c vanishes as 
r-* oo, since bound-mode field amplitudes fall off exponentially. Thus we drop the 
line integral in Eq. (31-4) and obtain the conjugated form of the reciprocity 
theorem 


o 

dz 


F c -zd A = 

•'A, •M, 


V-F d4, 


(31-5) 


where F c is defined by Eq. (31-1), and V • F c is given by Eq. (31-3). The result is valid for 
arbitrary refractive-index profiles, including those with material absorption, when n is 
complex. 


Leaky and radiation modes 

In the case of leaky modes, we showed in Section 24-15 that, by allowing r to take 
complex values, the leaky-mode fields decay faster than r~ 1 ' 2 as |r| -» x [l]. If F c is 
composed of the radiation-mode fields discussed in Chapter 25, then the line integral in 
Eq. (31-4) is rapidly oscillating as r -* oc , since the fields of any cylindrical structure will 
vary as exp {iQr/p}/yJr for large r, as is clear from Section 25-8. Thus, the line integral 
is difficult to interpret, as well as being hard to evaluate exactly for a given structure. 
However, by taking the line integral to be zero, we obtain the correct properties of 
radiation modes. In Chapter 25, we show that one method of constructing radiation 
modes is to consider the bound modes of a metal clad waveguide in the limit when the 
waveguide cross-section becomes infinite. At the metal boundary, the tangential electric 
field vanishes, so that F c -n vanishes, and the line integral is identically zero. 
Alternatively, we can start from the fact that an individual radiation mode, although 
well defined mathematically, is unphysical, since it carries an infinite amount of power. 
Only by superposing a continuum of radiation modes can the physical fields of a 
waveguide be correctly represented. Thus, although the line integral in Eq. (31-4) is not 
interpretable when F c is composed of the fields of individual radiation modes, it is clear 
that the integral will vanish as soon as a large number of rapidly oscillating functions 
are superposed, forming a continuum in the far field r-»oo[2]. A rigo- 
rous mathematical derivation uses the limit point at infinity property of the transverse 
vector wave equation [3], Thus we can drop the line integral for both leaky and 
radiation modes, and all modes obey the conjugated reciprocity theorem of 
Eq. (31-5). 
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Line integral formulation 

We can reformulate Eq. (31-5) so that the area integral on the right is replaced by a line 
integral. To do this, we define A p to be the cross-sectional area either occupied by 
currents or in which n * f n. If we set A — A x — A p , then the left side of Eq. (31-4) is 
zero, as is clear from Eq. (31-3). The line integral on the right is evaluated along the 
contour 1 = 1^ + l p , where / p is the perimeter of A p . Since the integral along vanishes 
for reasons given above, we deduce that 



F c -z dA = — d) 


F c -n d /, 


which is formally identical to Eq. (31-5). 


(31-6) 


31-2 Unconjugated form 

The second form of the reciprocity theorem relates the barred and unbarred fields of the 
previous section through the vector function F, where 

F = Ex H — Ex H. (31-7) 

We deduce from Eqs. (30-1) and (37-28) that 

V • F — i k(n 2 -n 2 ) EE + E-J-EJ. (31-8) 

The derivation then follows that of the previous section, with F replacing F c in Eq. 
(31-4), and leads to the unconjugated form of the reciprocity theorem 


d_ 

8z 


F-zd/4 


= 1 


V-F dA, 


(31-9) 


where F is defined by Eq. (31-7) and V-F is given by Eq. (31-8). 


31-3 Mode orthogonality 

The first application of the conjugated form of the reciprocity theorem demonstrates 
orthogonality of bound, radiation and leaky modes of nonabsorbing waveguides. 
Consider two modes propagating in the forward direction with propagation constants 
/Jj-and [i k . The subscripts j and k may refer to two different bound modes, but, in the case 
of radiation modes, may refer to the same mode with different values of the continuous 
propagation constant ft. We set 

E = eyexpjijJyz); H = h,- exp (iyS,- z); E = e k exp (ip k z); H = h t exp UP k z), 

(31-10) 

and J = J = 0. The two modes belong to the same waveguide, which we assume is 
nonabsorbing, i.e. n* = n. Substituting Eqs. (31-1) and (31-10) into Eq. (31-5) gives 


(ft- h) 


A 


fc/ h* + e*xh J }-zd^ = 0, j =f= k, 


(31-11) 
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where is the infinite cross-section, and z is the unit vector parallel to the waveguide 
axis. Now consider a second pair of modes, consisting of the same forward-propagating 
jth mode, and the /cth backward-propagating mode with fields 

E = e_ t exp( — i/? t z); H = h_ t exp( — iftz). (31-12) 

We relate these fields to the fields of the forward-propagating mode through Eq. (1 1-7), 
and from Eqs. (31-1) and (31-5) deduce 


(ft + ft 


{e^x hjf — ef x h,} -zdA = 0, 


(31-13) 


since only transverse field components are involved. The orthogonality relations follow 
by adding and subtracting Eqs. (31-11) and (31-13) to obtain 


eyX h* -zd,4 

•ft. 


e*x hj-zd/1 = 0; j k, 

•ft. 


(31-14) 


which holds for all forward-propagating modes- bound or radiation -on nonabsorbing 
waveguides. In particular, each bound mode is orthogonal to all radiation modes, and, 
therefore, to the total radiation fields E rad and H rad of the waveguide. Hence 


J e,x H* d -zd A 



E* d x hj-zdA = 0. 


(31-15) 


For the leaky modes of Chapter 24, orthogonality is expressed by Eq. (31-14) if A w is 
replaced by the complex cross-section A'„, as discussed in Section 24-15. 


Unconjugated form of orthogonality 

We can repeat the above derivation, employing the unconjugated reciprocity theorem 
of Eq. (31-9). The corresponding expression to Eq. (31-14) is readily shown to be 

e;Xh t -zd/l= e t x hj -zd^4 = 0, j =f= k, (31-16) 

•ft*, •ft. 

which is valid for both absorbing and nonabsorbing waveguides. For nonabsorbing 
waveguides, Eqs. (31-14) and (31-16) are identical, since the transverse field com- 
ponents are real under the convention of Eq. (11-8). 

Orthogonality of radiation modes 

The above results also show that both conjugated and unconjugated orthogonality 
apply to radiation modes on nonabsorbing waveguides, provided only that the 
propagation constants differ, i.e. Q f Q’ in the notation of Eqs. (25-2) and (25-4). The 
same conclusion can be reached by considering each radiation mode as the limit of a 
bound mode on a metal clad waveguide, when the cross-section becomes infinite. 
Within the metal waveguide, bound modes satisfy both conjugated and unconjugated 
orthogonality, so that this property is carried over to the radiation modes. If the core of 
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the metal waveguide is unfilled, this limiting procedure demonstrates the orthogonality 
of free-space radiation modes. When the dielectric waveguide occupies the core of the 
metal clad waveguide, the same procedure provides proof of the orthogonality of the 
radiation modes of the dielectric waveguide. 

31-4 Integral expressions for the propagation constant 

Another form of the reciprocity theorem leads to explicit forms for the bound-mode 
propagation constant. We parallel the derivation of Section 31-1 with F c replaced by 
G c , where 

G c = Ex H*, (31-17) 

and assume that n = h, J = J = 0. With the help of Eqs. (30-1) and (37-28), we deduce 
that 

V • G c = i/c | (^~) (n 2 )*E-E*j. (31-18) 

Replacing F c by G c in Eq. (31-5) leads to 

[ Ex H* -zdA = ik f {(— V V (n 2 )*E-E*}dA 

dz J A. L* l W W J 

(31-19) 

The unbarred and barred fields are those of the forward- and backward-propagating 
modes with propagation constant fij. Thus we set 

E = e^exp (i/JjZ); H = hj exp (ifijz), (31-20a) 

E = e_j- exp ( - ifaz); H = h_j exp ( - ip ; z). (3 1— 20b) 

Substituting into Eq. (31-19) and applying Eq. (11-7) gives 

(31-21) 

which is valid for absorbing waveguides. The identity [4] 

h ?- UA = T \ A J(§) ' l h ^ 2 + fe) ' « 2 |^| 2 } d ^» (31-22) 

leads to a second expression for nonabsorbing waveguides 

(31-23) 

where | | 2 = • e* and we have used the equality of stored electric and magnetic 

energies of Eq. (11-18). 
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31-5 Stored electric and magnetic energies 

The time-averaged, electric and magnetic energies H' ej and #' hj are defined by Eq. 
(11-17). On a nonabsorbing, nondispersive waveguide, these two expressions are equal. 
This is deduced by setting E = Eand H = Hin Eq. (31-19). The integral on the left side 
is independent of z, whence 

(31-24) 

using Eq. (31-20) for the fields. 



31-6 Phase and group velocities 

The phase and group velocities of a mode along the waveguide are defined by 


2nc 

dw 

2nc dX 

w 

II 

I*? 

I'D 

II 

00 

a 

Jj 


(31-25) 


respectively, where the angular frequency w is related to wavelength X inside the back 
cover. We can express v pj in terms of the modal fields through the expressions for [ij in 
Section 31-4. Here we derive analogous expressions for v gJ which allow for material 
dispersion, when n and p may vary with wavelength, i.e. n = n(X) and p = p(X), in 
addition to the spatial variation of n. 


Generalized reciprocity theorem 

To obtain the group velocity, we need a generalized reciprocity theorem which allows 
for variations in the frequency co of the implicit time dependence of the fields. We let E 
and H be the fields of the jth mode at wavelength X. These fields satisfy the source-free 
Maxwell equations, and if we allow for variations in the permeability p, they have the 
form 

Vx E = 2nic^H; Vx H = -2nice 0 ~E, (31-26) 

A A 

where c is the free-space speed of light. If E and H denote the fields at wavelength X, they 
satisfy Eq. (31-26) with E, H, X, p and n replaced by E, H, X, p — p(X) and n = n(X), 
respectively. Substituting into Eq. (31-1) and using Eq. (37-28), we find that for 
nonabsorbing waveguides 



The fields are expressed in separable form 

E = e y exp (i Pjz); H = h ; exp (ift-z); E = e y exp (ifijz); H = h, exp (iftjZ). 

(31-28) 
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On substituting Eqs. (31-1), (31-27) and (31-28) into Eq. (31-5), we deduce 


{e x h* + e*x h} -zdA 

2 nc 1 J 1 1 11 

'-!.{( T-l)"'-” 


J-r) b J- h fl dA - (31-29) 


We divide both sides by 2 — 2, take the limit 2 -+ 2 and substitute into Eq. (31-25). 
Hence 2 — 2 -*■ d2, flj—fij -* d fy and 



assuming the waveguide is nonabsorbing. If, in addition, the waveguide is not 
dispersive, we can combine Eq. (31-30) with Eq. (31-23) and set fi = n 0 to give 

(31-31) 

where we have used Eq. (31-24). The generalization of Eq. (31-31) to anisotropic 
waveguides, discussed at the end of Chapters 1 1 and 30, is found by replacing n 2 e, x h J 
by n 2 -e^x h*, where n 2 is the refractive index tensor. 



MODE EXCITATION BY CURRENT SOURCES 

Here we determine the amplitudes of bound and radiation modes excited by a 
prescribed distribution of currents J, which occupy a volume tC between the planes 
z — Zi and z = z 2 of a waveguide, as shown in Fig. 31-1. The total fields everywhere in 
the waveguide are expanded in terms of the complete set of forward- and backward- 
propagating modes 

*X> 

E = X( fl j( z )ejexp(i)J J z)-i-a_ J (z)e_ J exp(-i)S 2 z)}-t-X {o,(z, Q)ej(Q) 
j j Jo 

X exp[i )?(g)z] + a_,-(z, Q)e_ i (Q)exp [ — i/?(Q)z] } dg, (31— 32a) 

'oc 

H = 'Z{ a A z '> h j ex P( i Pj z ) + a-j(z)h_ J exp(-iP J z)}+Y J {aj(z,Q)hj(Q) 

J j Jo 

X exp[i)?(Q)z] +a_;(z, Q)h_ ; (g)exp[-i)5(2)z]}dg, (31— 32b) 

where the modal amplitudes depend on z only within tC, and are constant or zero 
elsewhere. In Eq. (31-1) the unbarred fields are given by Eq. (31-32), and the barred 
fields are equal to the fields of the y'th forward-propagating bound mode on the source- 
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Fig. 31-1 A prescribed distribution of currents with density J occupies 
volume "^between transverse planes z = z, and z = z 2 of the waveguide. 
Outside of y there are no currents. 


free waveguide, i.e. J = 0, n = n, and 

E = e,exp(i/?jz); H = h^expO'^z). (31-33) 

Substituting F c into Eq. (3 1-5) and using the orthogonality condition of Eq. (31-14), we 
find 

= _ W- \a e * • Jex P(-«M d ' 4 > (31-34) 

where Nj is the normalization of Eq. (11-12). Integrating and imposing the condition 
that there are no forward-propagating modes in z < z,, we obtain 

(3 1-3 5a) 
(3 1— 35b) 

(31— 35c) 

The corresponding expressions for a_;(z) are obtained by following the same 
procedure, but using the fields of the yth backward-propagating mode in Eq. (31-33). 
This leads to 

(31— 36a) 

(31— 36b) 
(3 1— 36c) 


J * 

etj • J exp(ifi j z)di r ; 

r 

Z < Z], 

1 

** z 2 

r 


= 4^. 

z « 

e* j • J exp(ij? 2 z) d A dz; 

a* 

Zj < z < z 2 , 

= 0; 



Z > z 2 . 


aj{z) = 0; 


4 Nj 

1 

~47Vi 


ef • Jexp( —ipjz)dAdz; 
ef • Jexp( — ijijz)dy ; 


Z ^ Zj , 

z t < z < z 2 , 
z > z 2 . 
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By using the appropriate radiation-mode fields in Eq. (31-33), we deduce 


(31-37a) 
(3 1— 37b) 


for forward- and backward-propagating radiation modes, where the normalization 
Nj(Q) is defined by Eq. (25-5). The forms of the amplitudes in the other regions of Fig. 
31-1 are deduced by analogy with Eqs. (31-35) and (31-36). We can also derive surface 
integral expressions for the modal amplitudes by using Eq. (31-6) instead of Eq. 
(31-5). 


~4 N ~ (Q ) Jr ex P{~‘P(Q ) z } dr ; 2 >z 2 , 

et j ((2)-Jexp{ijS(Q)z}d* / '; zsgzj. 


a j( z > Q ) ■■ 

a-M, Q ) : 


4^(6) 


MODAL METHODS FOR Z-INDEPENDENT 
NONUNIFORMITIES 

When the modal fields and propagation constants for one waveguide are known, we can 
use the reciprocity theorem to determine the modal fields and propagation constants of 
modes on any other waveguide. The second waveguide is equivalent to the first 
waveguide with a translationally invariant, or z-independent, nonuniformity. The 
relationships derived below are exact, and form the basis for the perturbation analysis 
in Section 31-10 when the waveguides are similar. 

31-7 Propagation constants 

Let E, H and [! k be the known fields and propagation constant of the kxh mode on a 
waveguide with refractive-index profile n, and let E, H and Pj be the unknown fields and 
propagation constant of the jth mode on a waveguide with refractive-index profile 
n. We assume that the modes on either waveguide have distinct values of Jl k or fij, 
and set 


E = e y exp (i/JjZ); H = h, exp(ijS ; z); (3 1— 38a) 

E = e k exp (ip k z); H = h fc exp (ifi k z). (3 1— 38b) 

Substituting Eqs. (31-1) and (31-38) into Eq. (31-5) and applying Eq. (31-3) gives 


Pj — Pk + k 


Vi 1 ' 

MoJ 


j (n 2 -n 2 )e, -ejfdA 

•Moo 

f {e,-xh* 


(31-39) 


+ e*xh ; } -zdA 


provided there are no sources. Both waveguides have free-space permeability /( 0 , and 
the first waveguide is nonabsorbing, i.e. n is real. This expression is also stationary with 
respect to variations in the barred quantities [5, 6]. 
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Line integral expression 

An alternative expression to Eq. (3 1-39) is found by substituting into Eq. ( 3 1-6) instead 
of Eq. (31-5), and leads to 


Pj-p k =-i 


(* 

O (e^xhif + ef xhj} -n d/ 


{e J xh* + eJ'xh J } -zdA 


(31-40) 


where A p is the area of cross-section in which n =f= n and l p is the perimeter of A p . The 
unit outward vector n lies on l p in the plane of A p . 


31-8 Modal fields 

The transverse fields of the ;th mode on the second waveguide can be found formally by 
using an eigenfunction expansion over the complete set of forward- and backward- 
propagating modes of the first waveguide. Thus we set 


= iK + a-kKic + X {a k (Q) + a„ k (Q)}e tk (Q)<lQ, 

k k JO 

K(0~a-de)}M0dQ, 


Kj — X {° k — a -k}h t * + Z 

k k J 


(3 1— 41a) 
(3 1— 41b) 


where a k and a k (Q) are the amplitudes of the forward-propagating bound and radiation 
modes respectively, while a_ k and a~ k (Q) are the amplitudes of the corresponding 
backward-propagating modes. The backward-propagating fields are related to the 
forward-propagating fields by Eq. (11-7). The longitudinal field e zj is found by 
substituting Eq. (3 1— 41b) into Eq. (30-5c) and noting that e zk andTi t( ,are also related by 
Eq. (30- 5c). Similarly h zj follows from Eqs. (3 1— 41a) and (30— 5d ). Hence 

e *j = r n\'L{ a k- a - k}e*k + X| ta(fi)-«-»(Q)}e.*(Q)dg}, (31^12a) 

^■ = Z{«k + 0-k}^k + Z I {a k (Q) + a- k (Q)}h zk (Q)dQ, (31^12b) 

k k Jo 

assuming the waveguides have free-space permeability n 0 . It is important to note that in 
the derivation of e zj and h zj , we have carried the vector operator V,x through the 
integration over the radiation modes. This is permissible if the first derivatives of h tk 
and e tt are continuous [7]. The modal fields of waveguides with continuous dielectric 
profiles satisfy this condition. However, for step profiles, Eq. (3 1—42) is not valid unless 
correctly interpreted in a certain limiting sense, as discussed in Section 31-10. 
Alternatively, e zj and h zj can be found from the second equations in Eqs. (30- 5c) and 
(30-5d ) once e u and h u are known. 
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31-9 Modal amplitudes 


The modal amplitudes in Eq. (31^41) are determined by substituting the expansions 
into the denominator of Eq. (31-39) and applying the orthogonality condition of Eq. 
(31-14) to the barred fields. Only the /cth forward- and backward-propagating modes 
contribute to give [8] 


a k = 


a-t = 


k /g 0 Y /2 f 

4N t (/l r wUi L, 

k ( e 0 v /2 r 

4N k (Pj + Pk) \/W J/i 


(n 2 —n 2 )ej-e* d/1, 
(n 2 -n 2 )ej-e* k 


dA , 


(3 1— 43a) 
(31-43b) 


for the bound modes, where the normalization N k is defined by Eq. ( 1 1- 1 2) in terms of 
e k and h t , and e* k is related to e t by Eq. (11-9). For the radiation modes, the 
orthogonality condition of Eq. (25-4) for the barred fields leads to 


a k (Q) 


a~k(Q) = -tw 


4N k (Q){pj-(i(Q)} 
k 


/ g \i a 

— (n 2 —n 2 )ej ■e?(Q)dA, (31^13c) 

V^o / Ja x 


4N k (Q){p J + m} \Ho 


£ 0 


ri 


(n 2 -n 2 )ej-e* k (Q)dA, 


(31-43d) 


where the normalization N k ( Q ) is defined by Eq. (25-5) in terms of e t (Q) and h t (Q), and 
e* k (Q) is related to e k (g) by Eq. (11-7). Note that Eq. (11-9) is inapplicable since our 
choice of radiation-mode fields does not satisfy the convention of Eq. (11-8), as 
explained in Section 25-1. 

The derivation of Eq. (31-43) relies on Eq. (31-39), which means that an extra 
condition is required to determine the propagation constant and the modal 
amplitudes. The latter are only determined to within an arbitrary normalization 
constant. This condition is provided by, for example, the eigenvalue equation for the 
second waveguide, expressed in integral form by Eq. (31-23). Substitution of the 
expansions of Eqs. (3 1-41) and (3 1-42) into Eqs. (3 1-23) and (3 1^43) leads to an infinite 
set of nonlinear, coupled equations for the modal amplitudes. There is no general 
solution to this set of equations, but it is sometimes possible to solve them when the 
second waveguide is only a slight perturbation of the first waveguide. 


31-10 Slightly perturbed waveguides 


We can obtain analytical solutions of Eq. (31-43) for the modal amplitudes when the 
two waveguides are similar, i.e. when one waveguide is a slight perturbation of the other 
waveguide and the perturbation does not vary along its length. However, for reasons 
explained in Section 18-21, the refractive-index profiles of the two waveguides must be 
similar throughout the perturbation region. This is a fundamental restriction on 
perturbation methods, and is equivalent to requiring that 


Kj = h t j, 


e t i = e tf- 


(31-44) 



Section 31-11 


Modal methods for Maxwell’s equations 613 


everywhere, including the perturbation region. With this proviso, it is clear from Eqs. 
(31-39) and (31^tla) that /J,- = /?, and a d = 1. The remaining modal amphtudes are 
found by iteration, i.e. by replacing by (ij and tj by tj in Eq. (31-43), providing k =f= j 
in Eq. (31^13a). Thus, first-order corrections to Eq. (31-44) involve all radiation modes 
and all but the jth bound mode. 


Discontinuous profiles 

As pointed out in Section 31-8, the radiation-mode contribution to e zj and h zj in Eq. 
(31-42) is valid only for continuous profiles, but e zj and h zj can be found directly from 
the second equations in Eq. (30— 5c) and (30— 5d) once e tJ - and h u are known. For a 
discontinuous profile, we will also obtain the correct results for e zj and h zj , provided we 
interpret the fields of Eq. (31—42) as the limit of a continuous, or smoothed-out, profile. 
However, it is crucial that the size of the region in which the smoothing occurs be much 
smaller than the perturbation region. 


MODAL METHODS FOR Z-DEPENDENT 
NONUNIFORMITIES 

Here we describe propagation along waveguides with nonuniformities that vary with 
distance z along the waveguide, i.e. the waveguides are no longer translationally 
invariant. The description employs the complete set of bound and radiation modes of 
the unperturbed, translationally invariant waveguide and leads to a set of linear, 
coupled mode equations for the z-dependence of the modal fields. 


31-11 Coupled mode equations 


The two waveguides have free-space permeability p 0 , the translationally invariant 
refractive-index profile is h (x, y), and the profile of the perturbed waveguide is n (x, y, z). 
For convenience we use the orthonormal modes of Sections 11-5 and 25—4, and 
set 


E t = UbjU) + b-j(z)}i u + Y P {bj(z, Q) + b.j(z, 6)}e t ,(0de, 
j j Jo 

H t = ^{fc J .( z )-b- J (z)}h u + X I"* {bj(z,Q)-b-j(z,Q)}ft tJ (Q)dQ, 

j j Jo 


(3 1^1 5a) 
(31^45b) 


where E t and H t are the total transverse fields of the perturbed waveguide. The bj(z) 
and bj(z,Q) contain all the z-dependence of the forward-propagating bound and 
radiation modes, i.e. the phase dependence and the variation of the modal amplitude 
with z, and fi_j(z) and h-j(z, Q) correspond to the backward-propagating modes. We 
have employed Eq. (1 1—7) to relate the fields of backward- and forward-propagating 
modes. The power in each bound mode at any position is given by | bj (z) | 2 . By repeating 
the derivation leading to Eq. (3 1—42), the longitudinal fields of the perturbed waveguide 
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are given by 


E, =-j \Tx b j( z )- b -A z )} e -.j + Y f {bj(z,Q)-b-j(z,Q)}e 2j (Q)dQ 
n l j i Jo 

(3 1— 46a) 

H' = Z{bj(z) + b-j(z)}£, J + Z r {bj(z,Q) + b_j(z,Q)}h ZJ (Q)dQ, (31^t6b) 
J J Jo 

provided n ( x , y, z) is everywhere continuous, for reasons given in Section 31-10. In Eqs. 
(31-1) and (31-3), we set the barred fields equal to the fields of the /cth forward- 
propagating bound mode, i.e. 

E = e k exp(if! k z); H = h k exp(//J k z). (31-47) 

Assuming the waveguide is nonabsorbing, we find from Eq. (31-5) that 


d_ 

dz 


{E,x fi* k + e* k x H t } • z exp( - ip k z)dA 

J^oo 



(n 2 — n 2 )E-e*exp( — ifi k z)dA. 


(31-48) 


Substituting Eq. (31-45) on the left side, applying the orthogonality conditions of Eqs. 
(11-16) and (25-6) and relating the forward- and backward-propagating modal fields 
through Eq. (11-9), we find 


db k .„ , i 




(n 2 —n 2 ) E-e* d A. 


(31-49) 


Substituting for E from Eqs. (3 1-4 5a) and (31-46a) leads to the coupled equation for 
the k th forward-propagating, bound mode [9] 


dh,. f _ 


-jj- -iPkb k = i 2, + 


f» ) 

+ 

iC u (QMQ) + C t -,(Q)b.,(Q)l dQ k 

J 

0 J 


(3 1— 50a) 


where the coupling coefficients are given by 



C U (Q) 


-( y 2 

4 \ii 0 ) 


(n 2 —n 2 ) |e t * -e tJ + — e* e 2 ,|d A, 

{n 2 - n 2 ) | e* k • e „ ( Q ) + ^ e* k e zl (Q)jdA, 


(3 1— 50b) 
(3 1— 50c) 


The amplitude b_ k of the /cth backward-propagating mode is given by the same 
equations, provided we replace b k by b_ k , )3 k by — fi k , k by — k, and e* k by —e* k . 
The coupled equations for the radiation-mode amplitudes follow the same 
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derivation, provided Eq. (31-47) is replaced by the fields of the kth forward- 
propagating radiation mode of the unperturbed waveguide. Thus [9] 


~ iP(Q)b k (Q ) = i I \ [C^G^ + C^G)*-,] 


[C u (e,e')6,(fi') + C Jk _ l (G,G')fc_ l (G')]dg k (3 1— 51a) 


where the coupling coefficients are given by 


c«(G) = \ 
C«(G,G') = J 


_fo_ 

Ho 

Ho 



(n 2 - n 2 ) | e * ( Q ) • e„ + ~ e * k ( Q ) e zl J dA, (3 1-5 1 b) 

(n 2 — n 2 ) | e*(Q)-e u (Q') + ~ ef k (Q)l.(Q') J dA. 

(31— 51c) 


For backward-propagating radiation modes, the set of coupled equations is given by 
the above equation if b k ( Q ) is replaced by b _ k (Q), fi ( Q ) by - p(Q), k by — k, and e k by 

®-k* 

The sets of coupled, integro-differential equations of Eqs. (3 1-50) and (3 1-51) are an 
exact restatement of Maxwell’s equations for waveguides with continuous profiles. This 
restriction follows because we have used the expansions of Eq. (31-46). However, the 
coupled mode equations also apply to discontinuous profiles if we adopt the smoothing 
procedure described in Section 31-10. The coupled mode equations can be solved by 
perturbation analysis, provided n = h,for reasons given in Section 31-10. 


31-12 Physical derivation 

The coupled mode equations of the previous section can be derived intuitively. This 
also provides insight into the physical mechanism of the coupling process. Consider a 
differential section of the perturbed waveguide of length dr, as shown in Fig. 3 1-2, and 
its effect on the fcth forward-propagating bound mode. The z dependence of the fields, 
b k (z) of Eq. (31-45), is expressible as 

b k (z) = a k (z) exp (ip k z), (3 1-52) 

where a k (z) is the modal amplitude and fl k z the phase. The change in b k (z) over the 
section is given by 

d b k (z) = ifi k b k (z) dz + d a k (z) exp(//? t z), (31-53) 

where the first term on the right accounts for the change in phase. The change da t (z) in 
amplitude arises from the nonuniformity and thus all modes contribute to it. To 
determine this contribution, we replace the nonuniformities within the section in 
Fig. 31-2 by the induced current J, discussed in Chapter 22, From Eq. (22-3) we 
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Fig. 31-2 A differential section of a nonuniform waveguide occupies 
the differential volume between transverse planes at z and z + dz. 

have 

/o y/2 

J = il^-j k(n 2 -n z ) E, (31-54) 

where n and n are the profiles of the perturbed and unperturbed waveguides, and E is 
the total electric field of the perturbed waveguide. We then treat J as a source within the 
unperturbed waveguide. The contribution to da k (z) follows from Eq. (31-34) as 

dz f 

da k (z)=~ — ejf • J exp( — i/f k z) dA, (31-55) 

since N k = 1 for the orthonormal fields. If we substitute this result into Eq. (31-53), 
express J in terms of the expansions of Eqs. (31— 45a) and (31— 46a) through Eq. (31-54), 
and recall the coupling coefficients of Eqs. (3 1— 50b) and (3 1— 50c), we arrive at the 
coupled mode equations of Eq. (3 1— 50a). 


LOCAL MODES 

In Chapter 19 we introduced local modes to describe the fields of waveguides with large 
nonuniformities that vary slowly along their length. As an individual local mode is only 
an approximation to the exact fields, it couples power with other local modes as it 
propagates. Our purpose here is to derive the set of coupled equations which 
determines the amplitude of each mode [10]. First, however, we require the 
relationships satisfied by the fields of such waveguides. 


31-13 Fields of z-dependent waveguides 

On a waveguide that is not translationally invariant, the refractive-index profile varies 
with distance z along the waveguide, i.e. n = n(x,y,z). Consequently we can no longer 
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express the exact fields E and H in the separable form of Eq. (30-4). However, we can 
still decompose the fields into transverse and longitudinal components 

E=E, + £ 2 z; H = H t + H . z, (31-56) 

where each component depends on z. The vector operator V is defined by 

V=V, + z d/dz, (31-57) 

where V, is defined in Table 30-1, page 592. Substituting Eq. (31-56) into the source- 
free Maxwell equations of Eq. (30-1) and equating components 


E = J_(^£ 
* kn 2 \ e n 


H,= 


1/2 


ZX 


* V^o 


1/2 


zx 


dH, 

dz 

d A 

dz 




E.= 


‘ / Mo 


kn 2 V e 0 


i n 


— z-(V,x H,), (31-58a) 


■V,£ 2 


H,= 


i / Eo 


k \Mo 


z-(V,x E t ). (3 1— 58b) 


Eliminating longitudinal components and using Eq. (37-27) leads to 


1 f7M l/2 ^ aw, , i 




Mo 


1/2 




dz k 




(3 1— 59a) 
(3 1— 59b) 


where parameters are defined inside the back cover. 


31-14 Coupled local-mode equations 

For convenience we only include bound modes in our derivation; radiation modes are 
readily incorporated by analogy with the coupled mode equations of Section 3 1- 1 1 . We 
express the total transverse field of the perturbed waveguide as an expansion over the 
complete set of forward- and backward-propagating local modes 


E t = L {6j(z) + 6-j(z)}ey(x,y,i?j(z)), (31— 60a) 

j 


H, - I {bj{z)-b-jU)}tyx,y,fi j(z)), (3 1— 60b) 

j 

where ~ denotes orthonormality, and bj (z) describes both the modal amplitude and 
phase dependence, i.e. 


b ±J {z) = a ±J (z) exp < ±i 


Pj (z) dz 


(31-61) 


The local propagation constant is Pj(z), and the fields of each mode satisfy Eq. (31-59) 
at each position z along the fiber, i.e. the implicit dependence of e„ and n,. on z is ignored 
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when differentiating. Thus 


fen 2 IV £ o 


1 j / s 0 


pjzx -Jv.x ( v,x e tJ ) | , {3 1— 62a) 


k l\f*o 


^ ^2xe, + -V t x 




(3 1— 62b) 


The total transverse fields of the waveguide satisfy Eq. (31-59) exactly, so by 
substituting Eq. (31-60) and simplifying with Eq. (31-62) we deduce 


Z\(bj-b-j)zx -if}j(bj + b_j) ZX zx h,. = 0, 


d b : d b. 


(3 1— 63a) 


Xithj + b-jlzx ^ -ipj{bj-b_j )zx e y + + ^) zx e v | = 0. 


(3 1— 63b) 


Local modes are locally orthonormal and thus satisfy Eq. (11-16). We dot multiply Eq. 
(3 1— 63a) with e lk , Eq. (3 1— 63b) with ft, t and integrate over the infinite cross-section, 
Assuming a nonabsorbing waveguide, e {k = e* k , whence 

^jj -iPj{bj + b.j)= -^'Z(b k -b. k ) SjX -2 dA, (31-64a) 


d bj d b. 

dz + dz 


i-ipj(bj-b-j) = W(bk + b- k ) hjX^-MA, (31- 

2 k L dz 


where the subscript t is dropped since only transverse components of the fields 
contribute to the integrals. Adding and subtracting gives [10,11] 
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and Cjj vanishes because it is proportional to the z-derivative of the unit 
normalization. When /c-> — k or j -> — j, we use the field symmetries of Eq. (11-7). 


31-15 Alternative form of the coupling coefficients 


The coupling coefficients of Eq. (3 1— 65c) are expressible in a more compact form, as we 
show here. Combining the field components of Eq. (31-58) and substituting the fields 
for the ;'th forward-propagating local mode of Eq. (19-2), we have 


1/2 

kn 2 ij= V,x hj + i/ijZX h ; , 

( i if. \ 112 „ 

/ 1 — ) khj = V,x ij + ifijix tj, 
\ E o J 



(3 1-6 6a) 
(3 1— 66b) 


ignoring the implicit z-dependence in and fi r We multiply the conjugate of Eq. 
(3 1— 66a) with e k and the conjugate of Eq. (33— 66b) with h k , where prime denotes d/dz, 
and subtract to obtain 


ik 


1/2 





12 

n 2 tj ■ 


K j = e k -V,x fi; -fi k -V,x ef 
+ iPj{ ef* fik — ei}-z. 


(31-67) 


A second equation is obtained from Eq. (31-66) by replacing the subscript j with k , and 
differentiating both equations with respect to z. We then multiply the first equation 
by ej, the second by fi* and subtract to obtain 


-ik 


1/2 





n 2 ef-e' k 




k 




' I ‘dz i {( 2x 


-#y-v t xfii-fiy-v t x^ 

(zx fi* ) - e* } —ifi k {e*x fi k -hjx 


(31-68) 


If we add Eqs. (31-67) and (31-68) and integrate over the infinite cross-section, the 
local-mode orthogonality condition of Eq. (11-16) shows that the terms multiplying 

djS k /dz vanish. Using Eq. (37-28), the four terms involving V, are expressible as 

/» 

V t -{fijx e^-ejx dA. (31-69) 

The two-dimensional divergence theorem of Eq. (37-55) shows that the area integral is 
identical to a line integral at inifinity, and this vanishes since the fields and their 
derivatives decrease to zero exponentially. If we assume the waveguide is nonabsorbing, 
so that e, and fi, may be taken to be real, it follows that [12] 


Cj k — 



k 1 

4 Pj — P k 




(31-70) 


where the coupling coefficient is defined by Eq. (3 1— 65c). 
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31-16 Physical derivation of the coupled equations 

The set of coupled equations for local modes can be derived intuitively, using a 
differential section of the nonuniform fiber [12]. Here we give a brief description of the 
method. A section of fiber of length dz is shown in Fig. 31-2. The j th forward- 
propagating local mode is incident on the section at z with amplitude aj(z). The 
variation in bj(z) of Eq. (31-61) across the section is given by 

dbj = ifijbj dz + dUj exp j i j" /?j(z)dzj. (31-71) 

The first term on the right accounts for the change in phase, and the second term for the 
change in amplitude. To determine the contribution to da,-, we examine the reflected 
and transmitted fields when the /c th forward-propagating local mode is incident on the 
section. 

The total transverse electric field is continuous across the section, i.e. 
E t = E' , where E, is composed of the fields of the k th forward-propagating and all 
backward-propagating local modes at z, while EJ is composed of the fields of all 
forward-propagating local modes at z + dz. Hence 

a k E lk + X = X>;e;„ ( 31 - 72 ) 

i i 

where E denotes the electric field of the orthonormal local mode, including its phase 
dependence, negative subscripts denote backward-propagating local modes and 
E t _, = E„. We cross-multiply with (H})*/2 and integrate over the infinite cross-section. 
The orthonormality condition of Eq. (11-16) leads to 

e of 

aj-jj E t xft)*-zdA + j E,- xft}* •£ d/4, (31-73) 

A x A x 

assuming a nonabsorbing waveguide. To first order in dz, the magnetic field at z + dz is 
related to the field at z by 

„ „ oft; 

ft) = ft, + — ^ dz. (31-74) 

dz 

Substituting into Eq. (31-73) and applying Eq. (11-16) leads to 

a'j = a k D kJ dz + a.j+ Y.a-iD-tjdz; jj=k, (31— 75a) 

J 

a'j = dj(l + Djjdz) + a_j+ YjO-jD-ijdz', j = k, (3 1— 75b) 

( 

where 

If- dft? „ 

- E,.X— ^-zd A; D_ u = £>,. (31-75c) 

2 dz 

A second pair of equations is generated in a similar manner, using continuity of the 
transverse magnetic field, i.e. H, = HJ. The corresponding expression to Eq. (31-72) is 

*ft*-Ifl-|ftu=l4ft.'« 

i i 


(31-76) 
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since H t _ 1 - = - H ti . Using orthonormality and expanding E' in a similar manner to Eq. 
(31-74), we find 


a'j= -a k F kj dz -a-j- Xa_,F_ 0 dz; j + k, (31— 77a) 

I 

a) = (1 — Fjjdz) — ^ fl_,F_,jdz; j = k, (3 1— 77b) 

i 

where 

Fij = * j H, • z d/4 ; F_ w =-F y . (31-77c) 

^00 

By differentiating Eq. (11-16) with respect to z we deduce that D 0 = F jt , and by adding 
corresponding equations in Eqs. (31-75) and (31-77) we find 

= a»(D w -D*)dz + £a_,(D_ y -D,- ( )dz; ; ± fc, (31-78a) 

i 

2a'j = 2cij+ — Dj-i)dz: j = k. (31— 78b) 

From Eqs. (31-61), (3 1— 65c), (31-75c)and (31— 77c) it is readily verified that Eq. (31-78) 
is equivalent to 

( a 'i~ a j) exp ji J ^(z)dz| = |c yt 6 t + XQ-ih-ijdz. (31-79) 

If we sum over k all contributions to a' from every forward-propagating mode, set 
dj — dj — d dj in Eq. (31-71) and divide by dz, we arrive at the coupled equations of Eq. 
(31-65). 
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In Chapter 13 we showed how to construct the fields of bound modes on weakly 
guiding waveguides using simple physical arguments, and then, in Chapter 25, we 
extended the method to include radiation modes. To complement the physical 
approach, we now give the formal mathematical derivation using perturbation theory 
on the vector wave equation. 


VECTOR WAVE EQUATION 

The electric and magnetic fields of a mode of an arbitrary waveguide are expressible in 
the separable forms of Eqs. (11-3) and (11-6) 

E(x, y, z) = e(x, y)exp ( ipz ) = {e t + e z z)exp ( i/Jz ), (32-la) 

H(x, y, z) — h(x, y)exp (ipz) = {h, + h z z} exp (i/?z), (32-lb) 

where (i is the propagation constant, z is the unit vector parallel to the waveguide axis 
and subscripts t and z denote transverse and longitudinal components. We drop the 
modal subscript as only individual modes are considered in this chapter, and assume 

623 
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that e t and h, have components relative to fixed cartesian axes, i.e. 

e t = e x x + e y y\ h t = h x x + h y y, (32-2) 

where x and y are unit vectors parallel to the axes in Fig. 1 1-1 (a). Under this condition e 
obeys the vector wave equation of Eq. ( 1 l-40a), and its transverse component satisfies 
Eq. (30-1 8a) 

{V?+/c 2 n 2 — 0 2 }e t = — V t {e t • V t ln n 2 }, (32-3) 

where n = n(x,y) is the refractive-index profile, k = 2n/l and X is the free-space 
wavelength. The operators are defined in Table 30-1, page 592. All other components 
of e and h are obtained from e, using the relationships in Eq. (30-5). 


Parametric dependence of the fields 

We discussed the parametric dependence of the modal fields in Chapter 1 1, and showed 
that the electric field always depends on the waveguide parameter V and the profile 
height parameter A, both of which are dimensionless. Hence 

e = e(K, A), (32-4) 

where V and A are defined inside the back cover. We emphasize that these parameters 
are taken to be independent of one another. 


32-1 Expansion of the bound-mode fields 

If the waveguide is weakly guiding, there is only a slight variation in its profile and 
A 4, 1. We then assume that we can express the transverse electric field e, as a power 
series in A, treating V and A as independent parameters [1-3]. Thus 

e, ( V, A) = e t + Aej 1 ’ + A 2 ej 2) + . . . , (32-5) 

where superscripts denote the order in A and the coefficient of each order depends only 
on V. The - denotes the solution when A = 0. 

It is convenient to express the vector wave equation in dimensionless form. In terms 
of the profile representation 

n 2 (x,y) = n 2 0 {l — 2A/(x,y)}, (32-6) 

where n Q0 is the maximum index value and / ^ 0, the waveguide and modal parameters 
U and V defined inside the back cover, and a linear dimension p in the waveguide cross- 
section, we can re-express Eq. (32-3) as 


{p 2 Vf+U 2 -K 2 /}e t = -pV t {e,-pV,lnn 2 }. 


(32-7) 


The expansion of U is assumed to be 

U {V, A) = U + AU (1 * + . . . ; U = p(fc 2 n 2 0 — j? 2 ) I/2 , (32-8) 

where U is the value of U when A = 0 and (S is the corresponding propagation constant. 
If we substitute this expansion into the relationship between U and the exact 
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propagation constant p given inside the back cover, express kn co in terms of V and A, 
and make a binomial expansion, then 


P = 


1 


p (2A) 1/2 

V 1 
p (2A) 1/2 


1 — 2A 


I/ 2 V' 2 
V 2 J ’ 


I/ 2 / AV' 


U* + 4U V 2 U 


0 ) 


pV 1 


3/2 


+ 


(32— 9a) 


(32— 9b) 


By making a similar expansion of ft in terms of U through inverting the relationship in 
Eq. (32-8), we find that P and p are related by 


p = P —4 


~PV~ 


3/2 


(32-10) 


correct to order A 3 ' 2 . In the notation of Chapter 13, the first corrections to /j and U are 
denoted by <5/3 and <51/, respectively. Thus we deduce from Eqs. (32-8) and (32-10) 


P^P + dp; = 

U = U + 8U; 5U = 


usu 


-<2A) 


1/2 _ 


4 UU (1) 


pV pV 

l/ n, A= -{pV/U (2A) 1 12 } dp. 


A\3' 2 
2 


To expand the V, In n 1 term in Eq. (32-7), we substitute from Eq. (32-6) 
V, In n 2 = V t In ( 1 -2A /) = -2A V/-2A 2 V,/ 2 ~ . . . . 


(32-1 la) 
(32-1 lb) 

(32-12) 


For the special case of the step profile, when n = n co in the core and n = n ci in the 
cladding, the definition of A inside the back cover leads to 


f = H; V t lnn 2 = — 2A<5s+ . . . , 


(32-13) 


where H is the step function, i.e. H — 0 in the core and H = 1 in the cladding, and <5 is 
the Dirac delta function, which is nonzero only along the interface. The unit outward 
vector s is on the interface in the waveguide cross-section. 


Remaining field components 

Given the transverse electric field e,, the remaining field components are expressible in 
terms of e t through the component equations of Eq. (30-5). If we use the definition of 
the waveguide parameter inside the back cover to express k in terms of V and A, then 


e z = — {p V t • e t + (e< • p V< ) In n 2 }, 




K = — in 


1/2 


(2A) 


1/2 


V 

e 0 y' 2 (2A) 
Mo 


(32— 14a) 
(32-1 4b) 


zx {ppe t fipV,^}, 

— jVpV t xe t ) = ~(pV t -h t ), (32— 14c) 


where p is a characteristic linear dimension in the waveguide cross-section. The terms in 
the expansion of these components are obtained in the following section. 
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32-2 Governing equations for the field expansions 

Here we systematically determine the equations satisfied by the terms in the expansion 
of e t and show how to obtain the corresponding terms in the remaining field 
components. We substitute Eqs. (32-5), (32-8) and (32-12) into Eq. (32-7) and equate 
terms with the same power of A. 


Zeroth order 


To lowest order in A we find that e t satisfies Eq. (32-7) with A = 0, i.e. 

{p 2 V t 2 + U 2 — K 2 /}e, = 0. 


(32-15) 


This is the scalar wave equation with properties discussed in Section 33-1, i.e. e, and its 
first derivatives are everywhere continuous. The lowest-order term in the expansion of 
the transverse magnetic field h t is denoted by h,. If we substitute the expansions of 
Eqs. (32-5) and (32-9) into Eq. (32— 14b) and note that the lowest-order term in the 
expansion of e z is of order A 1/2 , as we show below, then 



(32-16) 


Hence it, also satisfies the scalar wave equation. The corresponding lowest-order terms 
in the expansion of the longitudinal components e z and h z are obtained by substituting 
Eqs. (32-5), (32-9) and (32-12) into Eqs. (32-14a) and (32-14c), and are therefore of 
order A ,/2 . If superscripts denote the order in A, then 




2>/2 

~v 


.2^/eoY' 2 

V U, 


(pV t -e t ); *i 1/2) = - «coMpV t Xe t ). (32-17) 


Unlike the transverse components e, and h,, the longitudinal components are not 
solutions of the scalar wave equation. 


First order 

The first-order correction e t (1) satisfies the inhomogeneous equation in Table 32-1, 
which is obtained by equating powers of A in Eq. (32-7). Likewise the corrections hj 1) , 
e!, 3 ' 2 * and h (2,2) are found by equating powers of A in Eq. (32— 14b) and powers of A 3/2 in 
Eqs. (32— 14a) and (32-14c). 

Summary 

If we put the above results together, the fields of bound modes on weakly guiding 
waveguides have the expansions 

e = e t + A 1/2 e‘ 1/2) z+Ae^’-f A 3/2 e^ 3/2, z+ ..., 
h = h, + A 1/2 /t< 1/2) z + Ah*, 1 ’ + A 3/2 /j* 3/2, z + . 


(32— 18a) 
(32— 1 8b) 
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Table 32-1 Governing equations for modal field expansions. Equations for the 
lowest and first-order transverse electric fields of a weakly guiding waveguide. 
Remaining field components correct to order A 3/2 are given explicitly in terms of the 
solutions of the two equations. 



where e, and ej" satisfy the equations in Table 32-1, and remaining coefficients are 
given explicitly in terms of e, and ej 1 *. An example of this expansion is given in 
Table 12-6, page 260, for the fundamental mode of the step-profile fiber. We discuss the 
propagation constant in Section 32-4, and in later sections we show how to construct 
the modal fields from the solutions of the scalar wave equation. 

32-3 Physical interpretation of the limit A -» 0 

The first terms e, and h, in the expansions of Eq. (32-1 8) are the exact fields only when 
A = 0, or, equivalently, when n co = n d . Although V and A are treated as independent 
parameters in the expansions, the definition of V inside the back cover involves A. 
Consequently, when A = 0, we must set A = 0 so that in the limit A -> 0, A -> 0 the 
waveguide parameter remains finite and arbitrary. When A = 0, Eq. (32-9) requires that 
j? = co, which means that the fields of the n m = n d waveguide are strictly unphysical. 
However, when A and A are small, but nonvanishing, and P is large, but finite, the fields 
and.propagation constants of the n co = n d waveguide are excellent approximations for 
determining the modal fields and propagation constants of the weakly guiding 
waveguide, as we showed in Chapter 13. 

Despite the fact that 6 t is a highly accurate approximation to the exact transverse 
field, some readers may be disturbed that this approximation is based on the unphysical 
model of the n co = n ci waveguide [2], However, this situation is analogous to the well 
accepted point dipole approximation of real physical dipoles. Recall that the 
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electrostatic potential of a dipole can be expressed in terms of two independent 
parameters: the dipole moment p = Qd ; and the separation d between two charges of 
equal and opposite strengths + Q. If d is sufficiently small, then the potential at a field 
point 4>(p,d) = <t>(p, 0), where cf>(p, 0) is the potential of a point dipole, when d = 0. A 
point dipole is unphysical because Q = oc to maintain the finite, but arbitrary, value of 
p. Nevertheless, the fields of a physical dipole, for d 0, are well approximated by those 
of the point dipole, d = 0. The parameters p, d and Q of the dipole play the roles of V, A 
and A -1 , respectively, of the optical waveguide. 

At first sight the scalar wave equation of Eq. (13-8), which is expressed in terms of fi, 
may appear ill-defined when A -» 0 and fi —> oo. However, this equation is identical to 
Eq. (32-15), which is expressed in terms of U. Since fi must lie within the range given 
inside the back cover, we deduce that U must lie within the range 0 ^ C < V. 
Consequently, as A -» 0 and V remains fixed, U remains finite even when A = 0. Thus 
both Eqs. (13-8) and (32-15) are well defined in this limit. 


32-4 Propagation constants 

In Section 32-2 we derived an expansion for the bound-mode fields of weakly guiding 
waveguides. The terms in this expansion depend in turn on the expansion of the modal 
parameter U in Eq. (32-8). Here we show how to find these terms. 


Scalar propagation constant 

The lowest order term U appears in the scalar wave equation of Eq. (32-15). In Section 
33-1 we show that for the scalar wave equation, the solution and its first derivatives 
must be everywhere continuous, and therefore bounded. This leads to an eigenvalue 
equation for the allowable values of U. In general this equation is transcendental and 
must be solved numerically, as is clear from the examples in Chapter 14. Given U, the 
value of the scalar propagation constant fi is obtained from the relationship inside the 
back cover. 

The modal fields depend on the product fiz in Eq. (32-1), where [i is the exact 
propagation constant. Since z can be arbitrarily large, we determine higher-order 
corrections to the scalar propagation constant fi so that our approximate expressions 
for the fields are accurate over finite distances along the waveguide. These corrections 
take into account polarization effects due to the waveguide. 


Relationship between exact and scalar propagation constants 

In order to correct the scalar propagation constant, we first derive a relationship 
between the scalar field 6 t and propagation constant fi, derived from the scalar wave 
equation, and the exact field e t and propagation constant fi derived from the vector 
wave equation. Thus, from Eqs. (32-15) and (32-3) we have 

{V t 2 +fc 2 n 2 — /) 2 }e, = 0, (32- 19a) 

{V t 2 +k 2 n 2 -0 2 }e t = — V t {e t - V, In n 2 }, (32-19b) 

where n = n(x, y ). We dot multiply Eq. (32-19a) with e t , Eq. (32— 19b) with e t , subtract 
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and integrate over the infinite cross-section /4 X to obtain [2] 


P 2 ~P 2 = 


e, • V, { e, • V, Inn 2 } d/4 


e t -e,d/4, 


(32-20) 


J A, I "A , 

where terms involving V 2 vanish. To see this, we transform the area integral over these 
terms into a line integral using the identity of Eq. (37-57) 


{e t -V 2 e t -e t -V 2 e t }d/4 = ® {e,V, -e, -e, V,-e,} -nd/, (32-21) 

J A , Jo 

where / x is the perimeter of and n is the unit outward normal on in the plane of 
/4 X . Because the fields of bound modes and their first derivatives decay exponentially to 
zero at large distances from the waveguide, the line integral vanishes. 

The integrand in the numerator of Eq. (32-20) is of the form e,- V,*?, where *F is a 
scalar function. Using the vector identity of Eq. (37-26), this can be replaced by 
V, •(*Pe t ) — V, -e t . The area integral over V t - (*f'e 1 ) is transformed into a line integral, 
using Eq. (37-55), which vanishes for the same reason that Eq. (32-21) vanishes. If we 
recall the definitions of U and U from the inside the back cover, we finally obtain the 
alternative form 


P 2 -P 2 



L 


(V t *6 t )e t *V, Inn 2 d/4 


e,-e t d/4, 


(32-22) 


which is exact and holds for any profile, step or graded. 


TE mode propagation constants 

We recall from Chapters 11 and 12 that modes with e z = 0 everywhere are TE modes. 
Table 32-1 shows that the term V, -e, in Eq. (32-22) is proportional to e^ 1/2) on weakly 
guiding waveguide. Consequently V, • e, = 0, and the scalar propagation constant is 
identical to the exact propagation constant. This is in keeping with Chapter 12, where 
we showed that the exact TE mode fields are derivable from the scalar wave equation. 


Perturbation correction to the scalar propagation constant 

Here we determine the first correction to /?. This was denoted by dp in Chapter 1 3 and 
was shown to be of order A 3/2 in Eq. (32-1 la). If we rearrange the left side of Eq. (32-22) 
and substitute Eqs. (32-9) and (32-1 la), then to lowest order in A 

P 2 ~P 2 = -Ip-p) (P + P)= -(V/p) (2/A) ll2 dp. (32-23) 

Similarly we substitute Eqs. (32-12)and (32-18a)into the right sideofEq. (32-22)and 
retain only lowest-order terms. On equating with Eq. (32-23) we have 


V-fJ* 

(pV,-«,)e-pV t /d/4 / 

e 2 d/4. 

2 pV j 

/ J 
1 J 

4 


(32-24) 
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The corresponding expression for 5U follows from Eq. (32-1 lb) as 
A 


5U = - 


U 


(P -e t )e t -pV ,/ dA 


e , 2 dA, 


(32-25) 


where U is the solution of the eigenvalue equation for the scalar wave equation. 


Perturbation correction for the step-profile 


In the case of a step-profile waveguide, the V, In n 2 term in Eq. (32-22) is given by the 
weighted delta function of Eq. (32-13), and Eqs. (32-24), (32-25) reduce to 


< 50 = - 


(2A) 1 ' 2 

pV 


u su 


(2A) 3 ' 2 

2V 


(pV,-e t )e t -nd/ 



(32-26) 


where the line integral is along the interface in the waveguide cross-section, and n is the 
unit outward normal on /. 


VECTOR DIRECTION OF THE BOUND-MODE FIELDS 

We showed by physical arguments in Chapter 1 3 and by perturbation methods above 
that the spatial dependence of the transverse electric field e, of a weakly guiding 
waveguide is given approximately by solutions of the scalar wave equation. Since we are 
concerned only with scalar wave equation solutions from hereon, we adopt the notation 
of Chapter 13 and drop the - used in earlier sections of this chapter. In general, e, is a 
linear combination of solutions of the scalar wave equation, each solution having two 
orthogonal polarization states [2], The vector direction e, was found by simple physical 
arguments in Chapter 13; here we show how the direction can be determined by 
perturbation theory, paralleling each of the cases considered in Chapter 1 3. 


32-5 Waveguides with noncircular cross-sections 

When the cross-section of the waveguide is noncircular, there is only one solution of 
the scalar wave equation for each discrete value of the scalar propagation constant 0 in 
Eq. (13-8). The direction of e t , as expressed by Eq. (13-7), then takes the general form 


e, = (ax + fiy)'F, (32-27) 

where a and b are constants. There are two possible values for a/b corresponding to two 
orthogonally polarized modes. We determine these values using a perturbation relation 
for weakly guiding waveguides similar to that of Eq. (32-24). This relation is derived by 
replacing e t by s t in Eq. (32-22), where s, denotes either 'V x or 'V y and *F satisfies Eq. 
(13-8). Thus 


<50 = 


(2A) 


3/2 


2 pV 


(pV t -s t )e t -pV,/dzl 


s t -e t d/l. 


(32-28) 


This expression relates the correction <50 to the scalar propagation constant to the 
correct linear combination in Eq. (32-27). To determine, <50 and the ratio a/b, we 
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generate two equations by substituting for e t from Eq. (32-27) and setting; (i) s, = 'Ex; 
and (ii) s, = 'Ey. This gives, respectively 


a{D xx -Sp} + bD xy = 0 ; aD yx + b { D„ - dp} = 0, 

where the D’s are defined by 

(2A) 3/2 


D„ 


2 pV 


1 


(p V t -'Ep)*Eq-pV t /d/4 


*E 2 dA, 


(32-29) 


(32-30) 


and p, q denote either x or y. Thus Eq. (32-29) is quadratic in a/b with solutions [2] 


Sp = {D yy + D xx ± [(D yy — D xx ) 2 + 4D 2 j,] 1/2 }/2, (32-31a) 

a/b = { D xx — D yy ± \(D yy -D xx ) 2 + 4D 2 xy y 2 }/2D xy , (32-31b) 


where we have set D xy = D yx . 


Proof of the identity D xy = D yx 

The property D xy — D yx follows from the scalar wave equation. We replace e t by "E in 
Eq. (32-15) and define the operator <£ by 

<£'V= {p 2 V 2 +[/ 2 -F 2 /}‘f' = 0. (32-32) 


By differentiating with respect to x and y we obtain, respectively, 

x™ = v 2 ^p; ^=v 2 * d ±. 

ox ox oy 6y 


(32-33) 


If we multiply the first equation by d'P/dy, the second equation by d'V/dx and 
substitute into Eq. (32-30), we deduce that 


D xy ~ D yx 


p 3 ( 2A) 3/2 r f d'V d'V d'V d'V 

2V 3 J, 1 dx 1 dy dy 1 dx 

A i 


dA 


>E 2 dA. (32-34) 
4a x 


By analogy with Eq. (32-21), the right side can be transformed into a line integral which 
vanishes, since *F and its first derivatives decrease exponentially to zero at large 
distances from the waveguide axis, and we obtain the desired result. 

If we substitute the two values of a/b of Eq. (32-3 lb) into Eq. (32-27), and take the 
scalar product of the two expressions for e t , the expression vanishes and consequently 
the two fields are orthogonal. 


Determination of the optical axes 

In Section 13-5 we used physical arguments to show that the transverse electric field 
must be polarized along the optical axes of the weakly guiding waveguide. If x 0 an< l yo 
are unit vectors parallel to the optical axes, then the two polarizations are expressible as 

e^'Pxo; e t ='Py 0 , (32-35) 

where *P is the scalar wave equation solution of Eq. (13-8). If we compare these 
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expressions with Eq. (32-27), we deduce that the directions of the optical axes are given 
by 


x + a+y „ _ x + o_ y 

(l+u 2 + ) 1/2 ’ y ° _ (l+ a 2 _) 1/2 


(32-36) 


wherea+ anda_ denote the values a/b corresponding to the + and — signs on the right 
of Eq. (32-3 lb). Usually these directions are obvious from the symmetries of the 
waveguide. 

The results of this section apply to all fundamental and higher-order modes on 
weakly guiding waveguides of arbitrary cross-section, and parallel the results of 
Sections 13-5 and 13-8 derived by physical arguments. In addition they apply to the 
fundamental modes of fibers with circular cross-sections, discussed in the next section. 


32-6 Fibers with circular cross-sections 

The solutions of the scalar wave equation for a fiber of circular cross-section and 
refractive-index profile n(r) have the separable forms 

4* = F ,(R) cos(l<j>y, 4* = Fi{R) sin(l<p), (32-37) 

where R = r/p, and F,(R) satisfies the ordinary differential equation 

& + i R jR + 0 ‘-W- y 2 H F '-°' pmsi 

as we showed at the beginning of Chapter 14. The profile representation and other 
parameters are defined inside the back cover. 


Fundamental and HE lm modes 

These are the only modes on a circular fiber for which there is a single solution of the 
scalar wave equation given the value of /?, or, equivalently, U, and correspond to / = 0 in 
Eq. (32-37). Consequently, the direction of e, is described by the analysis of the previous 
section. If we set 4* = F 0 (R)i n Eq. (32-30), it is straightforward to show that D xx = D yy 
and D xy = 0. The values of a/b in Eq. (32-3 lb) are then indeterminate, so that e, can be 
taken to be parallel to any pair of orthogonal directions, as we showed in Section 13-4. 


Higher-order modes 

The fiber of circular cross-section is unique because the scalar wave equation has two 
solutions for each value of fl for its higher-order modes, corresponding to Eq. (32-37) 
with l > 1. Thus the direction of e t , as expressed by Eq. (13-7), takes the form 

e, = F ( [{a cos(l<p) + bsm(l<j>)}x + {c cos(/</>) + dsin(/<£)}y], (32-39) 

where a, b, c and d are constants. There are four sets of values for these constants, 
corresponding to two pairs of orthogonally polarized modes. We determine the 
equations for the constants in an analogous manner to Section 32-5. Thus we substitute 
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Eq. (32-39) into Eq. (32-28) and generate four equations corresponding to: (i) 
s, = F, cos (/</>) x; (ii) s, = F, sin (l<p)x; (iii) s, = F,cos(10)y; and (iv) s t = F, sin (/</>) y. If 
the area integrals are expressed in cylindrical polar coordinates (r, <$>), then 
d A = p 1 RdR dcp where R = r/p, and the range of integration is 0 R < oo, 0^0 
< 2n. The tp integration is readily performed and the four equations are, respectively, 


adfl = all +dl 2 ; bSp = bI l -cI 2 , (32-40a) 

cSp = cI 1 -bI 2 ■ ddp = dh+al 2 , (32-40b) 

when / > 1, and when / = 1 we obtain 

2aSp = (3a + d)/ x + (a + 3d)I 2 ; 2b Sp = (b + c)(/j -/ 2 ), (32-40c) 

2 cSp=(b + c)(I 1 -I 2 ); 2ddp = (a + 2d)l l +(la + d)I 2 , (32-40d) 

respectively. The factors /, and I 2 are defined by 


/, = 


(2A) 3/2 


RF,(dF,/dR)(d//dR)dR 


im 


, 3/2 


*00 

F? 

Jo 


(df/dR)dR 


4 pV 


RF } di? 


4 pV 


*00 

RFf 

Jo 


dR 


(32 — 40e) 

The four independent solutions of these equation and the corresponding transverse 
fields in Table 13-1, page 288, are 


e tl : a = — d = l,b = c = 0; e t2 : a = d = 1, f> = c = 0, (32— 41a) 

e t3 : b = c = 1, a = d = 0; e l4 : b = — c = 1, a = d — 0. (32— 41b) 

The corrections dp t to the scalar propagation constant are given in terms of /j and I 2 in 
Table 14-1, page 304. It is clear that e tl and e t3 , and e l2 and e t4 are orthogonally 
polarized pairs of modes. 


32-7 Symmetry properties of higher-order modes on circular fibers 

The combination of solutions of the scalar wave equation for the transverse fields of 
weakly guiding fibers of circular cross-section are given in Table 13-1, page 288. As we 
showed in the previous section, these combinations can be derived using perturbation 
theory. In this section we show how the combinations can be deduced using only 
symmetry arguments [2], We start with the four vector solutions constructed from the 
solutions of the scalar wave equation with the common propagation constant p , and 
denote them by 

e* e = F,(R) cos(/$)x; e xo = F,(R) sin(/0)x, (32-42a) 

e ye = F,(R) cos(/0)y; e yo = F,(R) sin(/0)y, (32-42b) 

where / ^ 1 and F,(R) is the solution of Eq. (32-38). 

A circular fiber is unchanged by rotation about its axis. Hence, if a mode of the fiber is 
rotated in a similar manner, it must remain a mode with the same propagation constant, 
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although not necessarily the same mode. For example, if the field pattern e xe for l = 1 is 
arbitrarily rotated, it will then be represented by a linear combination of all four 
patterns in Fig. 32-1 (a). However, if e xe is to be a modal field of the fiber, all four fields in 
Eq. (32-^12) must have the same corrected propagation constant [i. Since the four 
corrections for / ^ 1 in Table 14-1, page 304, are not all equal, we deduce that none of 
the fields in Eq. (32-42) represents a mode of the fiber. 

To form the correct linear combination, we combine those modes which have the 
same properties under a rotation by 90° and under reflections in the x- and y-axes. It 
may help at this point to consider a specific example, say the / — 1 mode shown in Fig. 
32-1 (b). Thus, e xe is combined with e y0 because one rotates into the other, while e x0 is 
combined with e ye because one rotates into minus the other. Taking symmetric and 
antisymmetric combinations leads to the transverse fields of the four modes of the 
weakly guiding fiber in Table 13-1, page 288. These combinations can be shown to be 
consistent with the symmetry properties of the fiber. The patterns e t2 and e t4 of Fig. 
32-1 (b) are unchanged by reflection in the fiber axis and by rotation through an 
arbitrary angle, consistent with their being modal fields of the fiber. However, under 
arbitrary rotation and reflections e :1 changes into a pattern which is a linear 
combination of e tl and e l3 . Symmetry demands that this new combination is also a 
mode, which in turn requires that e tl and e t3 have identical propagation constants. This 
is evident from Table 14-1, page 304, since 6^ = 5 f) 3 . 



(b) e t] = e xe e yo e t2 = e xe + e yo e t3 = e xo + e ye e t4 = e xo - e ye 

Even HE 25 TM Q] Odd HE 21 TE Q1 


Fig. 32-1 (a) Qualitative representation of the transverse electric fields 

defined in Eq. (32-42), for the / = 1 modes in the core of a circular fiber. 
Shading corresponds to higher field intensity, (b) Combinations of the 
fields in (a) which constitute / = 1 modal fields. Arrows show the 
transverse electric field direction. 
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32-8 Alternative representation for inodes on circular fibers 

Our discussions of weakly guiding circular fibers both in this chapter, and in Chapters 
13 and 14, have tacitly assumed that the combinations in Table 13-1, page 288, form the 
most basic set of modes for describing approximate solutions of the vector wave 
equation. For example, we might have considered the set of four right- and left-handed, 
circularly polarized fields which have the complex forms 

e ta = (x + iy)Fi(R)exp(il<t>); e lb = (x -i'y)F,(R)exp(i7<£), (32-43a) 

e u- = ej; e td = e* b , (32^13b) 

where * denotes complex conjugate, and F,(R) is the real solution of Eq. (32-38). Let us 
now investigate if this even simpler set of fields can be modes of the vector wave 
equation in the weak-guidance approximation. We begin by observing that the modal 
fields of Table 13-1 are related to Eq. (32-43) by 

e tl = Re(eJ; e t2 = Re(e tfc ); e l3 = Im(e t J; e t4 = Im(e l6 ), (32-44) 

where Re and Im denote real and imaginary parts. If each of the fields of Eq. (32-43) is 
an approximate solution of the vector wave equation of Eq. (32-3) with corrected 
propagation constant [i + Sfl h then by equating real parts and imaginary parts, it is clear 
that the real and imaginary parts of each field are also solutions with the same 
propagation constant [!. Thus, in particular, Re (e,J and Im(e t0 ) have the same 
propagation constants for all / ^ 0, corresponding to Sfi, = < 5/? 3 in Table 14-1, page 
304. However, this is generally not true for Re(e l() ) and Im(e tl) ), since for / = 1 the 
corrections <5/J 2 and <5/J 4 for TE 0m and TM 0m modes differ. Consequently, the 
representation of Eq. (32-43) applies to all modes of a circular fiber with the exception 
of the TE 0m and TM 0m modes. In the case of the infinite parabolic profile, we show in 
Table 14-2, page 307, that dji 2 = <5 /? 4 for the / = 1 modes, but not if higher-order 
corrections are included. 


32-9 Fibers with nearly circular cross-sections 

We discussed higher-order modes of fibers with nearly circular cross-sections in Section 
13-9, and showed that the transverse electric field must take the forms given at the 
bottom of Table 13-1, page 288. These forms are in terms of the solutions of the scalar 
wave equation of Eq. (32-37) and unknown constants a+ and a_. When the cross- 
section is exactly circular, the two solutions of Eq. (32-37) have the same propagation 
constant. However, if the cross-section is only near to circular, the two solutions of the 
scalar wave equation have similar but distinct propagation constants /> e and /?„ , as 
discussed in Section 13-8. 

The values of a+ and a_ , and the corrections 5 ^ and Sp 0 to the scalar propagation 
constants /(.and j? 0 , respectively, are directly related. These relationships are found by a 
procedure similar to that of Section 32-5. In Eq. (32-28), we set e, = e tl or e, = e t2 from 
Table 13-1, and generate four equations by setting: (i) S/i = s, = F, cos (/<j>) x; and 
(ii) (>/? = (5/? 0 , s t = F, sin y. Within the approximations made above, it is sufficient to 
take / to be the profile of the circular fiber in calculating V,/ Then, by analogy with the 
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derivation of Eq. (32-40), we obtain 

<5& = 7, +a/ 2 ; ai5/? 0 = 1 2 + al! / > 1, (32-45a) 

2&P t = (3 + a)/, + (1 + 3a)/ 2 ; 2aSp 0 = (3 + a)/ 2 + (1 + 3a)/,, Z = 1, (32-45b) 

where a denotes a+ or a_, and /,, / 2 are defined by Eq. (32-40e). With reference to 
Table 14—1, page 304, the solution of these equations is expressible in terms of the 
corrections dpi and SP 2 for the circular fiber as [2] 

(32-46) 

The corrections for the noncircular fiber are found by substituting a + into Eq. (32-45). 
If we repeat the calculation with e, = e t3 or e, = e t4 , we obtain an identical expression 
for a ± , except that dpi — dp 2 is replaced by Sp 3 —Sp 4 in Eq. (324-6). 

32-10 Higher-order corrections to the modal fields 

For virtually all applications to weakly guiding waveguides in Part II, it is sufficient to 
know the lowest order modal fields e, and h,. These fields with the - omitted were 
discussed at length in the previous five sections. We showed in Section 32-2 that the first 
corrections are the longitudinal fields e /2) and h[ ll2) , which are given explicitly in terms 
of e, and h, in Table 32-1. However, as pointed out in Section 1 3-1 1, for those problems 
in which e[ il2> and h ( 2 ll2) appear important, it is usually true that the first 
order corrections e 1 , 1 ' and h ( t u are also required. The first-order corrections h ( t n , 
e {2l2) and /t ( z 3/2) in Table 32-1 are given explicitly once the solution of the equation for 
e' 1 ’ is known. The correction U a> appearing in this equation is calculated from the 
lowest-order solution using Eqs. (32-1 lb) and (32-25). There are two general methods 
of solution, using either eigenfunction expansions of Green’s functions. 

Eigenfunction solution 

In the eigenfunction approach, the component equations of the equation for ej 1 ’ in the 
x- and y-directions are solved separately by expressing the cartesian components e^ 1 ’ 
and e*, 1 ’ in terms of complete sets of discrete eigenfunctions 'F J - and continuous 
eigenfunctions 'F J ( Q) of the scalar wave equation, where 'F, satisfies Eq. (13-8), Yj(Q) 
satisfies Eq. (25-20) and Q is defined inside the back cover [4], For example, we set 

4 U = I fl/F, + £ P aj(Q)^pQ)dQ, (32-47) 

i i do 

where aj and aj(Q) are amplitude coefficients. This expansion is substituted into the x- 
component equation 

{p 2 v 2 + U 2 - V 2 f} 4 U = 2p 2 ~ { e t • V, /} -2UU < l >e x , (32-48) 

ox 

where e x is the x-component of e t . The amplitude coefficients are then found by using 
the orthogonality properties of the eigenfunctions, discussed in Section 33-2. 
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Green’s function solution 

The solution for e} 11 is given directly in terms of the Green’s function G(r,r') for the 
scalar wave equation, where r and r' are position vectors in the waveguide cross-section 
[5], and 

{ p 2 V 2 + G 2 - V 2 f}G = p 2 5(x-x')5(y-y'), (32-49) 

where S is the Dirac delta function. Hence 

e} 1 ’ = j G(r,r')g(r')d4', (32-50) 

•M, 

where A M is the infinite cross-section, r = (x, y), r' = (x', y'), and g denotes the right side 
of the equation for e ( t u in Table 32-1. 

For certain profiles there are more direct methods for determining ej u . In Table 14-2, 
page 307, the solution for e* 11 is found using separation of variables and the solution of 
ordinary differential equations. For the clad power-law profiles of Section 14-8, we 
show that the solutions of the scalar wave equation are expressible as power-series 
expansions. The cartesian components of ej 1 1 can then be determined as power-series 
expansions [6], 

As we showed in Chapter 1 3, all modes of waveguides with noncircular cross-sections 
and the fundamental modes of circular fibers are uniformly polarized, i.e. the field lines 
form an orthogonal mesh of straight lines over the cross-section. The higher-order field 
corrections account for a slight curvature of the field lines, and the electric and magnetic 
fields will in general no longer be exactly orthogonal. 


VECTOR WAVE EQUATION WITH SOURCES 


When current sources are present within a waveguide, the total fields are related to the 
currents through Maxwell’s equations, or, equivalently, through the inhomogeneous 
vector wave equations. The cartesian components E x , E y and E z of the total electric field 
E satisfy Eq. (30-1 7a) 

{V 2 + fcV}E = — V}E,-V,lnn 2 }— jk 2 J + V^-^2^ j, (32-51) 


where J = J (x,y,z) is the volume current density due to sources, n = n(x,y), V 2 is the 
scalar Laplacian of Eq. (37-36), and remaining quantities are defined inside the back 
cover. We recall from Section 1 1-16 that the terms involving V, In rt 2 are responsible for 
describing the polarization properties of the waveguide. If the waveguide is weakly 
guiding, then the variation in profile is small, and it is intuitive that polarization effects 
are small. The approximate form of Eq. (32-51) in this case is obtained by ignoring all 
terms which involve the derivative of the profile and replacing n by n co on the right side. 
Hence [7] 


{V 2 +k 2 n 2 } E = 



V(V-J) | 

kn io v 


(32-52) 
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This equation ignores all polarization properties of the waveguide, and, apart from the 
spatial dependence of the profile on the left side, is identical to the usual free-space 
description of current sources in which n is replaced by a uniform index [8]. Thus we 
must retain both terms on the right side. We discuss solutions of this equation in the 
following two chapters. 


RADIATION MODES 

We showed how to determine the radiation modes of weakly guiding waveguides in 
Sections 25-9 and 25-10, starting with the transverse electric field e t , which is 
constructed from solutions of the scalar wave equation. However, unlike bound modes, 
the corresponding magnetic field h t of Eq. (25— 23b) does not satisfy the scalar wave 
equation. This means that the orthogonality and normalization of the radiation modes 
differ in form from that of the bound modes in Table 13-2, page 292, as we now 
show. 


32-11 Orthogonality and normalization 


Consider two distinct radiation modes with electric fields e, = ej(Q) and e k = e k (Q'), 
and form the triple scalar product ej xh* -z, where * denotes complex conjugate and z 
is the unit vector parallel to the waveguide axis. This product requires only the 
transverse components of the fields. Thus, if we substitute for h,* using Eq. (25-23b j~and 
rearrange using Eqs. (37-24) and (25-23a), then 

ej Xh k *-z=(^ ~je, J -e* k -~e,/V,e* k J. (32-53) 


We integrate over the infinite cross-section of the waveguide and use the identity in Eq. 
(37-26) to re-express the second term inside the curly brackets. Hence 



e ; xh?- 



P(Q) 

k 



< + ~p 


‘ ' e i; n 


v , *(e ty e* fc ) 


j- d/4. 
(32-54) 


The two-dimensional divergence theorem of Eq. (37-55) shows that the integral over 
the third term inside the curly brackets is identical to a line integral along the perimeter 
of A x . We then ignore this integral for reasons given in Section 31-1. Finally, we use 
Eq. (25-23a) to express V t -e t; in terms of e zJ , whence 


e.xh? -zd A = - 


1 

2 \.Fo 


■m) 


e j(Q)'e*(Q)dA. (32-55) 


Thus the orthogonality condition of Eq. (25-4) reduces to Eq. (25— 24a) for the weakly 
guiding waveguide, and similarly the definition of normalization in Eq. (25-5) is 
replaced by Eq. (25— 24b). 
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In Chapter 11 we presented the fundamental properties of modes of optical 
waveguides. These properties were derived from Maxwell’s equations in Chapters 30 
and 3 1 . Then, for the weakly guiding waveguides discussed in Chapter 1 3, we presented 
simplified expressions for these properties in Chapter 32, as summarized in Table 13-2. 
The corresponding simplification for radiation-mode properties was given in Chapter 
25. There are two ways in which these simplified expressions can be obtained. One way 
is to take the limit A -*• 0 of the exact expressions holding V constant. Alternatively, we 
can recognize from the outset that the transverse electric field e t of a mode of the weakly 
guiding waveguide satisfies the scalar wave equation, and thus derive the modal 
properties by studying properties of the solutions of the scalar wave equation. In this 
chapter we follow the second and more direct approach. We emphasize that the 
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polarization effects due to the waveguide structure, discussed in Chapter 13, are 
neglected here. 


33-1 The scalar wave equation 

We showed in Section 1 3-3 that the cartesian components of the transverse electric field 
are solutions of the scalar wave equation. If *E denotes either component of Eq. (13-7), 
and p is the scalar propagation constant, then 

{V?+/c 2 n 2 (x,y)-/S 2 }¥ = (), (33-1) 

where n ( x , y) is the profile, k — 2n/X, A is the free-space wavelength and Vf is defined in 
Table 30-1, page 592. As we show below, the solution *E of the scalar wave equation and 
its first derivatives are everywhere continuous and are therefore bounded. This leads to 
an eigenvalue equation for the allowed values of p. 


Continuity properties 

The continuity properties of Eq. (33-1) follow by reductio ad absurdum. Suppose *E is 
not continuous, so that somewhere it has a step, or jump in value. The first derivatives 
will then contain a singularity described by the Dirac delta function, and the second 
derivatives will contain the derivative of the delta function. Since the profile n (x, y) 
contains, at most, a step discontinuity, it is clear that Eq. (33-1) cannot be satisfied. 
Consequently T must be continuous. A similar argument is used to prove that the first 
derivatives are also continuous. It is not necessary that the second derivatives be 
continuous. For example, if n(x,y) is a step profile, then at least one of the second 
derivatives of T must be discontinuous. Finally, since e, is constructed from solutions 
of the scalar wave equation, it must have the same continuity properties as T. 


BOUND MODES OF THE SCALAR WAVE EQUATION 

Here we derive the modal properties of weakly guiding waveguides, starting from 
solutions of the scalar wave equation. 


33-2 Orthogonality and normalization 

Let 'Ey and denote two distinct solutions of Eq. (33-1) with propagation constants Pj 
and P k . We assume that the waveguide is nonabsorbing, and, in keeping with the 
convention of Section 11-3, we can then choose 'Ey and 'E l to be real. Hence 

{Vf+kV-/^}' Ey = 0; {V t 2 +/c 2 n 2 -^}'E t = 0, (33-2) 

where n = n(x,y). Multiplying the first equation by the second equation by 'Ey, 
subtracting and integrating over the infinite cross-section yields 


(P]-Pl) 




* A 


d A= {'E k V l 2 'Ey-'EyV t 2 'E k }dA. 


(33-3) 
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The two-dimensional Green's theorem of Eq. (37-58) converts the right side of this 
equation into the line integral 

/» 

C) {V k V,Vj-Vj\V k }.ud l, (33-4) 

J / x 

where is the perimeter of and n is the unit outward vector on L rj in the plane of A x . 
This integral vanishes because the bound-mode solutions and their first derivatives 
decrease exponentially to zero at infinity. Consequently, we deduce from Eq. (33-3) that 
all bound modes of weakly guiding waveguides satisfy 


«F/F k d>l=0; j + k, 

•M* 


(33— 5a) 


which includes backward-propagating modes with propagation constants = — jij 
and /L k = — /3 k , using the convention of Eq. (1 1-4). If e u and e u denote solutions of the 
scalar wave equation constructed from Eq. (13-7) with propagation constants Pj and 
P k , respectively, we can repeat the above proof in vector language and obtain 



(33— 5b) 


We recall from Table 11-1, page 230, that orthogonality of the exact modal fields is 
expressed in terms of the vector product e u x hj • z. The expression for h t in Table 13-1, 
page 288, shows that this product is proportional to e,/e* on a weakly guiding 
waveguide. Since e, is real on a nonabsorbing waveguide, we deduce from Eq. (33-5) 
that, for bound modes, scalar and vector orthogonality are equivalent in the weak- 
guidance approximation. 


Normalization 


It is convenient to describe normalization of solutions of the scalar wave equation in 
terms of the vector normalization N in Table 1 1-1, page 230. By repeating the above 
argument, it follows that 




e x h**zd A 

-T f 

* 


2 \fi 0 / l 


e ( 2 d4. 


(33-6) 


Substituting from Table 13-1, page 288, we deduce that for waveguides of noncircular 
cross-section and for circular fibers 





'EM A; 


N 



rF?(r)dr, 
3 o 


(33-7) 


respectively, for all fundamental and higher -order modes. 
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33-3 Integral expressions for the propagation constant 


In Section 11-13 we showed that the exact propagation constant is given explicitly in 
terms of integrals over the vector modal fields. Here we derive the analogous expression 
for the scalar propagation constant in terms of scalar solutions of the scalar wave 
equation. Starting with Eq. (33-1), we multiply by 4* and integrate over the infinite 
cross-section A x to obtain 


rdd 


= k 2 

J A 


n 2 4* 2 dA + 




(33-8) 


The second integral on the right is transformed, using the two-dimensional form of the 
divergence theorem in Eq. (37-55), and the identity in Eq. (37-26). Thus 


4 , V 1 2 4'd/l = U) T'fV, 4').nd/ - 


(V.T'fd/l, 


(33-9) 


where / x is the perimeter of A x , and n is the unit outward normal on / x in the plane of 
A-j . The line integral vanishes since 4 J and its first derivatives decay exponentially to 
zero at infinity. Combining Eqs. (33-8) and (33-9) then gives 


0 2 = 


{/cV4' 2 -(V l 4') 2 }d,l 


¥ 2 dA, 


(33-10) 


'•A, 


J A, 


where n = n(x,y). This equation is an integral form of the eigenvalue equation for the 
scalar wave equation, discussed in Section 33-1. It is also a stationary expression with 
respect to changes in 4* [1, 2], Further, if we examine the corresponding expression for 
the exact propagation constant in Eq. (31-21), we find that in the weak -guidance limit 
Eq. (33-10) cannot be derived simply by approximating e and h by e, and h, of Table 
13-1, page 288. In other words it is necessary to retain higher-order terms in the 
expansion of Eq. (32-18). 


33-4 Phase and group velocities 

The phase and group velocities of a bound-mode solution of the scalar wave equation 
are defined by 


co 



2nc 

w 


dw 



2nc dX 
a 2 d/f 


(33-11) 


respectively, where the angular frequency co and free-space wavelength X are related 
at the back of the book. We can express i; p in terms of the solution 4* of Eq. (33-1) through 
Eq. (33-10). Here we derive analogous expressions for v g . Alternatively, v g can be found 
by differentiating the scalar wave equation eigenvalue equation. In addition to the 
spatial variation in profile, we allow for material dispersion when n and n vary with 
wavelength, i.e. n = n(X) and /t = /t(A), as explained in Section 31-6. 

We denote the solution of Eq. (33-1) at wavelength X by 4 , (2) and fl(X). Since 
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k = In:/ a, we deduce that 

{ V t 2 + 47i 2 n 2 ( A)/ A 2 } (1) = ^' 2 (/)T(4 (33-12) 

The same solution at wavelength A satisfies 

{V, 2 +47rV(I)/P}T(I) = jS 2 (I)T(X). (33-13) 

We multiply Eq. (33-12) by Tf/), Eq. (33-13) by T ( A), subtract and integrate over the 
infinite cross-section A x to obtain 


{|8 2 (A)-i8 2 (I)} 




-1 {- 


2 (A) n 2 (A) 

A 2 W 


'V(A)'V(A)dA + I, 

(33-14) 


where / is the integral 


{ v P(A)V l 2 4'(A)-4'(A)VfT(A)}dA. 


(33-15) 


This integral is transformed into a line integral at infinity, through the two-dimensional 
Green’s theorem of Eq. (37-58), and vanishes since ¥(A) and T(A) and their first 
derivatives vanish exponentially. If we then divide both sides of Eq. (33-14) by A — A and 
take the limit A -» A we find 



For waveguides with no material dispersion this reduces to 


(33-16) 



n 2v P 2 d/4. 


(33-17) 


In the weak-guidance limit, it is clear from Table 1 3-1, page 288, that the group velocity 
of Eq. (31-31) for the exact fields reduces to Eq. (33-17). 


Derivative of the modal parameter 

It is useful to be able to express the modal derivative d l//d V in terms of the solution of 
the scalar wave equation. This can be obtained by paralleling the derivation of the 
group velocity given above, but starting with Eq. (32-15) instead of Eq. (33-12) and 
assuming a nondispersive medium. In this case U and V, but not /, vary with wavelength, 
and it is straightforward to show that the analogous result to Eq. (33-17) is given by 
d[//dE in Table 13-2, page 292. A detailed derivation can be found elsewhere [3]. 

33-5 Reciprocity relations 

Starting with the scalar wave equation, we can derive a reciprocal relation between 
modes of different waveguides. Let T and )3 be the field and propagation constant of a 





Section 33-5 Modal methods for the scalar wave equation 645 


mode on one weakly guiding waveguide, characterized by refractive-index profile 
n = n(x , y), and let ¥ and /( be the field and propagation constant of a mode on a second 
weakly guiding waveguide, characterized by refractive-index profile n = n(x,y). For 
clarity we omit the - on the scalar propagation constants. Both modes obey the scalar 
wave equation, whence from Eq. (33-1) we have 

{V 2 + k 2 n 2 — /J 2 } 4* = 0; {V 2 +k 2 ii 2 -^ 2 }'P = 0. (33-18) 

We multiply the first equation by 4*, the second equation by 4*, subtract, and integrate 
over the infinite cross-section A x to obtain 


(£ 2 -/? 2 ) 


4 J 4'dy4 = k 2 


(n 2 — n 2 )4'4'dy4 + 


{4'V t 2 4'-4 / V t 2 4'}d/l. 

(33-19) 


Using Eq. (37-58), the second integral on the right is converted into a line integral at 
infinity, which vanishes since 4*, 4 1 and their derivatives decay exponentially to zero for 
bound modes. Hence 


p 2 -J 2 = k 2 


(n 2 — n 2 )4'4'd/l 


T 4'd/l. 


(33-20) 


This expression is the weak-guidance limit of Eq. (31-39), as may be verified by setting 
/J 2 -/? 2 s 2/cn C0 (/J -/5) and substituting for the fields from Table 13-1, page 288. It is 
also stationary with respect to variations in the barred quantities [1, 2], 


Line integral expression 

It is also possible to obtain a relationship between modes of different waveguides in 
terms ofa line integral. To do this, we replace A x in Eq. ( 3 3— 1 9 ) by ^4 ^ ~A p , where A p is 
the cross-sectional area within which n ( x , y) ^ n(x, y). The first integral on the right is 
then zero, and we again convert the second integral on the right into a line integral, as 
above, along f x + / p , where / p is the perimeter of A p . The integral along l x is zero and we 
are left with 


jS 2 -P 2 


{4'V t T'-4'V l T}-nd/ 


4 / 4 / d/4, 


(33-21) 


as may be verified from Eq. (37-58), where n is the unit outward normal on l p in the 
plane of A x . This expression is the weak-guidance limit of Eq. (31—40), as may be 
readily verified. 


33-6 Analytical expressions for propagation constants 

There are few known refractive-index profiles which have closed-form solutions of the 
scalar wave equation, as discussed in Section 14-8, and even fewer profiles which have 
analytical expressions for the propagation constants as well. However, in the case of the 
infinite power-law profiles on circular fibers, we can derive closed-form expressions for 
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the propagation constants, although we cannot obtain closed-form expressions for the 
scalar wave equation solutions, with the exception of the infinite parabolic profile of 
Table 14-2, page 307. These profiles are defined by 

n 2 (R) = n 2 0 {l -2AR’}, R > 0,q > 0, (33-22) 

where R = r/p and the notation is defined inside the back cover. For circular fibers, the 
solutions of Eq. (33-1) are given by Eq. (32-37) in terms of F^R). We substitute Eq. 
(33-22) into Eq. (32-38), whence 

d 2 Id l 2 , ) 

W + R6R~W + U - V R T , = 0 - <33 ~ 23) 


If we make the scaling transformation R -> aR, this becomes [4] 


K . 

1 d 

l 2 

|dR 2 

h RdR 

R 2 


^2+-R^-R2+* 2 U 2 -V 2 a' +2 R< F, = 0. 


(33-24) 


Given / and q, the modal parameter U depends only on the waveguide parameter V, i.e. 
U = U(V). Since the value off/ must be the same in both equations, we deduce that U 
satisfies the functional equation 


aU(V) = U(Va (q + 2>/2 ). 


(33-25) 


This equation has the solution 

U = G F 2/(2 + ,) , 


(33-26) 


where G is a constant that depends on l and q, but is independent of V. We can 
determine G when / = 0 by noting that Eq. (33-26) must hold when V -* oo. In this 
limit, expressions for U are derived in Section 36-8 by using WKB methods. On 
comparing Eqs. (33-26) and (36-19) we obtain G, whence [4] 


U 


T(1 /q + l/2)(q + 2) (2m - \)n' 12 V 2lq ' 
. 2T(1 /q) _ 


I ql(q + 2) 


(33-27) 


where m = 1, 2, . . . labels the modes, as in Table 14-1, page 304. If we express V in 
terms of w and U in terms of /) through the definitions inside the back cover, then the 
corresponding group velocity expression follows from Eq. (33-11). 


= — (q+2) 


2 P , kn a 

£"a> q 


where f) is given through U by Eq. (33-27). 


(33-28) 


RADIATION MODES OF THE SCALAR WAVE EQUATION 

The scalar wave equation has both scalar bound and scalar radiation modes. The bound 
modes are analogous to the elements of a Fourier series, while the radiation modes can 
be viewed as the elements of a Fourier integral. Both are necessary to form a complete 
set of modes for representing an arbitrary field. The radiation modes are characterized 
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by the scalar field ¥ ( Q ) and propagation constant (HQ) which satisfy the scalar wave 
equation 

{ V t 2 + k 2 n 2 (x, y) - £ 2 (Q)} ¥(Q) == 0. (33-29) 

Thus, the discrete values of /? for the bound modes of Eq. (33-1) are replaced by a 
continuum of values for /?(Q). We explained in Chapter 25 why it is more convenient to 
work with the radiation mode parameter Q , which is defined inside the back cover. We 
are also reminded that both the electric and magnetic transverse fields, e, and h,, of the 
vector bound modes of weakly guiding waveguides are solutions of the scalar wave 
equation. However, only e t (0 of the vector radiation modes satisfies the scalar wave 
equation, as we showed in Chapter 25. 


33-7 Orthogonality and normalization 

The continuum of scalar radiation modes satisfying Eq. (33-29) is treated in an 
analogous manner to the vector radiation modes of a waveguide. To determine the 
orthogonality condition, we repeat the derivation of Section 33-2 with ¥j- and ¥ t 
replaced by %(£)) and 'V k (Q')- Then, by paralleling the discussion of Section 31-1, we 
claim that the correct orthogonality properties are obtained by taking the line integral 
in Eq. (33-4) to be zero. Hence 

VjWVtmdA =0, Q + Q'. (33-30) 

•Mx 

Note that this implies orthogonality between identical radiation modes with different 
values of Q, i.e. when j = k. 

We define F j(Q) to be the normalization of each scalar radiation mode, given by 

Fj(Q)S(Q-Q')= j ¥ J (0¥>(Q')d4, (33-31) 

where S is the Dirac delta function. We emphasize that Fj(Q) should not be confused 
with the normalization Nj(Q) for the vector radiation modes defined by Eq. (25-5). In 
general there is no simple relationship between the two expressions. 


33-8 Leaky modes 

The radiation field of the scalar wave equation can be represented by the continuum of 
scalar radiation modes discussed above, or by a discrete summation of scalar leaky 
modes and a space wave. This is clear by analogy with the discussion of vector radiation 
and leaky modes for weakly guiding waveguides in Chapters 25 and 26. Scalar leaky 
modes have solutions ¥ of Eq. (33-1) below their cutoff values when /? becomes 
complex. Many of the properties of bound modes derived in this chapter also apply to 
leaky modes. For example, the orthogonality condition of Eq. (33— 5a) applies to leaky 
modes, provided only that the cross-sectional area A „ is replaced by the complex area 
A' x of Section 24-15 to ensure that the line integral of Eq. (33-4) vanishes. 
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MODAL METHODS FOR Z-INDEPENDENT 
NONUNIFORMITIES 

When the complete set of solutions of the scalar wave equation are known for one 
waveguide, they can be used to represent a scalar mode of any other waveguide. The 
second waveguide represents a translationally invariant, or z-independent, perturb- 
ation of the first waveguide. This is a particularly useful representation when the two 
waveguides differ only slightly. 


33-9 Modal fields and propagation constants 


Let 'Ey and fij be the unknown field and the propagation constant of the j th mode of the 
second waveguide, whose refractive-index profile is n(x, y). We express 'Ey as an 
eigenfunction expansion over the complete set of bound solutions ¥ k and radiation 
solutions ¥ k (0 of the first waveguide with profile n(x,y). Hence 


%(*> y) = y)+ 

k 



a k (Q)^k (*. y, Q)d6, 


(33-32) 


where a k and a k (Q) are modal amplitudes to be determined, and ¥ k , ¥ k (Q) satisfy 
Eqs. (33-1), (33-29), respectively, with n and ft replaced by n and /l. For clarity we omit 
the - on scalar quantities. We substitute Eq. (33-32) into Eq. (33-20) and set ¥ = ¥ Jt 
¥ = ¥ k , fi — Pj and ft = Ji k . Using the orthogonality conditions of Eqs. (33— 5a) and 
(33-30) we find that 


a k 


k 2 1 f 


(n 2 — ij 2 )¥y¥ k d/4, 


a k (Q )■ 


Pl-$UQ)F. 


at 


(/i 2 -n 2 )¥ j ¥ k (0d A, 


where F k and F k (Q) are scalar normalizations defined by 


(33— 33a) 
(33— 33b) 


F k = 


h ' ¥2kdA '’ 


F t {Q)W-Q') 




(33— 33c) 


and d is the Dirac delta function. To fully determine the modal amplitudes, we need 
an equation for )5y. Following the discussion of Section 3 1-9, this condition is provided 
by Eq. (33-10) and leads to an infinite set of nonlinear coupled equations. Although 
there is no general solution to this set of equations, a perturbation solution is possible 
when the waveguides are similar. 


33-10 Slightly perturbed waveguides 

The procedure described in the previous section is formally exact, but does not lead to 
explicit expressions for ¥, and fij. However, when the second waveguide is only a slight 
perturbation of the first waveguide, we can obtain a solution of Eq. (33-33) by iteration. 
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To lowest order it is clear that 


VjSl'Vj; (33-34) 

and consequently ctj = 1 in Eq. (33-32). The next order corrections are found by setting 
Pj = P } and Vj = 'Vj in Eq. (33-33), and p = pj, p = Pj, ¥ = ? = in Eq. (33-20). 
Elence 


a k 


k 2 1 

Pj-Plh 



-n 2 )'¥ j '¥ l dA; 



(n 2 — n 2 )'Pj dA, 

(33-35) 


together with an analogous expression for a k {Q). This method has been used to 
determine the modes of a slightly elliptical fiber in terms of the modes of a circular fiber. 
Details are given elsewhere [5], 


MODAL METHODS FOR Z-DEPENDENT 
NONUNIFORMITIES 

When a waveguide has nonuniformities which vary with distance z along its length, 
propagation can be described by a set of coupled equations based on the complete set of 
modes of the scalar wave equation. This description ignores all polarization properties 
of the waveguide, and is equivalent to the total transverse electric field remaining 
parallel to a fixed direction. Here we show how to derive this set of equations, starting 
from the scalar wave equation. 


33-11 Coupled mode equations 

Let n(x, y) and n(x, y, z) be the refractive-index profiles of the uniform and nonuniform 
waveguides. Within the weak-guidance approximation, the field <t>(x, y, z) of the 
nonuniform waveguide satisfies the three-dimensional scalar wave equation, which is 
expressible as 

8 2 1 

V 2 + k 2 n 2 (x, z) + ^2 ^ <t> = 0, (33-36) 

where Vj is defined in Table 30-1, page 592, k = 27t/A and A is the free-space 
wavelength. We express 4> as a summation over the complete set of scalar bound and 
radiation modes 

® = I«,(z)%(*,>')+I \ a l (z,Q)'¥ I (x,y,Q)dQ, (33-37) 

i i J o 

where a,(z) and n,( z >2) contain all the z dependence for both the forward- and 
backward-propagating modes, and 'E, and 'Ej(2) satisfy Eqs. (33-1) and (33-29) 

{ V t 2 + k 2 n 2 (x, y) - pj } % = 0; { V? + k 2 n 2 (x, y) - p f «?)} % (Q) = 0. 

(33-38) 

For clarity we omit the - from the scalar quantities. We substitute Eq. (33-37) into 
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Eq. (33-36) and use Eq. (33-38) to eliminate terms in V, 2 *F,. Multiplying by 4** and 
integrating over the infinite cross-section, we deduce from the orthogonality condition 
of Eq. (33— 5a) that 

d ~i + l<ta k = i'l |d w u, + j * D kl (Q)a,(Q)dQ^, (33-39a) 


together with an analogous expression for a k (Q). The D kl and D kl (Q ) are coupling 
coefficients defined by 


D, 


, = ik 2 

Ja 


(n 2 -n 2 )^ k ffijd/l 


Ti dA, 


(33— 39b) 


where D kl (Q) is defined by the same expression with "E, (g) replacing ¥,. Thus the 
coefficients are functions of z. Once the solution for a k is known, the amplitudes d k and 
of the forward- and backward-propagating modes are determined by examining 
the z dependence of a k in the relationship 


a k = d k exp (ifi k z) + d. k exp ( -i/J k z). (33-40) 


It may be helpful to refer to the analogous procedure below Eq. (33-63), where the 
modal amplitudes due to current sources are determined. 


Relationship with coupled mode equations for arbitrary waveguides 

In Section 31-11 we derived sets of coupled mode equations to describe propagation 
along arbitrary waveguides with nonuniformities, based on the exact modes of a 
uniform waveguide. If we examine the weak-guidance limit of these equations, it is clear 
that, for example, Eq. (3 1— 50a) is unchanged, but the coupling coefficients of 
Eqs. (3 1— 50b) and (3 1— 50c) are modified. We ignore terms in e zk , which are of higher 
order than terms in e [k , and, allowing for orthonormalization through Table 1 1-1, page 
230, and Eq. (33-7), we deduce that 


C kl = D kl /(2iknJ ; C kl (Q) D u (Q)/(2ikn m ). (33-41) 

The next step is to differentiate Eq. (31-50a) with respect to z and, in the resulting 
expression, use Eq. (3 1— 50a) to express db k /dz in terms of b k . If, for simplicity, we omit 
coupling to the radiation modes, then we have 


d 2 b k 

dz 2 


+ Plb k = 


X = 


l 



( 6 / + 6 - ( ) 


dC kl 

dz 


+ c kl 


db, db.,\ ] 
dz dz J [ 


(33— 42a) 
(33— 12b) 


since C k _, = C u in the weak-guidance limit. We derive a second equation, similarly, 
starting with the equation corresponding to Eq. (31— 50a) for 6_ k , and obtain 

d ^ + Plb. k = IQ, (6, + 6 (33—13) 


since C_ w = Q_, = C kl . In the weak-guidance limit p k = kn co . Consequently, if we add 
Eqs. (33— 12a) and (33—13) with on the right replaced by kn co , set a k = b k +6- k , and 
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substitute from Eq. (33-41), then 

~T + Plak = -2kn co Y j C u a l = (33-44) 

az , i 

which is identical to Eq. (33— 39a). 


LOCAL MODES 

Local modes were introduced in Chapter 28 to simplify the description of propagation 
on waveguides with large nonuniformities which vary slowly along their length. We 
derived the coupled local-mode equation for arbitrary waveguides in Section 31-14. 
Here we derive the coupled equations for local modes of the scalar wave equation. As in 
Section 33-11, our derivation ignores all polarization properties of the waveguide. 


33-12 Coupled local-mode equations 

On a weakly guiding, nonuniform waveguide the total scalar field <t>(x , y, z) satisfies the 
three-dimensional scalar wave equation, as expressed by Eq. (33-36). We express as a 
summation over orthonormal local modes 


® = la k $ k = l i a k { Z )'¥ k (x,y,p k {z)) I V 2 k (x, y, p k (z))dA J^, (33-45) 

which implicitly includes radiation modes. The a k (z) include the z-dependence of both 
the forward- and backward-propagating modes. By analogy with the discussion in 
Section 19-1, the scalar local-mode field satisfies the two-dimensional wave 
equation at each position z along the waveguide 

{ V t 2 + k 2 n 2 (x, y, z) - p\ (z)}4\ = 0, (33-46) 


where n(x, y, z ) is the refractive-index profile of the nonuniform waveguide, and we 
have omitted the - on scalar quantities. We substitute Eq. (33-45) into Eq. (33-36) and 
use Eq. (33-46) to eliminate terms in 'V 2 '¥ k . Thus the resulting expression becomes 



+ Pk a k 


'Vk 



2 

dz 8z 


+ a k 


e 2 ^ k 

dz 2 


(33-47) 


We multiply by 'r J , integrate over the infinite cross-section and apply the orthogonality 
condition of Eq. (33— 5a), which is valid at each position z along the waveguide. Hence 


d 2 aj- 

d?~ 


, f d u k 

+ P j Oj = Yj + 


where the D Jk and E jk are coupling coefficients defined by 


D. 


3% 


Ej k — 


1 

XJ 


V, 


d 2 V k 


dz 2 


X = 


'VjdA 


) 1/2 

^dAj , 


(33-48a) 


(33— 48b) 
(33-48c) 
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and are therefore functions of z. Like the solution of the coupled mode equations of 
Eq. (33— 39a), once the solution a, of Eq. (33— 48a) is known, the amplitudes d k and d- k 
of the forward- and backward-propagating local modes are determined from the 
relationship 


dj = djt \ p 


Pj(z)dz > +d_jexp 



(33-49) 


by examining the z-dependence of aj. 


Relationship with the coupled local-mode equations for 
arbitrary waveguides 

We derived the set of coupled local-mode equations for arbitrary waveguides in 
Section 31-14. In the weak -guidance approximation, the modal fields in the coupling 
coefficients of Eq. (3 1— 65c) have only transverse components. If we use Table 13-1, 
page 288, to relate these components to the corresponding normalized solutions of the 
scalar wave equation of Eq. (33^15), we find with the help of Eq. (33— 48b) that 


Cjk = -C-j- k = DjJ 2; Cj—k = C„ Jk 2 0. (33-50) 

By analogy with Eqs. (33-42) and (33^13), the weak-guidance limit of the coupled local- 
mode equations of Eq. (31-65) is expressible as 


where 


< ^-+Pjbj = ip J Y,C Jk b k +x + , 
-^r+Plb-j= —iPjY,C jk b- k + x_, 




d C Jk 
dz 


+ C; 1 


d b± k 

dz 


± ib 


±j dz ' 


(33— 51a) 
(33-5 lb) 

(33-5 lc) 


In the weak-guidance limit, P J = kn co = V/p( 2A) I/2 , and thus /(,•-> oo as A->0. 
Furthermore, we deduce from Eq. (31-61) that to lowest order dh ±k /dz = ± i/3 k b ±k . 
Consequently, the right side of Eqs. (33-5 la) and (33-5 lb) are dominated by the first 
term in and by the term d b ±k /dz in the definition of x+ ■ Accordingly, if we neglect the 
remaining terms, add Eqs. (33— 51a) and (33—5 1 b), and set a ; - = bj + b^j, then 

+ Pj a j= ikn co X D jk(b k -b- k ). (33-52) 


We deduce from Eqs. (33^49) and (31-61) that da k /dz = ifl k (b k — b„ k ) in the limit 
A -» 0. Since p k = kn co for all modes, we deduce that Eqs. (33-52) and (33^18a) are 
equivalent. 


3T-13 Alternative form for the coupling coefficients 

Here we parallel Section 31-15 and derive an alternative form for the scalar coupling 
coefficients of Eq. (33^48). We differentiate Eq. (33^16) for with respect to z and 



Section 33-13 Modal methods for the scalar wave equation 653 


obtain 


{V 2 +k 2 n 2_p2 } 


dz 


\ k 2 en2 d Pl) 

(_ dz dz J 


^ = 0. 


(33-53) 


We multiply this equation by Eq. (33-46) by d'Vj/d z and subtract to give 


d'Vj. 

dz 


d'f. 


vf (* 2 » 2 - PI ) - % 


d't', 


dz 


Wt 

dz 


= , k 2 d ” 2 


4' J 'E l . (33- 54a) 


dz dz 

A second equation is generated by reversing the roles of 'Vj and T*,., giving 


S'i’k , , dT: 

iV 2 l E. — >E V 2 l 

dz ' 1 “ ‘ dz 


+ (k 


, [ d'E: 


= <k 


,dn 2 dp 2 
dz dz 


v I' J v I' k . 


(33— 54b) 


We add the two equations and integrate over the infinite cross-section A x ,. Terms 
involving Vf are transformed into a line integral along the perimeter of A x , by using 
Green’s identity of Eq. (37-58). This integral vanishes since 'E J - and *Ei and their first 
derivatives are exponentially small at large distances from the waveguide. The 
orthogonality condition of Eq. (33- 5a) shows that terms in dP 2 /dz and dpj/dz vanish, 
since j ± k. Rearranging the remaining terms and recalling Eq. (33-50) we deduce 


C jk — 


P) -Pi 


I A* 


dn 2 1 


2 »co Pj-Pt y 


dn 2 

— 'E^'E.dA, (33-55) 


since Pj + p k = 2kn c0 when A <£ 1. This expression is identical to the weak -guidance 
limit of the coupling coefficient of Eq. (31-70) if we allow for the orthonormality of 
Table 11-1, page 230, and the normalization of Eq. (33-7). 


MODE EXCITATION BY CURRENT SOURCES 

In Chapter 32 we derived the governing equation which relates the total electric field E 
of a weakly guiding waveguide to current sources of density J within the waveguide. 
Using the waveguide parameter definition inside the back cover, Eq. (32-52) is 
expressible as 

{V 2 +k 2 n 2 (x,y)}E= { J +~pV(p\- J)j, (33-56) 

where V 2 is defined by Eq. (37-36), k = 2n/X, X is the free-space wavelength and E is 
referred to cartesian components. In considering the excitation of bound modes, we 
ignore the second term inside the curly brackets on the right, regardless of how rapidly 



654 Optical Waveguide Theory 

J may vary, by taking A to be sufficiently small. The transverse fields of the weakly 
guiding waveguide are specified once we know the solution of Eq. (33-56) for E t . This 
solution involves only the transverse current distribution J t . The longitudinal current 
distribution J. is related to E t through the longitudinal field E z , which involves higher- 
order effects not considered here. Accordingly Eq. (33-56) reduces to 

{ V 2 + k 2 rr (x, y)} E t = -ik(n 0 /£ 0 ) 1 , 2 J,. (33-57) 

As all polarization effects due to the waveguide are ignored, we can decompose E, into 
cartesian components and solve the two inhomogeneous wave equations for these 
components separately. 

Determination of the scalar fields 

Let <t> (jc, y, z) and J (x, y, z) denote either E x and J x or E y and J y in the component 
equations of Eq. (33-57). Then by analogy with Eq. (33-36), the equation for <I> may be 
written as 

V 2 +fc 2 /t 2 (x, y)+ ^|<l> = — ik^~^j J. (33-58) 

We expand ® over the complete set of scalar bound modes 

$ = Zfo^z) exp(‘P k z) + a- k (z)exp(-ip k z)}'i l k = Y J A k (z)'i‘ k , (33-59) 

k k 

where a k (z) and a- k (z) are the z-dependent amplitudes of the kth forward- and 
backward-propagating modes, respectively, and A k (z) denotes all the z dependence 
associated with The scalar radiation modes are omitted for simplicity. Each scalar 
function '¥ k satisfies 

{V, 2 + k 2 n 2 (x, y) — (S k }'¥ k = 0. (33-60) 

Substituting Eq. (33-59) into Eq. (33-58) and using Eq. (33-60) to eliminate terms in 
V , 2 '¥ k leads to 

We multiply by 'Vj, integrate over the infinite cross-section and use the orthogonality 
condition of Eq. (33— 5a). This leads to 

^+#^ = 0 ,.; 0 ,.= VjJdAj^ VjdA, (33-62) 

where g 3 is a function of z. This is an inhomogeneous, second-order, ordinary 
differential equation which can be solved by standard techniques, such as variation of 
parameters. The solution is 

a j= 0 J (f)exp{tj?;(z-t)}dt+ gj{t)exp{ipj(t-z)}dt 

■ Pj L J 2 , J 2 



(33-63) 
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where z, and z 2 are constants. We assume that the current distribution occupies the 
volume between cross-sectional planes z = z x and z = z 2 of the waveguide in 
Fig. 31-1. Consequently by comparing Eqs. (33-63) and (33-59) we deduce that the 
amplitude coefficients are given by 


Oj = 0; 


Z 4: Z x , 

(33— 64a) 

i 

P Z 

9j(t)exp(-iPjt)dt; 

2 i 

Zi Z ^ z 2 , 

(33— 64b) 

i 

= 

-2 

0 j(Oexp( — ipjt)dt-. 

Z Z 2 , 

(33— 64c) 

for forward-traveling modes, and for backward traveling 

modes, by 


2/iJ 

%2 1 

ffj(«)exp (ipjt)df. 

Z ^ Zj, 

(33-6 5a) 

i 

= 

J" gj(t)exp (ipjt)dt; 

Zi ^ Z ^ Z 2 , 

(33— 65b) 

= 0; 


Z > Z 2 , 

(33— 65c) 


where g } is defined in Eq. (33-62). The corresponding expressions for the modes of 
arbitrary waveguides are given by Eqs. (3 1-35) and (3 1-36). If we take the limit A -> 0 of 
these expressions and substitute for the normalization from Eq. (33-7), they reduce to 
the above expressions since (S i = kn co and 4L is assumed to be real. 
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In the previous three chapters we described the solution of Maxwell’s equations for the 
total electromagnetic field of arbitrary and weakly guiding fibers in terms of the bound 
and radiation modes of the fiber. The need to use a superposition of all these modes is 
not always the most straightforward procedure, particularly in the case of single-mode 
fibers when only the fundamental mode is of interest. Here we provide background 
information on the alternative method of Green's functions [1-3] to supplement their 
application to the perturbation problems of Chapter 18 and to the radiation problems 
for the current sources of Chapter 21. In the latter, the method is equivalent to first 
calculating the fields due to a single point current dipole and then constructing the fields 
of the current distribution by superposition. For an arbitrary distribution, however, 
this may be no easier than using an eigenfunction expansion. In other words, the 
advantages in using either Green’s functions or eigenfunction expansions depends on 
the particular problem in question. 


FIELDS OF ARBITRARY CURRENT DISTRIBUTIONS 

In Chapter 31, we used the reciprocity theorem of Maxwell’s equations to express the 
amplitudes of the modes of an arbitrary fiber in terms of a prescribed current 
distribution. We now use this theorem to show how the total fields due to this 
distribution can be constructed by linearly superposing the fields of point current 
dipoles. 
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34-1 Derivation from the reciprocity theorem 

Consider two distinct electromagnetic situations within a fiber. In the first situation, an 
arbitrary current distribution J gives rise to electric and magnetic fields Eand H, and in 
the second situation, a point current dipole J results in fields E and H. All six 
electromagnetic quantities include the implicit time dependence exp ( — icor ). The 
arbitrary location and orientation of the dipole is expressed by 

J = <5{r - r') { J x \ + J y y + J z z}, (34-1) 

where J x , J y , J. are arbitrary, r' and r are position vectors for the field point and dipole, 
respectively, the x,*y, zare unit vectors parallel to cartesian axes with the z-axis along the 
fiber axis and 5 is the Dirac delta function. We relate the two situations by the three- 
dimensional form of the conjugated reciprocity theorem. Assuming the fiber is 
nonabsorbing, so that its profile n is real, and substituting Eq. (34-1 ) into Eq. (31-3), we 
obtain 

V-F c = — (E*-J + E-J*), (34-2) 

where * denotes complex conjugate, n — n and F c is defined by Eq. (31-1). If we 
integrate over r'-space and apply the divergence theorem of Eq. (37-55), the left side is 
transformed into a surface integral at infinity, which vanishes as the fields in F c 
disappear sufficiently rapidly for |r'| -> oc. Thus we are left with 

E x 7* + E y J* + Ej* = - | E*(r,r')-J(r')d*7 (34-3) 

where the left side is evaluated at r' = r and Y" is the volume occupied by current 
sources. The component E x is found by setting J x = 1 , J y = J. = 0, so that E is the field 
at position r due to an x-directed dipole of unit strength at position r'. A similar 
procedure applies to £,,and E z , and by setting E = E x x + £,,y + E.% we finally obtain 

(34-4) 

where E is called the dyadic Green’s function, and the: indicates the dyadic product 
defined below. It is clear that E has nine components to distinguish the contributions to 
each component of E from the x-, y-, and z-directed dipoles of strengths J x , J y and J z at 
position r'. If E xx , E xy and E xz are the components of E which denote the total 
contributions to E x from the J x , J y and J, components of the source, respectively, then 

E x = - j (E* xx J x + E* xy J y + E* xz J z )dr\ (34-5) 

together with similar expressions for E y and £ z . 

Calculation of the current dipole fields 

Once the fields of the point dipole within the fiber are known, the electric field due to the 
prescribed current distribution is determined from Eq. (34-4), and the corresponding 
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magnetic field follows from Eq. (30-la). To determine the dipole fields, we could use a 
modal expansion, such as Eq. (31-32), and evaluate the modal amplitudes from Eqs. 
(31-35) to (31-37). This is carried out in Section 25-14 for an on-axis dipole. However, 
it would be simpler to determine the fields of the current distribution directly using the 
same modal expansion. Alternatively, we could solve the inhomogeneous vector wave 
equation of Eq. (30-13a) with J given by Eq. (34-1), but, in general, solution of this 
equation is complicated because of coupling between components of the electric field 
due to the V, In n 2 term. The problem becomes tractable for the step-profile fiber since 
the V, Inn 2 term vanishes everywhere except at the interface, and Eq. (30-13) can be 
solved in terms of the longitudinal field components as explained in Section 11-15. 
Even in this special case the derivation of the dipole fields and the total fields is 
cumbersome [4], 

The above discussion relates to fibers of arbitrary profiles. If we restrict attention to 
weakly guiding fibers, the Green’s function approach can be greatly simplified. To 
appreciate this simplification, we first set up the vector potential representation for the 
fields of arbitrary profile fibers and then specialize it to weakly guiding fibers. 


34-2 Vector potential representation for arbitrary fibers 

The solution of Maxwell’s equations for the total fields of an arbitrary profile fiber can 
be expressed in terms of the familiar vector potential A, taken within the Lorentz gauge. 
The standard derivation of this representation assumes a uniform medium [5, 6], but it 
is readily modified as follows to account for the graded medium of the fiber. 

Regardless of profile variation, the divergence condition 'of Eq. (30-lb) for the 
magnetic field is satisfied by setting 

H = (1/mo)VxA, (34-6) 

where n is the free-space permeability. Substituting into Eq. (30-la) gives 

VxE= {i7c/6r 0 £ 0 ) 1/2 }VxA, (34-7) 

which has the general solution 

E = ikA/(fi 0 £ 0 ) 112 + V/, (34-8) 

where x is an arbitrary scalar function of position, and E, H, A and x contain the implicit 
time dependence exp (—fait). The angular frequency a> is related to the other 
parameters inside the back cover. We substitute Eqs. (34-6) and (34-8) into the second 
Maxwell equation in Eq. (30-la) and use the vector indentity of Eq. (37-30) to obtain 

{V 2 + k 2 n 2 }A = \ (\ • A) — n 0 J + ikn 2 (fi 0 e o y 12 V/, (34-9) 

where n = n(x, y) is the fiber profile. The components of A are referred to fixed cartesian 
directions, so that we can replace the vector Laplacian V 2 by the scalar Laplacian, as 
explained in Section 30-6. If we now choose 

X = i(\-A)/{kn 2 (fi 0 e 0 ) 112 }, (34-10) 

then Eq. (34-9) is replaced by 


{V 2 + k 2 n 2 }A = — n 0 3 + (V- A)V t ln n 2 . 


(34-11) 
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The electric field follows from Eqs. (34-8) and (34-10) as 

(34-12) 

When the profile is everywhere constant, Eqs. (34-1 1 ) and (34-12) reduce to the familiar 
results for a uniform medium [5, 6]. 

34-3 Vector potential representation for weakly guiding fibers 

When the fiber is weakly guiding, the vector potential representation of its fields is 
considerably simplified, since we can ignore all terms involving V,lnn 2 for reasons 
given below Eq. (32-51). Consequently Eqs. (34-6) and (34-12) are replaced by 
[7] 

(34-13) 

and from Eq. (34-11) the cartesian components of A satisfy 

(34-14) 

We have set n = n cl in Eq. (34-13) to be consistent with the ‘free-space’ approximation 
of the following section. These equations now differ from the standard equations for a 
uniform medium [5, 6], only in the dependence of A on the fiber profile in the left side 
of Eq. (34-14). 

Solution for the vector potential 

Each cartesian component of the vector potential satisfies a scalar equation. Hence, the 
solution of Eq. (34-14) for each component is expressible in terms of the same scalar 
Green’s function, and by superposition this leads to 

(34-15) 

where f^'is the volume occupied by current sources, and r and r' are the position vectors 
of the field point and source, respectively. The Green's function is given by the solution 
to 

{V 2 + k 2 n 2 }G(i, r') = — <5(r — r'), (34-16) 

with appropriate boundary conditions, where S is the Dirac delta function. 

We are principally interested in determining only the radiation, or far field. As 
explained in Section 21-8, radiation from sources within weakly guiding fibers is nearly 
identical to radiation in ‘free space’, i.e. in an unbounded medium of uniform refractive 
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index n d . Accordingly we first solve Eq. (34-16) with n = n d everywhere and then 
correct for the presence of the fiber. 


34-4 ‘Free-space’ Green’s function 


In a medium of uniform refractive index n cl , the solution of Eq. (34-1 6) is well known to 
be [1-3] 


G(r,r') = 


exp{ikn cl |r — r'|} 
4n | r — r' | 


(34-17) 


where |r — r'| is the distance between the field point and the source position. If we 
restrict attention to the far field, then |r| f> |r'|, and by using the identity 


|r — r'| = {s 2 + s' 2 — 2ss'cos^} 1/2 (34-18) 

to expand Eq. (34-17), where s = |r|, s' — |r'| and x is the angle between r and r', as in 
Fig. 21-4(b), the dominant terms are [7] 


G (r, r' ) = — exp { - iks'n d cos *}. 
4ns 


(34-19) 


Substitution into Eq. (34-15) leads to the far-field expression for A, as expressed by Eq. 
(21-20). Furthermore, sufficiently far from all currents where s $> s', we deduce from 
Eq. (34-19) that V = ikn d r, where f is the unit vector parallel to r in Fig. 21— 4(a). 
Consequently Eqs. (21-18) and (21-19) follow from Eq. (21-16) and the definition of 
the Poynting vector S = [Re(ExH*), where Re denotes real part and * complex 
conjugate. 


34-5 Tubular sources within weakly guiding fibers 

Having set up the formalism for the calculation of ‘free-space’ radiation from current 
sources, we now account for the effect of the fiber on the radiation fields. We could 
proceed by solving Eq. (34-16) for a given profile, which leads to the fields through Eqs. 
(34-15) and (34-13). However, rather than superpose the far fields of point sources, we 
prefer to determine the Green’s function for the tubular source introduced in Section 
21-6 and illustrated in Fig. 21-3 [7], The advantage of the tubular source is that it has 
the same geometrical symmetry as the circular fiber. Furthermore, an arbitrary current 
source can be described either by a distribution of dipoles or by a complete set of 
tubular sources. Here we examine the latter approach. 


Arbitrary source distributions 

The current distribution carried by a tubular source is defined by Eq. (21-12) in the 
notation of Fig. 21-3 to be 

J = n g(z)— —cos l{(j> — (j> 0 )\ —L^z^L, 

2nr 0 


(34-20) 
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where 2 L is the length of fiber occupied by the distribution and l is a positive integer or 
zero. For convenience we assume the unit vector n is parallel to a fixed direction. We can 
express an arbitrary current distribution as a superposition of tubular sources through 
integrations over r 0 , <p 0 and a summation over l. To account for the longitudinal 
dependence expressed by g(z), we Fourier transform the current distribution, vector 
potential and fields with respect to the propagation constant /? of the fiber. If subscript / 
denotes a particular tube, then for example 


E,exp (i/Jz)d/J, (34-21) 

where - denotes the transform. The transform variables are related to one another by 
the transform of Eq. (34-13), obtained by replacing E, H and A by E,, H, and A,, 
respectively, and setting V = V,+ i/?z, where V, is the transverse gradient operator of 
Table 30-1, page 592, and z is the unit vector parallel to the fiber axis. Similarly, if we 
substitute Eq. (34-20) into the transform of Eq. (34-14), we obtain 


E«(0) = 


E,exp(-i)3z)dz; E, (z) = — 

2k 


{V t 2 + k 1 n 2 — [I 2 } A| = -Hod^z, — —cos l(4> — 4> 0 )n, 

Znr o 


(34-22) 


where g is the transform of g, V, 2 is the transverse Laplace operator of Table 30 1, and 
n = n(r) is the fiber profile. Thus, the effect of the fiber on the ‘free-space’ radiation fields 
is reduced to the solution of this simple equation. We are reminded that this description 
ignores all polarization effects due to the weakly guiding fiber since terms involving 
V, In n 2 have been discarded. 


34-6 Correction factor 

The radiation fields of the tubular source depend on the solution of Eq. (34-22) for the 
cartesian components of A,. Nevertheless, we can make a general deduction about these 
fields regardless of the fiber profile [7]. First consider the ‘free-space’ solution when 
n = n d everywhere. The spatial dependence of A, at radius r outside of the tube is 
proportional to 

H\ l HQr/p)cosl(ct>-^ 0 y, Q = p{k 2 n 2 -p 2 } 1 ' 2 , (34-23) 

in cylindrical polar coordinates. The H { , 1> is the Hankel function of the first kind, which 
together with the implicit time dependence exp( — ion) represents an outward traveling 
wave as r -> oo. If we now allow for the presence of the fiber then n(r) in Eq. (34-22) 
varies in the core, but n = n cl everywhere in the cladding. Consequently the spatial 
variation of A, in the far field is again proportional to Eq. (34-23), but the constant of 
proportionality will be different. If we denote the ‘free-space’ solution of Eq. (34-22) by 
A, fs , then the solution in the presence of the fiber is expressible as 

A, = Cfp) A?, (34-24) 

where C, is identical to the correction factor cf Eq. (21-34), which was derived from 
intuitive, physical arguments in Section 21-1 1. If, for convenience, we assume that n in 
Eq. (34-22) is parallel to the x-axis in the fiber cross-section. A, then has only an x- 
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component which we denote by 4 / ( . Thus T, satisfies the inhomogeneous scalar wave 
equation 


a 2 i a i a 2 

dr 2 + rdr + r 2 d(j) 2 


+ k 2 n 2 — /? 2 1 'Pj = b— — —cosl(4> — 4> 0 ), 

J r 0 


(34-25) 


in cylindrical polar coordinates, where b = — p 0 g/2n. If x Pf s denotes the ‘free-space’ 
solution when n = n d everywhere, then the correction factor of Eq. (34-24) for the tube 
is given by the ratio 


C, = ¥,/4f; r > p. 


(34-26) 


evaluated in the cladding. 


Arbitrary source distributions 


We can now construct the total fields due to an arbitrary current distribution within the 
fiber. For an individual tube, the electric and magnetic fields are linearly related to the 
vector potential. Thus the relationships corresponding to Eq. (34-24) are 

E, = C,E[ S ; H, = C,Hf s . (34-27) 


Substitution into Eq. (34-21) leads to the inverse transform E,, and by superposing 
tubes the total electric field is given by 


1 ® f* 


exp (ifiz)dp 


C,r 0 dr 0 


Efd^o. 


(34-28) 


where C, depends, in general, on both r 0 and 4> 0 , as well as on 


34-7 Example: Step profile 


Here we derive the correction factor for a tubular source in the core of a weakly guiding, 
step-profile fiber. The solution of Eq. (34-25) is expressible as 


*Pi = P 


MUR ) 
MU) 


cos l((p 0 O ); 


MUR) H^(UR)} 

q J t (U) +S H\ l) (U) J 




cos l(4> - 4> 0 ); 


cos l(<p —<t> 0 ); 


0 ^ r < r 0 , 

(34-29a) 

r 0 <r^p. 

(34— 29b) 

p < r < oo, 

(34-29c) 


where p, q, s, t are constants to be determined, the J, and H j 1 ’ are Bessel and Hankel 
functions of the first kind, respectively, U and Q are related to fi inside the back cover, 
R — r/p and r 0 , p are the tube and core radii, respectively. At the interface r = p, both 
4 , ( and d'Vi/dr are continuous, and over the tube r = r 0 only *E, is continuous. The 
fourth boundary condition relates the discontinuity in d'VJdr across r = r 0 to the right 
side of Eq. (34-25). If we multiply this equation by r, integrate over the small interval 
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r 0 — Sr < r < r 0 + Sr, and recall that T, is continuous, we deduce that 


lim 

br-> 0 


d'V, 

dr 


= — cos l(cj> - (p 0 ). 

r 0 ~ br r 0 


(34-30) 


When applied to Eq. (34-29), these four conditions and the Wronskian of Eq. (37-77) 
lead to the solution 

, ‘MEO'o/p) , 


% = b, 


-H\ l) (QR)cosl(<t>-<t> 0 y, r > p, 


W,(U,Q) 

W,(U,Q) = QJ l (U)H\ 1 >'{Q)-UH\ 1> [Q)J' i m 


(34-3 la) 
(34— 31b) 


where prime denotes differentiation with respect to argument. The corresponding ‘free- 
space’ solution *P, fs is given by the same expression, providing we replace U by Q 
throughout, and the correction factor of Eq. (34-26) becomes 


MUr 0 /p) W,( Q , Q) 

MQr 0 /p) W,(U, QY 


(34-32) 


where W t (Q, Q) is the Wronskian of Eq. (37-77). A similar expression can be derived 
when the tube is in the cladding, i.e. r 0 > p. 


PERTURBATION PROBLEMS 


Green’s functions can also be used to solve inhomogeneous, scalar, differential 
equations which arise in perturbation problems for weakly guiding fibers. We seek the 
solution *F = *P(?) of the equation 


{V?+/c 2 n 2 — £ 2 }>P = x, 


(34-33) 


where x = X ( r ) is a prescribed function of position r in the fiber cross-section, n = n( r) is 
the profile, and V, 2 is defined in Table 30-1, page 592. If C = G (r, r') denotes the Green’s 
function for this equation, then, subject to suitable boundary conditions, G satisfies 

{V 2 +/c 2 n 2 —p 2 }G = (5(r — r'), (34-34) 


where 5 is the Dirac delta function and r' is a fixed position. The solution of Eq. (34-33) 
is then given by [1-3] 


*P(r) = 


I. 


G(r, r')x(r')d r\ 


(34-35) 


where "V is the volume within which x is nonzero. To illustrate this technique, we 
consider examples. 


34-8 Example: Slightly elliptical fibers 

We used perturbation methods in Section 18-10 to determine the modal properties of a 
slightly eccentric, step-profile fiber. This description requires the fundamental solution 
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*P of the scalar wave equation of Eq. ( 1 8— 3a) for the perturbed fiber. To lowest order 
>p = *?, where *P is the known fundamental solution for the scalar wave equation of 
Eq. (18— 3b). The first-order correction is obtained by rearranging Eq. (18-3a) as [8] 

{V 2 + k 2 n 2 -0 2 }*F = k 2 {n 2 — n 2 }*P, (34-36) 

where n is the profile of the circular fiber and / is the propagation constant for the 
elliptical fiber. The right side vanishes everywhere except in the four shaded regions of 
Fig. 18— 2(a). Within these narrow regions we can set 'P = *P and approximate the right 
side by a delta function on the interface r = p weighted by k 2 (n 2 -n 2 ) Sr, where Sr is the 
width of the region given below Eq. (18-20). Hence Eq. (34-36) is replaced by 

{V?+ k 2 n 2 - ft 2 } *P = — C V S(r — p)cos 20, (34-37) 

4 p 

since*? = i onr = pin Table 14-3, page 313, and n = n cl ,n = in the shaded regions 
crossing the x-axis in Fig. 18— 2(a). By analogy with the solution of Eq. (34-25) in 
Section 34-7, we set 


*P = 


Ji(VR) 

P J 2 (U) 


cos 20, 


0 < R < 1; 


*P = 


K 2 (WR) 
q K 2 (W) 


cos 20, 


1 < R < co, 

(34-38) 


where R = r/p. The constants p and q are determined from continuity of *P at r = p and 
an analogous condition to Eq. (34-30) with l = 2, r 0 — p and b = — e 2 K 2 /4. With the 
aid of the eigenvalue equation in Table 14-3 and the recurrence relations of Eqs. 
(37-72) and (37-73), we find that the perturbation solution correct to order e 2 is given 
by Eq. (18-22). 


34-9 Example: Far-field corrections 


In Section 15-5, we showed how to derive the far field of a weakly guiding fiber from a 
knowledge of the Gaussian approximation to the fundamental mode. As explained 
below Eq. (15-14), this requires solution of 


d 2 Id 
dR 2 + RdR 


—W 2 


-V 2 (l — /)exp 



(34-39) 


whereR = r/p,R 0 = r Q /p and IT is defined inside the back cover. The spot size, assumed 
prescribed, is r 0 , and /is the profile variation of Eq. (14-1). Using standard methods 
[1-3], such as variation of parameters, the solution of 

+ — W 2 \g = -S(R-R'), (34-40) 

|dR 2 RdR J 

for the Green’s function G(R, R') is readily shown to be [8] 

G (R, R') = - K 0 ( WR)I 0 (WR')R'- 0 < R' < R, (34-41a) 

= -I 0 (WR)K 0 (WR')R'; R < R' < oo, ( 34-41 b) 


where / 0 and K 0 are modified Bessel functions of the first and second kinds, 
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respectively. Accordingly the solution of Eq. (34-39) can be written down by analogy 
with Eqs. (34-34) and (34-35) as 

F 0 (R)= -K 0 (WR) \ I 0 (WR') X (R')R'dR'-I 0 (WR) \ K 0 (WR') X (R’)R’dR', 

Jo Jr 

(34-42) 

where x(R') denotes the right side of Eq. (34-39) with R replaced by R'. In the far field, 
R -» oo and /-> 1 on a clad fiber. Hence F 0 is dominated by the first integral, and by 
letting the limit of integration R -» oo, we obtain Eq. (15-15). 
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The behavior of the total electromagnetic fields of a multimode waveguide, whose 
waveguide parameter satisfies V f> 1, can be described by the ray approach of Part I. 
There we expressed propagation along the waveguide in terms of a continuous 
superposition of rays, with power flowing along the trajectories determined by the 
classical laws of geometric optics. Now in this chapter we deduce the behavior of 
individual rays and the associated power flow, starting from the local plane-wave 
nature of electromagnetic fields in uniform and graded media. 

In the following chapter we deduce the ray description of the total electromagnetic 
fields by summing the fields of the many modes of a multimode waveguide. This is less 
direct than the ray approach, because it requires knowing properties of individual 
modes -such as the eigenvalue equation for determining the propagation constant - 
which introduce both algebraic and conceptual complications to problems which can be 
solved directly by a ray analysis. Furthermore, the modal nature of the total fields of multi- 
mode waveguides is rarely observed [1] and is therefore somewhat of an abstraction. 


LOCAL PLANE WAVES 

When the refractive index n is everywhere constant in an unbounded medium, the 
electromagnetic fields can be expressed as individual plane waves. If we now suppose 


666 



Section 35-1 


Rays and local plane waves 667 


that n is nearly constant and changes slowly over a distance equal to the wavelength of 
light, it is intuitive that the fields at each point are those of a local plane wave, except 
when diffraction, or wavelength-dependent, effects are significant, as at caustics or focal 
points. Using this simple notion, we derive the basic properties of local plane waves in 
Section 35-3. Alternatively, we can adopt a formal approach. This assumes each field 
component has a spatial dependence of the form exp {I'E (x, y, z)} which is substituted 
into Maxwell’s equations. The slow-variation condition is expressible as X\ V In n 2 | < 1, 
where X is the free-space wavelength, and leads to the equations governing local plane- 
wave propagation, including the ray-path, or eikonal, equation of Eq. (1-18). This 
derivation is fully described elsewhere [2-4] and need not be repeated here. Since our 
intuitive approach is based on wave propagation in uniform media, we first summarize 
the governing results, including Snell’s laws. 


35-1 Uniform media 

The electric and magnetic fields E and H of a plane wave in an infinite medium of 
uniform refractive index n have the forms [5] 

E(r) = E 0 exp (ink -r); H(r) = H 0 exp (mk -r), (35-la) 

where E 0 and H 0 are constant vectors, r is the position vector and the time dependence 
exp ( —icot) is implicit. The wave vector k = Ak, where k is the unit vector parallel to the 
propagation direction, k = 2n/X and / is the free-space wavelength. The vectors E 0 and 
H 0 are orthogonal to one another and to (t, and are related by 

H 0 = n(e 0 //t 0 ) 1,2 kxE 0 , (35-lb) 

where parameters are defined inside the back cover. 


Power flow 

The intensity, or power density, S has magnitude and direction determined by the time- 
averaged Poynting vector. Thus we deduce from Eq. (35-lb) that 

S = ^ Re {E('') x H* (r) } = ^ (~^j 2 |E 0 ] 2 k, (35-2) 

where Re denotes real part and * complex conjugate. Hence power flows in the 
direction of propagation. Further, light energy is transported along rays whose 
direction is given by the wave vector, and power is conserved within a ray tube, i.e. a tube 
of parallel rays of differential cross-section d A illustrated in Fig. 35-2(a), since |S|dA is 
constant along the tube. Along each ray or ray tube, there is an accumulation of phase 
which is expressible as 

~ 2nn 2n „ 

nk ■ r = nAk • r = — — L — — L , (35-3) 

/. v /. ° 

where L p and L 0 are the geometric and optical path lengths, respectively. 
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The reflection and transmission of a plane wave, or ray, which is incident on a planar 
interface between two semi-infinite, uniform media is determined by Snell's Laws [2], 
In Fig. 35-1, the refractive indices of the medium of incidence and the second medium 
are n co and n cl < n co , respectively, and the critical angle tx c = sin' 1 (n c] /n co ). We denote 
the angles of incidence, reflection and transmission, or refraction, relative to the normal 
QN by a i; a r and a,, respectively. The incident, reflected and transmitted, or refracted, 
rays and the normal are coplanar. 




(*) 


(b) 


Fig. 35-1 Reflection at a planar interface between unbounded regions 
of refractive indices n co and n a < n co , showing (a) total internal reflection 
and (b) partial reflection and refraction. 


If cq > a c , the incident ray in Fig. 35—1 (a) undergoes total internal reflection and 
a r = a i; but if a; < a c there is partial reflection and partial transmission, or refraction, as 
shown in Fig. 35-1 (b), and the angles satisfy 

<Xj = a r ; n co sinoCj = n^sina,. (35-4) 

For the planar waveguides of Chapter 1 it is convenient to express these laws in terms of 
the complementary angles of incidence, reflection and transmission, i.e. 8 , = n/2—tx i 
= n/2 — a r and 0, = 7i/2 — a t . The complementary critical angle 0 Q — n/2 — (x c is used 
throughout the book. 


35-3 Slowly varying media 

The expressions given in Section 35-1 for a uniform medium can be generalized in an 
intuitive manner provided the refractive index n(r) varies slowly over distance equal to 
the wavelength of light. Thus the accumulated phase of Eq. (35-3) becomes the 
integrated quantity 

f 2n f 

nk-dr = -T- nds, (35-5) 

Jp A Jp 

where s is the distance along the ray path p, which is now curved because of the grading 
of the medium. Accordingly, the fields along the path are given by Eq. (35-la) with 
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in k • r replaced by Eq. (35-5) and E 0 , H 0 are now slowly varying functions of position. 
Hence the fields are locally plane and 


E(r) = E 0 (r)exp 


nk - dr 


H(r) = H 0 (r) exp 


nk -dr 


(35— 6a) 


The tangent to p gives the direction of the local wave vector k and power flow, and 
hence the spatial variation of the unit vector k(r). Thus the appropriate generalization 
of Eq. (35-lb) is 

H 0 (r) = n(r) (e 0 //i 0 ) 1/2 k(r)xE 0 (r). (35— 6b) 


For a given profile, the path p is determined from the ray-path, or eikonal equation, as 
we showed in Chapters 1 and 2. 


Power flow 

If we construct a ray tube from the curved ray paths, as shown in Fig. 35— 2(b), then by 
definition the power flowing within the tube is conserved, i.e. S(r)-(c(r)d/l(r) is 
constant along the tube, where d.4(r) is the elemental cross-sectional area and S(r) is 
given by Eq. (35-2) with n, E 0 and k replaced by n(r), E 0 (r) and k(r), respectively. 



(a) (b) 

Fig. 35-2 Ray tubes of (a) constant cross-section dA in a uniform 
medium and (b) varying cross-section dA (r) in a graded medium. 


Hence n(r)|E 0 (r)| 2 dA(r) is constant along the tube, and, if r 0 denotes a fixed position 
along the tube, the spatial dependence of the electric field for a local plane wave 
propagating in a graded medium follows from Eq. (37— 6a) as 


E(r) = E 0 (r 0 ) 


n(r 0 )d/l(r 0 ) 
n(r) dT(r) 



(35-7) 


where r is any position on the path. The magnetic field is given by the same expression 
with E 0 (r 0 ) replaced by H 0 (r 0 ), and H 0 (r 0 ) is expressible in terms of E 0 (r 0 ) through 
Eq. (35— 6b). 


Polarization 

We define the unit vector E 0 (r) = E 0 (r)/|Eo(r)| in the direction of the electric field to be 
the polarization vector. In a uniform medium this direction is fixed, but in a slowly 
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varying medium it changes direction as the local plane wave propagates according to 
[2,4] 

dE 1 

-r^= -~k(r){E 0 -Vlnn 2 (r)}. (35-8) 

ds 2 

We recall that a term involving V, In n 2 appears in the vector wave equation of Eq. 
(11-40), and has the geometrical interpretation discussed in Section 11-16. However, 
we usually ignore both phase and polarization effects in weakly guiding, multimode 
fibers and treat propagation as a scalar phenomenon, because they are usually masked 
due to multiple reflections by the many rays propagating within the fiber. However, on 
weakly guiding fibers which propagate one or a few modes, polarization effects are 
often important over large distances, as discussed in Chapter 13. 


Summary 

When the refractive-index profile is slowly varying, the fields of the medium behave 
locally as a bundle of rays, with each ray transporting energy along the geometric optics 
trajectory. Thus phenomena of major interest on multimode waveguides, such as pulse 
propagation, pulse spreading and illumination can be described using the ray-tracing 
methods of classical geometric optics. This is the basis of Chapters 1 to 5. Because we 
ignore the small effects due to diffraction, these phenomena are independent of 
wavelength in the ray description. However, for reasons discussed in Section 10-3, it is 
necessary that the waveguide be multimoded with Vp> 1, for a ray description to be 
accurate. 


35-4 Component equations of the ray-path equation 

The construction of ray paths within the core of the step-profile waveguides of 
Chapters 1 and 2 is based on straight-line trajectories, which are solutions of the ray- 
path equation of Eq. (1-18) in a uniform medium. When the core is graded, the 
cartesian component equations of the ray-path equation follow directly, as in Eqs. 
(1-19) and (2-49). Here we derive the corresponding component equations in directions 
defined by the cylindrical polar coordinates (r, <j>, z) of Fig. 2-1, for application to fibers 
with graded profiles n(r) in Chapter 2, and, by simple generalization, to slowly varying 
fibers with profiles n(r, z) in Chapter 5. 

The position vector in Eq. (1-18) is expressed as 

r = rr + zz, (35-9a) 

where r and z are unit vectors in the radial and logitudinal directions, respectively. We 
use the chain rule and the spatial derivatives of the unit vectors in Eq. (37-54) to obtain 
the derivative along the path 


dr „dr dr „dz ^dr 

ds ds ds ds ds 




(35— 9b) 
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where <p is the unit vector in the azimuthal direction. By repeating this procedure 


d 

ds 



= iA r + ^A t + z— 
ds 



(35-10a) 



A ^ 


d^ 

ds 



+ n(r) 


dr dip 
ds ds 

(35— 10b) 


If we equate like components in Eq. (1-18), with n (r) = n(r ) on the right side, we obtain 
the component equations given in Eq. (2-13). Similarly, if we replace n(r) by n(r , z) on 
both sides of Eq. (1-18) we obtain the component equations given in Eq. (5-3). 


LOCAL PLANE-WAVE DESCRIPTION OF LOSS PHENOMENA 

The local plane wave, or ray, description of propagation introduced above enables us to 
determine directly absorption losses along each path, as we showed in Chapter 6, but it 
cannot tell us immediately how ray power is lost due to attenuation of the local plane- 
wave fields beyond the path, as occurs when the cladding is absorbing or a bent 
waveguide radiates. These losses are usually negligible over a short length of waveguide, 
since the fields beyond the path are evanescent and their amplitudes decrease 
exponentially away from the path. Nevertheless, they accumulate with distance along 
the waveguide and eventually become significant. 

In the following sections we derive transmission, or loss, coefficients to account for 
such loss mechanisms. These transmission coefficients, taken together with the 
trajectories of classical geometric optics, fully describe propagation along multimode 
waveguides, as we showed in Chapter 6 to 9. All the graded-profile waveguides 
considered in Part I have refractive-index profiles which are nearly uniform over a 
distance equal to the wavelength of light. Similarly, all curved interfaces and caustic 
surfaces are nearly planar over the same distance. Consequently, the electromagnetic 
fields have plane-wave characteristics in local regions, except immediately adjacent to a 
caustic where there is a rapid transition from the wavelike behavior of the local plane- 
wave fields to the evanescent behavior beyond the ray path. Accordingly we 
approximate the fields of a waveguide by the local plane wave discussed in Section 35-3 
and we treat rays as local plane waves: 


Building blocks 

As we show below, we need solve only two simple electromagnetic problems which 
serve as building blocks for determining the transmission coefficients for any multimode 
waveguide. The problems are: 

(i) Plane-wave incidence at a planar interface. This classical problem is the building 
block solution which determines the transmission coefficient for all step-profile 
waveguides; 
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(ii) Local plane-wave incidence al a planar caustic. This problem is the building block 
solution from which we can determine the transmission coefficient for all graded- 
profile waveguides. 

The delineation applies both to leaky rays and to bound rays on waveguides with an 
absorbing cladding. 


W eak-guidance approximation 

To simplify the algebra, and remain consistent with Chapters 6 to 9, we determine the 
transmission coefficients for weakly guiding waveguides only. This means that the 
expressions we derive are independent of the direction of the incident electric field. 


35-5 Power transmission and attenuation coefficients 

We showed in Section 35-3 that power flows within ray tubes along the core of the 
waveguide. The total power within a tube can change only at a reflection from an 
interface, when, the tube direction changes abruptly, as in Fig. 35-3 (a), or in the 
neighborhood of a turning point, or caustic, when the cross-sectional area dA = 0, as in 
Fig. 35-4(a). In order to describe power losses associated with the evanescent fields of 
the local plane wave in the cladding beyond the ray path, we retain the geometric optics 
path in the core and introduce a power transmission, or loss, coefficient T defined by 

T j power in the reflected ray (35-11) 

power in the incident ray ’ 

which gives the fraction of ray power lost at a reflection or turning point. The power 
attenuation coefficient y is the rate of power loss per unit length of waveguide, found by 
averaging T over the distance between successive reflection or turning points, and is 
given by 

7 = T/z p = NT, (35-12) 

where z p is the ray half-period and N is the number of reflection or turning points per 
unit length of waveguide, as illustrated in Figs. 1-5 and 1-9. 


Ray power 

We denote the power within the ray tube distance z along the waveguide by P (z). Over a 
differential length dz, it follows from Eq. (35-12) that 

dP(z) = —yP(z) dz = -jVPP(z) dz, (35-13) 

and the initial power P(0) is attenuated exponentially according to 


P(z) = P (0) exp( — yz) or P(z) = P(0) exp < — 


y(z) dz >, 


(35-14) 


1 Jo J 

depending, respectively, on whether the waveguide is translationally invariant or varies 
along its length. We showed how to determine z p and N in Chapters 1 , 2 and 5; our main 
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purpose in the rest of this chapter is to use local plane-wave theory to determine T and 
hence y. 


35-6 Planar interfaces 

We begin by considering plane-wave incidence at a planar interface with a view towards 
determining the transmission coefficient for planar, step-profile waveguides. This 
classical problem is treated in most texts on electromagnetic theory, but, nevertheless, 
we repeat the derivation because we require its generalization for graded media and also 
because the analysis is specialized to weakly guiding waveguides. 

Consider two semi-infinite media of refractive indices n co and n d < n co , separated by 
the planar interface x = 0 in Fig. 35-3(a). A ray, or plane wave, is incident on the 
interface from the denser medium at angle 9 Z to the 2 -direction. Plane wave reflection in 
this situation is well-known and the power transmission coefficient of Eq. (35-11) is 
identical to the classical Fresnel coefficient [2], 




(a) (b) 

Fig. 35-3 (a) Partial reflection and refraction at a planar interface. The 
shading denotes power flow within the ray tubes, (b) Hatching denotes 
power absorption when a ray reflects from the planar interface of an 
absorbing medium. 


Scalar approximation 

We are interested in the special case when n co = n c] . In this limit, the well-known 
classical expressions are independent of polarization phenomena, i.e. the transmission 
coefficients are independent of the electric field direction. Thus, neglecting all 
polarization effects, the fields are then solutions of the scalar wave equation rather than 
Maxwell’s equation. This is important because solutions of the scalar wave equation 
have the simple property discussed in Section 33-1. For convenience we take the electric 
field to be in the y-direction parallel to the interface. Hence 

E y = T'(x) expfi/Jz); /? = kn co cos 9,, 


(35-15) 
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where /? is the z-component of the incident wave vector, the implicit time dependence 
exp( — iwt) is assumed, and 4*(x) satisfies the scalar wave equation 

{A J + fc V ( x ) -^ 2 }T = °, (35-16) 

where n(x) = n co for x < 0, n(x) = n d for x > 0, k — 2n /)., and a is the free-space 
wavelength. If we denote the solutions for the incident and reflected fields in x < 0 by 
superscripts i and r, respectively, then 

4“ = A exp(i/cn C0 x sin 0J; 4” = B exp( — ikn co x sin 9 Z ), (35—1 7a) 

using Eq. (35-15), where A and B are constants. We recall from Snell’s laws of Section 
35-2 that power is transmitted across the interface only if 9 Z > 9 C , where 9 C is the 
complementary critical angle defined inside the back cover. When this condition is 
satisfied, refraction occurs at the interface in Fig. 35— 3(a) and the solution of Eq. (35-16) 
in x > 0, denoted by superscript t, has the form 

4“ = C exp(i7cn C |X sin 9 t ); n cl cos 9 t = n co cos 9 Z , (35— 1 7b) 

where C is a constant and 9 t , the angle between the refracted ray and the z-direction, is 
related to 9, by Snell’s law. To determine B and C, we recall from Section 33-1 that any 
solution of the scalar wave equation and its first derivatives must be continuous 
everywhere. Hence 4*' + 4* r and 4" and the corresponding x-derivatives are continuous 
at x = 0, leading to 

B n co sin 6 Z — n d sin 6, C 2 n co sin 9. 

A n Q0 sin 9. + n d sin 0,’ A n co sin 9. + n d sin 9, ’ 

valid for 9 C < 9 Z ^ n/2. Close to normal incidence we deduce that 
C/A = 2 n co /(n co + n d ); 9 Z = n/2, 

which is the coefficient used to relate the fields in Section 20-2. 


(35-18) 

(35-19) 


Power transmission, or Fresnel, coefficients 

The ray tubes formed by the incident and reflected rays in Fig. 35-3(a) have the same z- 
directed cross-section, and, since 4' is complex, the power density in each varies as j 4" | 2 , 
as is clear from Table 13-2, page 292. We deduce from Eqs. (35-1 1) and (35-18) that the 
transmission coefficient is given by 1 — \B/A\ 2 for 9 C ^ 9 Z < n/2, leading to the Fresnel 
coefficient 


4n co n d sin0 2 sin 9 t 4 sin 9, (sin 2 9. — sin 2 0 C ) 1/2 
(n co sin 9, + n d sin 9 t ) 2 (sin 9. + {sin 2 9 Z — sin 2 0 C } 1/2 ) 2 ’ 


with the aid of Eq. (35— 1 7b), where sin 6 C = { 1 —nlfnl 0 }' 12 . The generalization to a 
cylindrical interface requires only a change in the angles defining T, as discussed in 
Section 35-12. The limiting form close to normal incidence is obtained by setting 
9 Z = 6 t = n/2, and close to the complementary critical angle, i.e. 9. = 9 C , the 
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corresponding form follows from Eq. (35— 1 7b). We obtain, respectively, 

A n n C /32'J 1 /2 

(35 - 21) 

since 9 C <4 1 when n co a n cl . 


Evanescent fields 

When the incident ray is totally reflected, no power crosses the interface. Thus the fields 
in x > 0 are evanescent and Eq. (35— 17b) is replaced by 

'F I = C exp( —Qkn,. 0 x); Q = (sin 2 9 C — sin 2 0 2 ) 1/2 , (35-22a) 

and the expressions corresponding to Eq. (35-18) are now 

B sin 6 Z —iCl C 2 sin 9, 

A = sin 0 2 + /n ; A = sin 9 z + iSl' (35-22b) 


Furthermore, there is a change of phase ® at the interface between the fields of the 
incident and reflected waves, i.e. B — A exp(i®) at x = 0, whence 


<D = - 2 tan 1 


(sin 2 9 C — sin 2 6 Z ) 
sin 9, 


“}■ 


— 2 tan 1 




(35-23) 


since 0 < 9. < 6 C <4 1. 


35-7 Planar interfaces between absorbing media 


When the media in Fig. 35— 3(a) are absorbing, the refractive indices take the complex 
forms n QO = n[ a + in' co , n d = n' d + in‘ d , where superscripts denote real and imaginary 
parts. The corresponding solutions of the scalar wave equation are given by Eqs. 
(35— 1 7a), with n co complex, and (35— 22a), with sin 2 9 C replaced by the complex quantity 
1 — n 2 | / n 2 0 . Then, by paralleling the analysis of the previous section, we find that, for all 
values of 9 Z , the power transmission coefficient is generally nonzero, and is expressible 
as 


4 sin 9 Z Re(n c 2 /n 2 0 — cos 2 0 Z ) 1/2 
I sin 6 Z + {n d /n zo — cos 2 0 Z } 1/2 1 2 


0 < 9 Z ^ jt/2, 


(35-24) 


where Re denotes real part. Thus, rays which would be totally reflected if the media 
were nonabsorbing, now suffer a change in power on reflection. If the absorption is 
weak, i.e. n' co n T m , n‘ cl -4 n r d , 0 < 9 Z ^ 6 C with 6 Z not too close to 9 C , Eq. (35-24) is well 
approximated by 



(35-25) 


In the special case when n‘ d = 0 and n' co > 0, we note that T < 0, i.e. power is lost from 
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the nonabsorbing medium to the absorbing medium. Although the ray then gains 
power on reflection, this power is subsequently lost to absorption along its path. Within 
a waveguide, the appropriate attenuation coefficient y is the sum of the attenuation 
coefficient y co for absorption in the core and y cl for power exchange with the cladding, as 
expressed by Eq. (6-30). 


Alternative derivation 


We now provide an alternative derivation for cladding absorption because it is easily 
generalized to include graded media. The derivation assumes that the core medium is 
lossless, n' co = 0, and the cladding medium is only slightly lossy, i.e. n T d > n d . The ray 
tube formed by the incident and reflected rays in Fig. 35— 3(b), which would constitute 
total reflection if n d = 0, is extended indefinitely into the region x > 0 to form the 
hatched tube shown in Fig. 35— 3(b). It is intuitive that the total power absorbed from 
the evanescent fields within the hatched region is equal to the power lost by the incident 
ray, and consequently the transmission coefficient is given by the ratio of the absorbed 
to incident powers [6]. 

If the incident tube in Fig. 35-2(b) has width 81 then the width 8z of the hatched 
region is approximately 8l/d z , assuming 6. ^ d c <£ 1. Since the medium is weakly 
absorbing, the total absorbed power, Tibs’ is well approximated by integrating |dP| of 
Table 13-2, page 292, over the hatched region with |E,-| replaced by T* of Eq. (35-22) 
for the nonabsorbing medium. Hence with n co = n' cl we find 


P 


abs 


= K,n co 



I'Ffdx 


|C| 2 n^| 81 / £ 0 y ;2 

(0 2 -0 2 T 2 ^W ’ 


(35-26) 


since Q. = (0 2 — 0 2 ) 1/2 . The power P inc in the incident ray tube follows from Table 13-2 
and Eq. (35-1 7a) as {81/ 2) | A | 2 n co (s 0 /ft 0 )' 12 . On substituting from Eq. (35— 22b) for C/ A 
in the ratio Tbs/ P jnc , we deduce that the expression for the transmission coefficient is 
identical to Eq. (35-25) with n' co = 0. 


35-8 WKB solutions of the scalar wave equation 

In the following two sections we extend the notions of the last two sections to graded 
media. Before doing so, it is helpful to provide some preliminary results. We recall the 
discussion of Section 35-3, where we showed that the solutions of Maxwell’s equations 
can be approximated by local plane waves when the refractive-index profile varies 
slowly over a distance equal to the wavelength of light. Such solutions-known as 
asymptotic solutions-can be derived by either physical intuition or mathematical 
procedures. If we specialize our discussion to weakly guiding waveguides, elec- 
tromagnetic propagation in this situation is also described by local plane waves, but the 
fields depend on solutions of the scalar wave equation rather than on Maxwell’s 
equations, i.e. they describe phenomena which are independent of the direction of the 
electric field. Thus the solution of the scalar wave equation for local plane waves can be 
derived by the same intuitive reasoning given in Section 35-3. 
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Local plane-wave derivation 

The tangent to the ray paths in the regions x < x tp and x > x rad of the medium with 
refractive-index profile n(x) in Fig. 35-4(a) makes angle 6 z (x) with the z-direction. The 
propagation constant /? is the component of the local wave vector k(x) in the z- 
direction. If the component in the x-direction is denoted by k x (x), then 

k(x) = [k x (x),P] = [/cn(x)sin0.(x),/cn(x)cos6L(x)]. (35-27) 

The ray tube in Fig. 35-4(a) is bounded by identical rays displaced distance 5z parallel 
to the z-axis, and therefore has width <5/(x) = <5zsin6L(x). If we replace n(i)dA(T) by 
n{x)Sl(x) in Eq. (35-7) and set dr = (dx,dz), then it follows from Eq. (35-27) that the 
local plane-wave solutions of the scalar wave equation have the forms 

, , , . * , , U;2 exp | ± i kn(x) sin 0 z (x)dxi exp (ifiz), (35-28) 
|n(x) sin0 2 (x)} ' l J J 

where the + and — signs denote propagation towards the positive and negative x 
directions, respectively. We drop the z-dependence and replace 0,(x) by p through Eq. 
(35-27). Thus the solutions of Eq. (35-16) are 

(35-29) 

where the factors outside and inside the exponential account for power conservation 
and accumulated phase, respectively. This oscillatory-type solution is accurate in 
regions where kn(x)—fp 1, and is frequently referred to as the WKB asymptotic 
solution of the scalar wave equation [7]. 

When the condition fi — kn(x) P 1 is satisfied, the WKB solution of the scalar wave 
equation is an evanescent-type solution given by [7] 

(35-30) 
n 2 (x)-p 2 1. 

Ray caustics 

The positions of the ray caustics in Fig. 35-4(a) are given by Eq. (1-26) in terms of the 
ray invariant f. If we replace f with the propagation constant fl through the 
relationship in Table 36-1, page 695, then x lp and x rad satisfy 

M*,p) = # kn(x T ad ) = (?, (35-31) 

respectively. In the immediate neighborhood of these caustics there is a rapid 
transition from the oscillatory behavior of Eq. (35-29) to the evanescent behavior of 
Eq. (35-30) and neither of the WKB solutions are valid. However, it is not necessary to 
know the detailed dependence of the scalar wave equation solution in this region in 



where for later application we note that [i 2 —k 2 n 2 (x) is expressible as \k 2 
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order to link the two solutions. Connection formulae are available which relate the 
WKB solutions to one another [7], and are used below. 

35-9 Planar caustics and tunneling 

In this section we generalize the analysis of plane-wave incidence at a planar interface, 
and consider the incidence of local plane waves at a caustic in a slowly varying graded 
medium. Our goal is the derivation of the power transmission coefficient for tunneling 
rays. 

Consider a medium whose continuous refractive-index profile n(x) varies slowly over 
a distance equal to a wavelength. A ray path in the region x < 0 of Fig. 35-4(a) touches 
the turning-point caustic at x = x tp . When there is no path in the region beyond the 
caustic, the ray is totally reflected from the caustic and no power is lost, i.e. T — 0. 
However, if a transmitted ray originates at the radiation caustic x = x rad , then optical 
tunneling occurs, as described in Chapter 7, and power is lost from the path at x tp to the 
path at x rad . If the local plane-wave fields have propagation constant /i, then the values 



(a) (b) 


Fig. 35-4 (a) A tunneling ray in a graded medium is partially reflected 
at the turning-point caustic and partially transmitted at the radiation 
caustic. The shading denotes power flow within the ray tubes and the 
hatching indicates the region in which the fields are evanescent, (b) Partial 
reflection and transmission at an interface between graded and uniform 
media. 


WKB solutions 


In terms of the x-component of the local wave vector of Eq. (35-27) and the WKB 
solutions of Eq. (35-29), the solutions of the scalar wave equation for the incident, 
reflected and transmitted local plane waves, respectively, are expressible as 


'P‘ = 


(Mx)} 


1/2 


exp < — z 


Mx)dx 


4 " = 


B 


(M*)} 


1/2 


exp < i 


k x (x)dx 


(35-32a) 
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in the region x < x tp , and in the region x > x rad 


T* = 


(Mx)} 


1/2 


exp 



Mx) dx >, 


(35— 32b) 


where /l, B and C are constants related to the amplitudes of the corresponding fields. 
The fields in the region x tp < x < x rad are evanescent and decrease exponentially as x 
increases. If T c denotes the solution of the scalar wave equation, we deduce from Eq. 
(35-30) that 

°” 2c) 

where k x (x) is pure imaginary and F is a constant. 


Connection formulae 


The link between the ray tubes at the caustics is denoted by the hatched region of width 
Sz in Fig. 35-4(a). Power lost by the incident ray at x tp tunnels through this region and 
enters the transmitted ray at x rad . At and close to the caustics, local plane-wave theory is 
inadequate, but, provided the caustics are not too close together, it is not necessary to 
know the fields in these regions in order to determine the transmission coefficient. We 
can link the solutions in Eq. (35-32) using the connection formulae of WKB theory, 
which are available in standard texts [7], Hence 


B = A exp ( — ije/2); F = A; C = Fexp 


, rad . 


|M*)|dx k 


(35-33) 


The first expression exhibits the well-known phenomenon that there is a decrease of 7t/2 
in phase when a ray touches a caustic; this is not plane-wave phenomenon. 


Transmission coefficient for tunneling rays 


Given *P‘, the power P inc in the incident ray tube can be calculated from Table 13-2, 
page 292, and Eq. (35-32a) as the product of the tube width and intensity, leading to 


p =1(4* 
mc Apo 


1/2 


<5/(x)n(x)|*F'| 


\A \ 2 bz 
~~ 2 ~ ¥’ 


(35-34) 


since <5/(x) = Sz sin 8,(x) and k x (x) = kn(x) sin 6 z (x). Similarly, the power P lr in the 
transmitted ray tube is given by the same expression with A replaced by C. The power 
transmission coefficient of Eq. (35-11) in this case is given by the ratio P lT /P inc . If we 
express k x (x) in terms of the ray invariant/) through Eq. (35-27) and the relationship in 
Table 36-1, page 695, we obtain [8] 


T = exp 



[/) 2 —n 2 (x)] 1/2 dx>. 


(35-35) 


If the wavelength l -> 0, then k -> oo and T 0. This confirms that tunneling is a 
wavelength-dependent phenomenon. 
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Frustrated total internal reflection 

Tunneling losses from rays propagating along planar waveguides is expressed by Eq. 
(35-35) in terms of the positions of the planar caustic in the core and cladding. In planar 
geometry tunneling is due to frustrated total internal reflection [2], Since the profile 
values at the caustics are equal by definition, i.e. n(x tp ) = n(x rad ) = /?, tunneling can only 
occur on planar waveguides if there is a dip in the profile between caustics. Although we 
have not considered such profiles in Part I, one reason for giving Eq. (35-35) is to show 
how to derive the transmission coefficient in the simplest geometry possible. A second 
reason is that the generalization of Eq. (35-35) to circular geometry is then 
straightforward, as we show below in Section 35-12. 


Refracting rays 


Clad planar waveguides with continuous graded profiles have an abrupt change in 
profile slope at the core-cladding interface, e g. the clad parabolic profile of Fig. 1-10. 
As discussed in Section 7-2, the discontinuity in profile slope is responsible for the 
reflection of ray power from the interface. The situation is illustrated in Fig. 35-4(b), 
where the medium x ^ p has uniform refractive index n d and the medium x $ p has a 
graded profile n(x) such that n( 0) = n d . The incident and reflected rays are represented 
by the expressions in Eq. (35— 32a) with x tp = p, and the transmitted ray by the first 
expression in Eq. (35-1 7b). Continuity of *P' + 'F r and V P' and the corresponding first 
derivatives at x = p determine B and C in terms of A. The derivative of k x (x) is obtained 
by first expressing k x (x) in terms of n(x) and /? through Eq. (35-27), and we note that 
k x (p) = kn d sin 9 V By forming the combination 1— |B/A| 2 , we deduce that the 
transmission coefficient is [9] 


7=1 1 + 


1 - 


8/cn d sin 3 0, 
2 1 
sin 6 Of 


d n 2 (x) 

dx 


(35— 36a) 
(35— 36b) 


where the approximation is valid when the second term is small compared to unity. The 
derivative is evaluated on the core side of the interface. As the wavelength A -*■ 0, then 
k -* oo and T -* 1. In other words all the power of the incident ray crosses the interface 
in the classical geometric optics limit, as was assumed in Chapters 1 and 2. 


35-10 Planar caustics and absorbing media 

In this section we generalize the procedure given in the second half of Section 35-7 to 
apply to graded media. Thus we consider the situation Fig. 35—5 (a) which has 
application to planar waveguides with a nonabsorbing core and an absorbing cladding. 
The medium x > p is uniform and slightly absorbing with refractive index n d = 
n^+injj, where njj <?«{*, and the medium x<p is graded and nonabsorbing with 
refractive-index profile n{x) satisfying n(p) = n d . A ray, which would be totally reflected 
if n d = 0, touches the caustic x = x tp . By analogy with Fig. 35-3 (b), we extend the ray 
tube beyond the caustic, as shown in Fig. 35-5(a). The evanescent fields are denoted by 
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(b) 


Fig. 35-5 (a) A ray reflects from the turning-point caustic and part of 
the power flow, shown shaded, is absorbed in the hatched region, 
(b) Graded profiles showing an arbitrary variation as the solid curve 
and a linear variation as the dashed curve. 


4 /t of Eq. (35— 32c) with F = A. For x^p the function |/t x (x)| = |ic T (p)| = 
{/? 2 — fc 2 (njj) 2 } 1/2 is constant, whence we deduce that 


m, = . eX P { — (■* — P)\k x (p)| } 
' \k x (p )\ 112 




fc t (x)|dx 


(35-37) 


The power absorbed from the evanescent field in the hatched region of Fig. 35— 5(a) is 
given by the first expression in Eq. (35-26). On substituting for 4 ,t we obtain 


P = - 

*abs 


n co n 'cl dz 


2 /? 2 -/ c 2 «,) 2 


exp 


-2 


M*)|dx 


(35-38) 


The ratio of P abs to P inc of Eq. (35-34) gives the transmission coefficient. We express ft in 
terms of the ray invariant /? using the relationship in Table 36-1, page 695, and n' d in 
terms of the power absorption coefficient a d of Eq. (6-19). Hence 


T = 


2k p 2 — (n d ) 2 


exp< — 2k 


[P 2 — n 2 (x)] 1/2 dx 


(35— 39a) 


which applies to all bound rays with the exception of the small number which have 
turning-point caustics virtually coincident with the interface. If the core medium x < p 
is also absorbing, we superpose the power attenuation coefficients for core and cladding 
absorption, as expressed by Eq. (6-30). 


Linear approximation 

Only those rays with turning-point caustics not too far from the interface suffer 
significant power loss, i.e. when x tp = p in Fig. 35— 5(a). By analogy with Eq. (6-23), we 
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can then make a Taylor expansion of the expression in the integrand of Eq. (35— 39a) 
about x = x tp , and by paralleling the derivation of Eq. (6-24) we deduce that relative to 
the interface x = p of the waveguide 


T = 


2 kp 2 -(n'J 


-exp 


4 

- 3 kp 


d n 2 (x) 


dx 


x 2 V' 2 
.flE 


(35— 39b) 


where the derivative is evaluated on the core side of the interface. 


35-11 Continuous and discontinuous profiles 

Our derivation of the transmission coefficient in earlier sections has considered graded 
and step profiles separately. This division is necessary because the local plane-wave, or 
WKB, solution of the scalar wave equation for a continuous graded profile does not 
approach the solution for a step profile, when the grading is concentrated at the 
interface. Consider, for example, the clad power-law profiles in the neighborhood of 
x = p in Fig. 1-10. As q increases, the profile steepens and violates the requirement that 
n(x) vary slowly over a distance equal to a wavelength of light. This is why the 
transmission coefficient for a graded profile given by Eq. (35-35) does not reduce to the 
step-profile expression of Eq. (35-20) as the turning-point caustic approaches the 
interface, i.e. x lp -> p in Fig. (35^1a). 

However, if we knew the exact solution of the scalar wave equation for a graded 
profile, we would recover the step-profile results in the appropriate limit. The step 
profile is indistinguishable from any number of graded profiles, as typified by the solid 
curve in Fig. 35— 5(b), with the property that the variation from uniform index n co to 
uniform index n d occurs over a distance <5x which is much smaller than the wavelength 
of light. Accordingly, we can model a step discontinuity by any graded profile with this 
behavior, and if we take the limit 5x -» 0 of the transmission coefficient for the graded 
profile, we will recover the Fresnel expression of Eq. (35-20). This has been verified in 
the case when the profile variation is linear -denoted by the dashed line in Fig. 
35-5(b)-and the solutions of the scalar wave equation are expressible in terms of Airy 
functions [10]. 


Graded profiles with a step discontinuity 


The transmission coefficient of Eq. (35-35) for tunneling rays assumes a continuous 
profile. If we introduce a step discontinuity at the interface x = p, in Fig. 35— 4(a), and 
assume that the fields on either side remain evanescent, it may be shown that the effect 
of the discontinuity is to multiply the transmission coefficient by an extra factor |7’ f |, so 
that [11] 


T f = 


IT | exp 

4(n + 


-2k 


{p 2 — n 2 (x)} 1/2 dx >, 


(35— 40a) 


P ) ' (n 2 - P 2 ) 


2 ) 1/2 


{ (n+ — /J 2 ) 1,2 + (nl —ft 2 ) 112 } 2 ’ 


(35— 40b) 
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where n + and n_ are the values of n(x) at the top and bottom of the step, and 7} is the 
analytical continuation of the Fresnel expression of Eq. (35-20), since the square roots 
within the expression are imaginary. 


35-12 Circular interfaces and caustics 

The derivations given above for the transmission coefficients are directly applicable to 
planar multimode waveguides. With minor modifications they also apply to multi- 
moded fibers of circular cross-section, where rays are incident at cylindrical interfaces 
and caustics. This requires the cylindrical surfaces to appear planar over distances 
comparable with the wavelength of light. The dependence of the transmission 
coefficients of Eqs. (35-35) and (35— 39a) on profile is always through the combination 
k{Ji 2 — n 2 (x)} 1 12 . In regions where rays propagate this is the transverse component kjx) 
of the local wave vector as expressed by Eq. (35-27) and in the region where the fields 
are evanescent it is given by |fc x (x)|. Because of the circular symmetry of the fiber, it is 
intuitive that we can extend the planar results to cylindrical geometry simply by replacing 
k x (x) with k r (r), where k t (r) is the radial component of the local wave vector in regions 
where rays propagate, and is defined by 


k r (r) = kn(r)cos a(r) = jk 2 n 2 (r)—f 2 — = fcjn 2 (r)-/P -/ 2 ^-j , 

(35-41) 

where n(r) is the fiber profile, a (r) is the angle between the wave vector and the radial 
direction and v is the azimuthal order. Relationships between a(r), /5 and / are given by 
Eqs. (2-14), (2-16) and (2-17), and between [i, v, [i and / are listed in Table 36-1, page 695. 


Solution of the scalar wave equation 

The above procedure must of course give results identical to solving the scalar wave 
equation asymptotically, in analogy with Section 35-8. Accordingly we solve this 
equation analytically using the WKB approximation and then show that the solutions 
are identical to the intuitive local plane-wave solutions of Section 35-3. The most 
general situation for a fiber of radius p with graded core index n(r) and uniform 
cladding index n cl = n(p) is illustrated in Fig. 35-6. A tunneling ray is incident on the 
turning-point caustic of radius r tp and the transmitted ray originates on the radiation 
caustic at radius r rad in the cladding. Because of the azimuthal and longitudinal 
symmetry, we seek solutions of the scalar wave equation of the form 

X(r,<t>,z)= ¥ (r) exp (ivcp) exp (ijSz), (35-42) 

in cylindrical polar coordinates (r, 4>, z) relative to the fiber axis, where /? is the 
propagation constant and v is the azimuthal order. The function 'F(r) satisfies 

f d 2 1 d v 2 1 

|dr 2 + rdr +fe2 " 2(r)_ r 2_ ^ 2 P = °’ (35-43a) 

which can be solved by first making the change of variable w = In r. This leads to the 
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Fig. 35-6 A tunneling ray touches the turning-point caustic at r lp , and 
the transmitted ray reappears at the radiation caustic r rad . Shaded regions 
denote power flow within the ray tubes of cross-sectional area 8 A (r), and 
hatching indicates the region in which the fields are evanescent. 


equation 



+ kf(w) exp (2w) 


¥(w) = 0, 


(35 — 43b) 


in terms of the radial component of the wave vector, defined in Eq. (35-41). Since n(r), 
and therefore k r (r), are slowly varying, the local plane-wave solutions in regions away 
from caustics are identical to the solutions of the planar equation of Eq. (35-16) with x 
replaced by n and k 2 n 2 (x) — /i 2 by k 2 (w ) exp (2vv). F or example, the incident-ray solution 
in the region r < r tp follows from Eq. (35— 32a) as 


= 


{rkM} 1 ' 


-exp< —i 


Mr) dr 


(35-44) 


The positions of the caustics r tp and r rad are solutions of k r (r) = 0. 


Equivalence with local plane-wave derivation 

The factor in front of the exponential in Eq. ( 3 5 — 44) accounts for power conservation 
along the ray. This is clear physically from Fig. 35-6, where the ray paths constituting 
the tube are identical, apart from a translation along the fiber and a rotation about its 
axis. Thus the projection of the tube cross-section 8A(r) in the radial direction must 
increase linearly with r, i.e. <5A(r)/rcos a (r) is invariant along the tube, where a (r) is the 
angle between the tangent to the path and the radial direction. The power density in the 
tube varies as n(r)| v F‘| 2 according to Table 13-2, page 292, and by definition k r (r) 
= kn (r) cos a (r). Consequently, the total tube power 8 A ( r)n (r) | 'F 1 1 2 is conserved along 
the path. 
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Transmission coefficient for tunneling rays in graded-profile fibers 

If we replace x by r, Sl(x) by <5^4 (rj and k x (x) by kfr) throughout Section 35-9, the 
derivation of the power transmission, or tunneling, coefficient for the circular fiber is 
identical to that for the planar waveguide. Accordingly we deduce from Eqs. (35-35) 
and (35^11) that [6] 

(35-45) 

provided that r, and r rad are not too close together. 



Transmission coefficient for tunneling rays in step-profile fibers 

The corresponding result for a step-profile fiber can also be obtained from Section 35-9 
by making the change in notation defined above Eq. (35^15), and, in addition, setting 
x tp = p in Eqs. (35-32) and (35-33), and n(x) = ti co in Eq. (35— 32a). We use the 
connecting formula of Eq. (35-33) to express C in terms of F, and then express F in 
terms of A by imposing continuity of SK 1 + *? r and *F e and their first derivatives at x = p. 
This leads to [12,13] 

(35— 46a) 



where T ( is the analytic continuation of the Fresnel coefficient defined by 

f “{(«c 2 o-P -? 2 ) 1/2 + («d-^-? 2 ) 1/2 } 2 ' 


(35— 46b) 


For a tunneling ray, the first root in the numerator is real and the second root is pure 
imaginary. Consequently 

\T { \ = -j^^o-T 2 -PV' 2 {T 2 +P -n^) 112 . (35-4 6c) 

«co n cl 

This result is a particular case of Eq. (35-40) in cylindrical geometry, when there are 
local plane-wave fields on one side of the interface and evanescent fields on the other. 


Linear approximation 


When the caustics are not too far from the core-cladding interface, the integrals in 
Eqs. (35-45) and (35-46a) can be evaluated approximately. For example, the contri- 
bution from the core over the range r tp < r < p is obtained by linearizing the expression 
within the square brackets of the integrand by making a Taylor expansion about r = p 
and retaining only the first two terms. Hence we set 




dn 2 (r) 
dr 



(35 — 47) 
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On performing the integration, there is no contribution from the lower limit of 
integration because the left side of the above equation is zero at r = r tp . Thus 


p 2 +l 2 ^-n 2 (r) 


11/2 





( y +P -,,2)3/2 
Kpn 2 d — 2P 


1 dn 2 (r) 


dr 


(35— 48a) 


in terms of the slope of the core profile at the interface. Similarly, the contribution to the 
integral from the cladding is given by 


\ad 

02 | T2 f „2 

P +‘ 72 “"cl 

Jp 

r 


1/2 


dr 


(? 2 +P-n3) 1/2 . 


and the transmission coefficient follows from Eq. (35-45) as 


T = exp 


2 K P n l\ (i? 2 + ' 2 -«ci) 3/2 1 

r P K P n 2 -2P n 2 a -r i 


(35— 48b) 


(35-49a) 


where k is defined by Eq. (45-48a) and T^Sn 2 ,— /? 2 since r rad =p. A similar 
approximation can be made for the step-profile fiber, whence we deduce from Eqs. 
(35-46) and (35-48b) that 


(35— 49b) 


where |T f | is given by Eq. (35-46c),and l = n 2 , —j} 2 in this approximation. This ensures 
T 0 as -» n cl , i.e. the limit of bound rays. 


Refracting rays 

Within the core of a step-profile fiber, we use the Fresnel coefficient to describe the 
fraction of power lost by rays which undergo refraction at the interface. In Fig. 35-1 (b), 
the incident and transmitted rays make angles otj and a t , respectively, with the normal, 
or radial, direction. If we ignore polarization, then Eq. (35-20) is replaced by 


4n co n cl cos a, cos a, 
(n co cos a, + n d cos a, ) 2 ’ 


"co sina i = n c |Sina t . 


(35-50) 


The corresponding expression for graded profiles is discussed in Section 7-3. 


35-13 Circular interfaces, caustics and absorbing media 

The transmission coefficient for tunneling rays within a graded profile is given by 
Eq. (35-45), and is a simple generalization of the corresponding planar-waveguide 
expression in Eq. (35-35). It should then be evident from the discussion of the previous 
section and the derivation in Section 35-9, that the transmission coefficient for a 
nominally bound ray propagating within a graded-profile fiber with a nonabsorbing 
core and a slightly absorbing cladding is given by the corresponding generalization of 
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Eq. (35-39). Hence 


T = 


2k jP+P-K,)' 


exp 


—2k f P ; 

J r tn - 


p 2 +T lP ~ 2 


n 2 (r) 


1/2 


dr >, 


(35-51) 


where n d = n r d + in' d is the cladding index. The corresponding expression valid within 
the linear approximation is derived in Section 6-7 and expressed by Eq. (6-24). 


Step-profile fibers 

The appropriate expression for the transmission coefficient when a nominally bound 
ray propagates within a step-profile fiber with slightly absorbing core and cladding is 
obtained from Eq. (35-25) by referring the ray direction to the normal, or radial, 
direction in Fig. 35-l(a), i.e. by replacing 8. by nj 2 — a t . Hence 


K) 

1 


[• 

8 2 {8 2 -(n/2-af 2 } 112 

IXi 


(35-52) 


provided n/2 — oq is not too close to 8 C . 


35-14 Interfaces and caustics defined by two radii of curvature 

In general, the concept of a power transmission coefficient for leaky rays propagating 
along waveguides of abitrary profile and cross-section is meaningful only if the 
transmission coefficient is determined by the local geometry. Thus, in Section 7-13 we 
introduced the concept of locally valid transmission coefficients to describe ray power 
losses in waveguides where the curvature of the interface or caustic changes along the 
path, e.g. noncircular fibers and bent fibers. The transmission coefficient is locally valid 
provided the turning point or interface and the radiation caustic are not too far apart, 
otherwise the transmitted power depends on the macroscopic shape of the waveguide 
and a local description is inaccurate. 


Reflection at an interface - step profile 

We first consider the interface in Fig. 35-7(a) between media of uniform refractive 
indices n co and n d . The y- and z-axes at P on the interface are in the principal planes of 
curvature, and the corresponding principal radii of curvature are p y and p 2 . A ray 
reflects at P, making angles oq, 8 y and 8 Z with the normal, y- and z-directions, 
respectively. The transmission coefficient for tunneling rays can then be written down 
from a knowledge of the corresponding transmission coefficient for a circular interface, 
derived in Section 35-12. 

Tunneling rays whose radiation caustics are not too far from the interface of a 
circular fiber have a transmission coefficient given by Eq. (35 — 49b). We replace the ray 
invariants in the exponent by their definitions of Eq. (2-7) in terms of the angles shown 
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Fig. 35-7 (a) A ray path reflects from an arbitrarily curved interface 
between uniform media of refractive indices n co and n d . (b) In a graded 
medium the ray path touches the arbitrarily curved surface n — n(r t ) 
which defines the turning-point caustic. 


in Fig. 2-3, and obtain 


r It-i j 2 (sin 2 a — sin 2 a ) 3/2 

T= |r,|exp-J--/tpn co — ^ 


P = P 


sin 2 0,cos 2 9, 


-,(35-53) 


where a c = sin -1 (« c , /« co ) is the critical angle. It also follows from Eqs. (2-7) and 
(35-46c) that \T ( | depends only on a and a c . With the help of Euler’s theorem [14], we 
show in Section 37-5 that p is the radius of curvature of the interface in the plane defined 
by the incident ray and the normal , i.e. the plane of incidence. Thus, for a given 
wavelength, the transmission coefficient is fully determined by the ray direction relative 
to the normal and p. We now assert that this also holds for the more general situation in 
Fig. 35-7 (a). In other words the transmission coefficient is given by Eq. (35-53), and the 
radius of curvature in the plane of incidence is now given by Eq. (37-135) as [12] 


P = 


p y p z sin 2 a 

p y cos 2 9 z +p z cos 2 9f 


(35-54) 


which reduces to the expression for the circular interface when p z -* oo. This assertion 
may be verified formally by straightforward analysis [12, 15] which also shows that 
Eq. (35-53) is valid provided kpn co l/cos 3 a. 


Reflection at a caustic —graded media 

A similar result applies to a graded medium, where the situation is illustrated in 
Fig. 35-7(b) using the notation of Fig. 35-7(a). A ray touches the turning-point caustic 
at P and the tangent to the path there, which lies in the plane of the caustic, makes angles 
6. and tt/2 — 6 Z with the z- and y-directions, respectively. The surface of constant index 
n(r) = n{r lp ) has principal radii of curvature p y and p z . 
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Within the linear approximation, tunneling rays on graded-profile circular fibers 
with turning-point and radiation caustics which are not too far from the interface have 
the transmission coefficient given by Eq. (35^49a). If the ray invariants are f and /, then 
it is clear from Eqs. (2-17), (2-19) and .Fig. 35-7(b) that /I 2 +P 2 n 2 (r lp ) and 
7 2 n(r t ) sin 0 Z , since r lp 2 p, whence 


T = exp 


2 . _ Kp 
kpn a _ 

3 Kp — 2 


! i 

3/2 -j 

L J 

j’ 



(35-55) 


since n(r tp ) 2 n co 2 n cl . In Section 37-5 we use Euler’s theorem [14] to show that p is 
the radius of curvature of the interface in the plane defined by the tangent to the ray path at 
the turning point and the radial direction, i.e. the plane of incidence. We now claim that 
Eq. (35-55) holds for the situation in Fig. 35— 7(b), when the radius of curvature in the 
plane of incidence is given by Eq. (37-134) as 


PyPz 

p y cos 2 9. + p z sin 2 9 Z 


(35-56) 


The general result expressed by Eq. (35-55) can be derived formally [16], and is valid 
provided kpn co > 1. 


35-15 Fields in the neighborhood of caustics 

The fields of a waveguide in the neighborhood of the turning-point or radiation 
caustics do not have the simple plane-wave or evanescent behavior of the WKB 
solutions of Section 35-7. This is why the expressions for the transmission coefficient 
derived earlier in the chapter are not valid as these caustics approach one another. In 
most practical situations this limit is of little consequence since a large fraction of ray 
power is lost at each reflection and the ray attenuates very rapidly along the waveguide. 
However, it is convenient to have expressions for computational purposes, such as the 
bent fiber calculations of Chapter 9, which are uniformly valid for any value of the 
transmission coefficient, regardless of whether the leaky ray is a tunneling or refracting 
ray. 


Solution of the scalar wave equation 


By ignoring polarization, the fields of a fiber depend on the solution of the scalar wave 
equation, as represented by Eq. (35-43a). In the neighborhood of, say, the turning- 
point caustic, we linearize the second term within the curly brackets of the transformed 
equation given by Eq. (35— 43b). Hence 


fc 2 (w)exp (2tv) 2 (w 


-v 



(w) exp (2w)} 



(35-57) 


since /c r (w tp ) = 0 by definition, and w tp = lnr lp . If we substitute this into Eq. (35-43b) 
and change variable, then 


d 2 

dC 2 


C[T = 0; C = - (w - 


" d 
V,p *|_dw 


{k 2 (w)exp (2w)} 


U/3 


(35-58) 


tp 




690 Optical Waveguide Theory Section 35-15 

and S' satisfies Airy’s equation [17], with the general solution 

4»(0 = CAi(0+DBi(a (35-59) 

where Ai and Bi are Airy functions of the first and second kinds, and C and D are 
constants. A similar expression applies in the neighborhood of the radiation caustic. 
The constants are determined by matching the asymptotic forms of the solution well 
away from the caustics, i.e. in the limit f -* ± oo, to the local plane-wave fields and 
satisfying continuity of ¥ and its first derivative at the interface [4,9]. The transmission 
coefficient for rays whose turning-point and radiation caustics are close together is 
constructed from Eq. (35-59), and it may be shown to reduce to the tunneling-ray 
expression of Eq. (35— 49a) in one limit and to the refracting-ray expression of 
Eq. (35-36) in the other limit [9], 


Uniform approximations 

Following the above discussion, there are three forms of the transmission coefficient 
which, respectively, apply to tunneling rays, refracting rays and the transition from 
tunneling to refracting rays. This is inconvenient for computational purposes involving 
many ray directions, and can be avoided by using the method of uniform approximations 
to solve the scalar wave equation [17], The three forms are replaced by a single 
expression which is uniformly valid for all leaky rays [18]. 
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In the previous chapter we discussed intuitive notions concerning the propagation of 
rays, or local plane waves, to complement the ray description of propagation along 
multimode waveguides in Part I. An alternative description is provided by the modal 
methods of Part II. A discrete superposition of the fields of a large number of modes is 
required, in general, to describe the total fields of a multimode waveguide, and as a 
result the role of individual modes becomes obscured. This is consistent with a 
continuous superposition of rays. We emphasize that the asymptotic modal analysis 
involves an unnecessary intermediate step- the eigenvalue equation. This equation 
introduces conceptual complications and in general can only be solved by numerical 
methods. 

The main purpose of this chapter is to demonstrate the equivalence of the ray and 
asymptotic modal descriptions of multimode waveguides. We begin by deriving the 
asymptotic relationship between a mode of the waveguide and the equivalent family of 
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rays, or local plane waves, and then reverse the situation by showing how the mode can 
be constructed from local plane waves using simple consistency conditions. 


RAY DECOMPOSITION OF A MODE 

The fields of a mode within regions of an arbitrary waveguide where rays can propagate 
is expressible, in general, as a superposition of local plane wave fields over all ray 
directions. A noted exception is the step-profile planar waveguide discussed below, for 
which only two ray directions are involved. This apart, modes which can propagate only 
on multimode waveguides are asymptotically equivalent to a single family of rays, 
each ray having the same propagation characteristics, e.g. common values of 
the ray invariants f} and / on a circular fiber, as we show for the step-profile fiber 
below. 

36-1 Step-profile planar waveguide 

The trigonometrical dependence of the core fields for the modes of the step-profile 
planar waveguide in Table 12-1, page 242, can be decomposed into two components. 
For example, the electric field for the even TE modes is expressible as 

e y = {exp(if/x) + exp( — il/x)}/2cos U = e y + e y , (36-1) 

where suffices + and — correspond to positive and negative exponents. Relative to the 
cartesian axes in Fig. 12-1, we define plane-wave vectors with components 

k ± = (±U/p, 0, /?) = /cn C0 (±sin 9 Z , 0, cos 8 Z ) = k(± {n 2o -jJ 2 } 1/2 ,0, j?), (36-2) 

where 8 Z is the angle between the direction of propagation and the waveguide axis, and 
remaining parameters are defined inside the covers. With the help of the eigenvalue 
equation in Table 12-2, page 243, we deduce from Table 12-1 that 

h± = e ± ; e ± -h ± =0, (36-3) 

\8oJ k 

and each triad (e + , h + , k + ), (e~, h~, k") consists of mutually orthogonal vectors. Thus 
the fields at any position P in the core are a superposition of the fields of two plane 
waves propagating towards and away from the axis at angle 9 Z , as indicated in Fig. 
36-1 (a). The same interpretation applies to all the remaining modes in Table 12-1, as 
may be verified. 

36-2 Step-profile fiber 

In contrast to the planar waveguide, the core fields of the circular fiber, which are given 
in terms of Bessel functions in Table 12-3, page 250, do not represent a single family of 
rays [1], However, the fields of higher-order modes, which have U > 1, are 
asymptotically equivalent to a single family. To demonstrate this, we first use the 
recurrence relations of Eq. (37-72) to express J v± j in Table 12-3 in terms of J v and its 
derivative. Then, provided U 1 and U — v §> v 1 ' 3 , we can substitute the far Debye 
approximations of Eq. (37-89). The azimuthal dependence on sin (v<j5) or cos(v<p) is 
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n cl 

(a) 



Fig. 36-1 Local plane wave decomposition of the modal fields within 
(a) the core of a step-profile planar waveguide and (b) the core cross- 
section of a step-profile fiber. 


decomposed in an analogous manner to Eq. (36-1). If suffices + and — denote field 
variations exp(±iv</>), respectively, then 



(36-4a) 
(36— 4b) 
(36-4c) 
(36-4d) 
(36-4e) 
(36— 4f ) 


where p and F 2 are defined in Table 12-3 and are related in Table 12-4, page 253. The 


functions / and g are given by 

/= ig/{(2n) ll2 URJ v (U)}; g = (U 2 R 2 - v 2 ) 1/4 . (36-4g) 

If we include the 2 -dependence of Eq. (12-10), then the accumulated phase follows as 

X + flz = ( U 2 R 2 — v 2 ) 1/2 — vcos - 1 (v/UR) — n/4 + v(p + fiz. (36-4h) 

We define plane-wave vectors k ± with components relative to the radial, azimuthal and 
longitudinal directions in Fig. 12-3 given by 

k± = {±(U 2 R 2 -v 2 ) ll2 /Rp, v/Rp,P], (36-5a) 

= fcn co {±cosa(r),sin0jCos0^(r),cos0 2 }, (36— 5b) 

= k{ ± -P/R 2 ) 1 ' 2 ,!//?, jS), (36-5c) 
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where 6, and a (r ) are angles between the direction of propagation and the longitudinal 
and radial directions at P in Fig. 36-1 (b) distance r from the axis, and is the angle 
between the azimuthal direction and the projection of the wave vectors onto the fiber 
cross-section. These relationships follow from generalizations of Eq. (2-7) and the 
relationships in Table 36-1 between /?, v and the ray invariants. Consequently, it is 
readily verified that the fields of Eq. (36-4) satisfy the relationships of Eq. (36-3). The 
modal fields at P are asymptotically equivalent to the superposition of the fields of two 
plane waves propagating towards and away from the interface at angle a (r) to the radial 
direction. 


Table 36-1 Ray and modal parameters for step-profile fibers and planar 
waveguides. Parameters are defined at the front and back of the book. 



When a(r) = n/ 2, it follows from Eq. (36-5) that all rays touch the cylindrical surface 
of radius r ic = pv/U in Fig. 36-1 (b). This is the inner caustic, introduced in Section 2-2. 
We deduce that only the TE 0m and TM 0m modes (v = 0) are composed of meridional 
rays, since r ic = 0, and all HE vm and EH vm modes are composed of skew rays. We are 
reminded that all modes are composed of paraxial rays in the weak-guidance 
approximation. 


36-3 Free-space decomposition 


In the special case of free space, i.e. an unbounded, uniform medium of refractive-index 
n, any solution of Maxwell’s equations is expressible as a continuous superposition of 
plane waves, or rays, propagating in all directions. Thus, for example, if the electric field 
is everywhere parallel to the x -direction on the infinite surface z = 0 and has the spatial 
distribution E(x, y), then [2] 


£(x, y ) = 


1 

4 ^ 



'oo 

S (k x , k y ) exp { i (k x x + k y y ) } dk * dk y , 

J “ OO 


(36-6) 
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where k x = kn cos 8 X and k y = kn cos 6 y are the x- and ^-components, respectively, of 
the plane-wave vector n k, which has magnitude nk = n | k | = 2nn/k and makes angles 9 X 
and 6 y with the x- and y-directions. The free-space wavelength is X. The inverse 
relationship gives 


S(k„k t ) 




E(x, yfexpf — i(k x x + k y y)} dxdy, 


(36-7) 


where S(k x , k y ) is the angular spectrum of plane waves. 


Cylindrical waves 


We can transform Eqs. (36-6) and (36-7) to cylindrical geometry by replacing (x, y) 
with cylindrical polar coordinates (r, 4>) through Eq. (37—46), and defining u to be the 
radial component of nk. If the wave vector makes angle 9 2 with the r direction, then we 
deduce from Eq. (37—49) that 

k x x + k y y = nkr sin 9 Z — ur. (36-8) 


If the prescribed field is circularly symmetric, i.e. E = E(r), then we deduce from 
Eq. (36-6) and the definition in Eq. (37-62) that [3] 

E(r) = j* S(u) J 0 (ur)r dr, (36-9) 

where J 0 is the Bessel function of order zero. Similarly, we find that Eq. (36-7) gives the 
symmetrical angular spectrum 

S(u) = 27tJ" E(r)J 0 (ur)rdr. (36-10) 


It is convenient to normalize the spectral function for comparative purposes in Section 
10-1. Accordingly we define 


A(u) = 


S(u) 

6 ( 0 ) 



E(r)J 0 (ur)rdr 


*00 

0 


E(r)r dr. 


(36-11) 


so that A( 0) = 1. 


ASYMPTOTIC MODAL DESCRIPTION OF PROPAGATION 

In this part of the chapter, we give an asymptotic description of propagation on weakly 
guiding waveguides using modes, and demonstrate the equivalence of this description 
with the ray, or local plane-wave, description of Part I. The specialization to weakly 
guiding waveguides is done for simplicity of presentation and not for fundamental 
reasons. 

36—4 Modal fields 

The fields of modes of weakly guiding waveguides are constructed from solutions of the 
scalar wave equation, as explained in Chapter 13. However, when the waveguide 
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parameter is large, i.e. V p 1, the solutions of the scalar wave equation for those modes 
which can propagate only on multimode waveguides are well approximated by the 
WKB solutions [4], We showed in Sections 35-8 and 35-12 that the WKB solutions are 
identical to the local plane-wave solutions. Accordingly, the fields of high-order modes 
are asymptotically identical to the fields of local plane waves. This is precisely the 
equivalence in the modal decomposition of the examples in Sections 36-1 and 36-2, 
which take into account both the spatial dependence and direction of the modal fields. 
Furthermore, the summed effect of the asymptotic fields of a large number of modes 
approaches an integral over the continuum of fields as V -* oo. This integral is identical 
to the integral over the continuum of local plane-wave fields, or rays. We demonstrated 
this limit for a particular example in Section 20-19. 

36-5 Propagation constants 

The modal propagation constants are determined by the eigenvalue equation, which is 
derived by solving the scalar wave equation, as explained in Section 33-1. However, 
for high -order modes, the eigenvalue equation can be obtained asymptotically, without 
knowledge of the scalar wave equation solutions. We recall that, on a multimode 
waveguide, the modal fields are only significant in the part of the core where they have 
an oscillatory behavior. Since the fields are effectively zero outside this region, it is 
intuitive that there should be an integral number of oscillations in the fields across the 
region. We show in the examples below how this simple criterion leads to the eigenvalue 
equation. 

The same asymptotic form of the eigenvalue equation can also be derived using local 
plane waves. This approach imposes a consistency condition on the accumulated phase 
change following the ray path over a ray half-period, and is demonstrated in the 
following examples. 

36-6 Step-profile planar waveguide 

Consider a step-profile planar waveguide of core and cladding indicies n QO and n d 
respectively. The propagation constant [i is the z-component of the local plane-wave 
vector, which has magnitude kn QO , Accordingly, the transverse component is given by 
(k 2 n 2 a — fi 2 ) 112 = U/p in terms of the mode parameter. The fields are oscillatory 
everywhere between the interfaces at x — ±p in Fig. 12-1. If we allow for a phase 
change <I> due to both interfaces, where 0 is given by Eq. (35-23), then the condition that 
the field has an integral number of oscillations in the cross-section is equivalent to 
C p U 

J — dx + <D = Nn- N = 0, ± 1, (36-12) 

If we express $ in terms of the waveguide and mode parameters, using the relationships 
at the back of the book, and rearrange, we obtain the eigenvalue equations for the even 
and odd TE modes in Table 12-2, page 243, when N is even or odd, respectively. Thus, 
in this special case, the condition expressed by Eq. (36-12) is exact for all modes. 

Local plane-wave derivation 

In Section 10-7, we demonstrated how a simple phase consistency argument, based on 
the translational invariance of the planar waveguide, leads to preferred ray, or local 
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plane-wave, directions. If we express the angles in Eq. (10-16) in terms of modal and 
waveguide parameters, using the relationships at the back of the book, it is readily 
verified that Eq. (10-16) is identical to the eigenvalue equation for the TE modes in 
Table 12-2. Thus, the preferred ray directions correspond to the discrete values of the 
modal propagation constant. 


36-7 Infinite parabolic-profile fiber 

Here we parallel the two derivations of the eigenvalue equation, given in the previous 
section, for a fiber with the infinite parabolic profile of Eq. (14-5). We recall from 
Chapter 2 that the ray, or local plane-wave, trajectory lies between the inner and 
turning-point caustics of radii r ic and r tp , respectively. Accordingly, the modal fields are 
oscillatory only between these two radial positions. The analogous condition to Eq. 
(36-12), that there be an integral number of oscillations between the two caustics, is 

k r (r) dr — — = m = 0, + 1, . . . , (36 — 1 3a) 

Jr ^ 

ic 

where k r (r) is the radial component of the local plane-wave vector at radius r, and the 
term — jt/2 accounts for the phase change at a caustic. If we substitute the middle 
expression for k r (r) in Eq. (35 — 41), replace k and ft by the fiber and mode parameters V 
and U, respectively, and set v = /, then 

* IP {u 2 -V 2 R 2 ~y 2 6R= + (36—1 3b) 

where R = r/p. We note that the limits of integration are roots of the integrand, and by 
setting R 2 = A + flsin 6, where A = U 2 / 2V 1 and B = (l/ 4 /4K 4 — l 2 /V 2 ) 112 , the 
integral is given by Eq. (37-113). On rearranging 

U 2 = 2F(2m + /-l) 1/2 ; / = 0, 1, . . . ; m = 1, 2 . . . , (36-14) 

which is the eigenvalue equation given in Table 14-2, page 307. The ranges of values of / 
and m ensure that U is real. Thus our asymptotic eigenvalue equation holds for all 
modes of the infinite parabolic profile fiber. 


Local plane-wave derivation 

The path of a ray within the parabolic-profile fiber was discussed in Section 2-10. Over 
a distance along the fiber equal to the half-period, z p , the path, shown in Fig. 36— 2(a), 
starts at P on the turning-point caustic, touches the inner caustic at T and meets the 
turning-point caustic again at Q. Relative to the fiber axis, the path between P and Q 
rotates through n radians in the fiber cross-section, as shown in Fig. 36— 2(b). 

Following the conceptual lead of Section 10-7, the eigenvalue equation is obtained 
by imposing a consistency condition, arising from the translational and rotational 
symmetry properties of the fiber, on the accumulated phase change along the path from 
P to Q [5], There are two components to the accumulated phase. The first component is 
the integral of the amplitude of the local plane-wave vector, k{r), along the path. Since 
k(r) — kn(r), this integral is proportional to the optical path length, L a , of Eq. (2-26). 
The second component is the decrease in phase when the path touches the caustics, and 
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Z 



(a) 



T 


(b) 


Fig. 36-2 Ray path on an infinite parabolic profile fiber, showing (a) 
the helical path between successive turning points and (b) the projection 
of the path onto the fiber cross-section. 

is made up of a loss je/ 2 at the inner caustic and a loss of tr/2 because the path begins and 
ends on the turning-point caustic. Thus the accumulated phase change is kL 0 —n. 

The path in Fig. 36— 2(a) is invariant under a translation z parallel to the axis and a 
rotation n about the axis. Thus the associated phase change comprises 

z p k (ftp )«(f, p ) cos B z (r tp ) + nr lp k(r tp )n (r lp ) sin d z (r tp ), (36-15) 

where k(r Tp )n(r lp ) cos 9 z (r lp ) is the component of the local plane-wave vector at Q 
parallel to the fiber axis, and k(r lp )n(r lp ) s\n9,(r tp ) is the component in the azimuthal 
direction. The ray path makes angle 9 z (r if> ) with the z-direction at Q. If we recall the 
definition of the ray invariants /fandfin Table 2-1, page 40, set r = r lp and 0*(r tp ) = 0, 
then Eq. (36-15) is equivalent to k(z p P + npl). The consistency condition requires that 
this expression differ from the accumulated phase along the path by an even multiply of 
n. Hence _ _ 

kL 0 —n = k(z p P + npl) + 2mn\ m = 0, + 1, . . .. (36-16) 

We substitute for L 0 and z p from Table 2-1 for the infinite parabolic profile, and express 
ft and l in terms of /? and v, using the relationships in Table 36-1. Straightforward 
rearrangement in terms of the fiber and mode parameters leads to Eq. (36-14). A similar 
analysis of ray paths within the core of a step-profile fiber leads to the asymptotic form 
of the eigenvalue equation in Table 14-8, page 325 [5]. 


36-8 Infinite power-law profiles 


When a fiber has any of the set of infinite power-law profiles defined by Eq. (14-8), we 
can derive the asymptotic eigenvalue equation for all axisymmetric modes, for which 
/ = 0. Thus, if we substitute Eq. (14-8) into Eq. (36— 1 3a), set / = 0 and r ic = 0, then the 
analogous equation to Eq. (36-14) is 


' r w/P 


(U 2 -V 2 R q ) 112 dR = [m-\ Itr; m = 0, ± 1, . . . 


If we make the substitution R = (xU 2 / V 2 ) 1,q , then we obtain 


JJ (Q + Z)/q 


qV 


2/9 


(1 -x) 1/2 x (1 “ ,)/? dx : 


m \ ]n - 


(36-17) 


(36-18) 
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The integral is expressible in terms of the beta function of Eq. (37-1 04), which is related 
to the gamma function through Eq. (37-105). On rearranging 

I - (2m — l);r 1/2 (q + 2)r(l /q + 1 /2) K 2;g 

L 2r(i/<j) 

This holds for all / = 0 modes of the infinite power-law profiles, and in particular for the 
parabolic profile ( q = 2), when Eq. (36-19) reduces to Eq. (36-14). 


9/(9 + 2 ) 

(36-19) 


36-9 Transit times 


The transit time of a mode over length z of a fiber is given in terms of the group velocity 
v g by Eq. ( 1 1-36), with the modal subscript omitted for convenience. Here we show that 
if we use the asymptotic form of the eigenvalue equation, as expressed by Eq. (36—1 3a), 
to calculate the group velocity, then the modal transit time is identical to the ray transit 
time [4], This identity holds also when the fiber materials are dispersive [6]. 

We substitute the middle expression for k r (r) of Eq. (35-41 ) into Eq. (36-1 3a), replace 
n (r) by n (r, X) to include material dispersion, and set k = 2 n/ X. The resulting equation is 
differentiated with respect to X. Although the limits of integration depend on X, they do 
not contribute to the derivative of the integral because the integrand is zero at both 
caustics. On rearranging the remaining terms, we have 


*P 

dX 



nn g dr / ftp dr 

K(r) ll2 l J ric 


(36-20) 


where n g is the group index of Eq. (2— 33a). We express k r (r) in terms of ray invariants 
through Eq. (35-4), and, from Table 36-1, set P = k/3. The integral in the denominator 
of Eq. (36-20) is proportional to the ray half-period of Eq. (2-28), and the integral in the 
numerator is proportional to the optical path length of Eq. (2-33b). Hence, the transit 
time over distance z follows from Eqs. (1 1-31) and (1 1-36) as 


z zX 2 dp z L m 

v g 2nc dX c z p ’ 

which is identical to the ray transit time of Eq. (2— 33b). 


(36-21) 


36-10 Absorbing waveguides 

In this section we compare the attenuation of modal power due to slightly absorbing 
media with the corresponding attenuation of ray power. For simplicity we consider a 
step-profile planar waveguide of core width 2 p, and, if superscripts r and i denote real 
and imaginary parts, the core and cladding refractive indices are n co = n[ 0 + in‘ co and 
n d - n r d + in respectively, where n <? n (. 0 , n j., < n The modal propagation constant 
is complex, P — P T +iP‘, and is the solution of the eigenvalue equations in Table 12-2, 
page 243. Under these conditions, there are two methods for determining absorption. 
One method is to use the perturbation result of Eq. (18-16), which is valid for slightly 
absorbing waveguides, where rj is taken from Table 12-2 for the TE modes. The other 
method is to solve the eigenvalue equation in Table 12-2 by a perturbation expansion. 
Since the two methods give the same result, we follow only the second method here. If 
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we consider even TE modes, then 

W = U tan U ; W = W l + iW'\ U = U ! + iU\ (36-22) 

Equating terms of lowest order, we have 

W' = l/ r tant/ r . (36-23) 

The small imaginary parts of U and W are found by equating the imaginary parts of Eq. 
(36-22). Using Eqs. (37-3), (37-5) and (37-6) for the expansion of tan(l/ r + iU ! ) and 
setting tan ( i E7 1 ) = iU\ we find correct to first order 

[/'W'= {W T (W r + 1)+(U’) 2 }U'. (36-24) 

We relate the modal parameters to the propagation constants by equating real and 
imaginary parts in the definitions inside the back cover and retaining only the lowest- 
order terms in each case. In terms of the core and cladding power absorption 
coefficients, a co and a d , defined in Eqs. (6-10) and (6-19), respectively, and the power 
attenuation coefficient y of Table 11-2, page 232, we obtain 

U T = p{(kn r co ) 2 -(p r ) 2 } 112 ; 2U r U' = p 2 {kn r co a co — /Ty), (36-25a) 

W’ = p{(p T ) 2 -(kn T 0l ) 2 } il2 ; 2W’W' = p 2 (p r y —kn ! cl a d ). (36-25b) 

The waveguide parameter and the complement of the critical angle in this situation are 
defined in terms of the real parts of the profile by 


F = k P { Ko ) 2 - (" ci ) 2 } 1 ' 12 < cos d c = "cl /" co- 


(36-26) 


If we substitute Eqs. (36-25) and (36-26) into Eq. (36-24) and rearrange, the power 
attenuation coefficient is given by 

knL (U r ) 2 (cos0 c )a cl +IE r (F 2 +IT r )a co 


y = 


ft' 


F 2 (1 +W r ) 


(36-27) 


provided the absorption is slight. 


Attenuation of ray power 

To relate the modal attenuation coefficient to the ray attenuation coefficient, we express 
the right side of Eq. (36-27) in terms of ray quantities. The real part of the propagation 
constant is related to the angle 9 , the ray path makes with the waveguide axis in Fig. 
36-3 by replacing n co with n' a in the relationship in Table 36-1 . Similarly, the waveguide 
parameter is related to 6 C through Eq. (36-26). Since the waveguide is assumed to be 
weakly guiding, both 9, and 9 C are small, and, for simplicity, we make the 
approximations 

ft = kn[ a - V = kpn r co 9 c . (3^28a) 


The corresponding approximations in Eq. (36-25) are 

U' s kpn' m 9 z , fV r = kpn[ 0 (9l-9l) 111 . 

If we substitute Eq. (36-28) into Eq. (36-27) and rearrange, we find 


(36— 28b) 


7 = “co + 


r p + s 


(36-29) 
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Fig. 36-3 (a) Ray path within the core of width 2 p of an absorbing, step- 
profile planar waveguide and (b) the effective core width 2 p efr allowing for 
the lateral shift s. 


where z p is the half-period of Eq. (1-10), Tis the transmission coefficient of Eq. (35-25 
and s is the lateral shift of Eq. (10-8). Within the present approximation, thes( 
quantities have the forms 



as may be verified. 


t ^ 2 P 6 * a d~ a co . 

V 0 C (0 C 2 -0 2 ) I/2 ’ 


2p 0c _1 

V 0 2 (0 2 -0 2 ) 1/2 ’ 


(36-30 


Multimode waveguides 

For modes which propagate only on the planar waveguide when it is multimoded, 
Vp 1, and the term involving s in Eq. (36-29) can be neglected, provided 0 Z ^ 0 C . 
Furthermore, the contribution to y from the component of T involving a co is negligible 
compared with the first term on the right of Eq. (36-29) since VP 1, and is therefore 
neglected. Hence 

y = “co + T/z p = y co + y d . (36-31) 

With reference to the ray path in Fig. 36-3(a), the first term on the right is the power 
attenuation coefficient y co for the uniformly absorbing core, as expressed by Eq. (6-10) 
with 0 Z 1. Similarly, r/z p is the power attenuation coefficient y d for the uniformly 
absorbing cladding, as expressed by Eq. (6-17) and assuming 0 2 , 0 C <? 1. The sum of the 
two expressions shows that the ray and modal power attenuation coefficients are 
identical. 


Low-V waveguides 

When V is small, only low-order modes can propagate. The term in s in Eq. (36-29) is 
retained to account for diffraction effects, as discussed in Section 10-4, and the 
complete expression for T in Eq. (36-30) is now required. However, we can still give a 
simple physical interpretation. We recall from Section 10-6 that the effect of the lateral 
shift is to increase the ray half-period from z p to z^ + s, corresponding to the addition 
ST to the path in Fig. 36-3(b). If we introduce an effective core half-width, p efr , as 
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shown, and replace the ray path PSTR by the zig-zag path PQR, then Eq. (36-29) 
describes attenuation along the new path [1], 

We justify this claim by noting that the core absorption is independent of path since 
0, is small and is therefore unaffected by the path modification. Further, the 
denominator in the second term on the right of Eq. (36-29), z p + s, is precisely the ray 
half-period for the new path, i.e. the axial projection of PQ. Finally, the component of 
the transmission depending on a c0 accounts for a slight exchange of power from the 
cladding to the core. This exchange arises because of the difference in the core and 
cladding absorption coefficients. 


36-11 Leaky modes and leaky rays 


In Section 24-18, we derived the power attenuation coefficient for tunneling leaky 
modes on a. step-profile, weakly guiding fiber. Here we show that, for higher-order 
modes, Eq. (24-36) is equivalent to the power attenuation coefficient of the 
corresponding skew tunneling rays. The argument of the Hankel functions in Eq. 
(24-36) is smaller than the order. Furthermore, we assume that / is sufficiently large that 
the order of both Hankel functions may be taken to be approximately /. Under these 
conditions, we can use the approximate forms of Eq. (37-90), and for simplicity we 
approximate x by the middle expression in Eq. (37— 90b). Hence 




(Q r ) 2 } 1/2 exp 


2[/ 2 -( g) 2 ] 3 ' 2 ] 

3 (Q) 1 y 


(36-32) 


If we replace v, U and Q by /, U r and Q\ respectively, in the relationships with ray 
invariants in Table 36-1, then 


it* —j} 2 (fi 2 +T 2 —n^) 112 f 2, (P + F-n^l 

P «co- n d «co l 3 F-«d J 

The corresponding ray power attenuation coefficient follows from Eqs. (7-2) and 
(7-19) as 


y 



2 (P + F-» c 2 ,) 3 ' 2 ] 

3 P F-« 2 > J' 


(36-34) 


If we substitute for | 7} | from Eq. (7-19b) and for z p from Table 2-1, page 40, and note 
that fl = n co in the weak -guidance approximation, it is readily verified that the mode 
and ray attenuation coefficients are identical [7]. A similar, analytical comparison can 
be made for refracting leaky modes and rays on the step-profile planar waveguide [8], 


Numerical comparison 

The expression for the modal power attenuation coefficient used above is derived by 
perturbation methods from the eigenvalue equation for the step-profile fiber. We can 
quantify the agreement between the modal and ray power attenuation coefficients by 
solving the eigenvalue equation numerically for the complex values of the propagation 
constant. This solution was discussed in Section 24-19. We find that there is good 
agreement for those modes with the smallest attenuation coefficients, while, for modes 
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with larger attenuation coefficients, the inclusion of a lateral shift for leaky rays and the 
use of a refined model for calculating the ray power attenuation coefficient also leads to 
good agreement. Details are presented elsewhere [9,10]. 


NUMBER OF MODES ON MULTIMODE WAVEGUIDES 


We can derive simple, asymptotic expressions for the number of bound and leaky 
modes which can propagate on multimode waveguides. Since V 1, most of the modes 
propagate well above their cutoff V = V c , and their fields in the cladding are evanescent 
and decrease sufficiently rapidly beyond the interface that we need consider only the 
core fields. We appeal to a modification of a method frequently used in quantum 
electrodynamics, that of determining the density of modes in a two-dimensional box 
[11]. The total number of modes, M tot , both bound and leaky, is found by integrating 
over the core cross-section, A co , and the corresponding area, A k in two-dimensional 
wavenumber space. Thus [12] 


A*,c = 2 


dxdy f 

^co 


dk x d k y 
2n 2 n 


1 

2^2 ^co 


(36-35) 


which allows for the two possible polarization states of each mode, e.g. TE or TM on a 
planar waveguide. Examples are given below. We assume that Eq. (36-35), and 
subsequent equations, implicitly assume that the number of modes is the smallest 
integer just exceeding the right side. The numbers of bound or leaky modes are found 
by appropriately restricting the ranges of values of k x and k y as we show below [13], 


36-12 Step-profile planar waveguide 


The total number of modes which can propagate on a planar waveguide is given by the 
one-dimensional analogue of Eq. (36-35). If the core half-width is p and the refractive 
index is n c0 , then at any position in the cross-section the values of k x lie between — kn co 
and kn co . Hence 


M,, 


dx 


I 


k "c° d k x 

kn,.„ 2n 


4 V 
n (2A) 1/2 ’ 


(36-36) 


in terms of the waveguide parameter. The number of bound modes, M bm , is given by the 
same expression as M t0I , provided the limits of integration on k x are reduced to 
+ /cn co sin0 c , where 0 C is the complementary critical angle. Thus 


M, 


bm 


u:i. 


kn rct sin6 c a 

d k x = — V. 

P J— kn sin(L 


71 


(36-37) 


It is clear from the spacing of the cutoff values of V in Fig. 12-2 that this result holds for 
all values of V. Tunneling leaky modes do not propagate on planar waveguides, and the 
number, M rm , of refracting leaky modes is the difference between the total number of 
modes and the number of bound modes 


M rm = M wt ~ M bm = 


(2A) 


1/2 


(37-38) 
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Since A 1, it is clear that the number of bound modes on the weakly guiding 
waveguide is only a small fraction of the total number of modes. 


36-13 Step-profile fiber 

If 0 2 and 0^ are spherical polar angles relative to the axis of a fiber with axisymmetric 
refractive-index profile n(r), where r is the cylindrical radius, then the cartesian 
components of the wave vector in the fiber cross-section are 


/crc(r)sin0 2 cos0^; k y — fcn(r)sin0, sin0^,. 


(36-39) 


With the help of the Jacobian of Eq. (37-129), the expression for the total number of 
modes in Eq. (36-35) in transformed into 


7t 


C n/2 

n 2 ( r)r dr J d 8 


sin 0„ cos 0, d0,* 


(36-40) 


We set n{r) = n m and deduce M tot for the step-profile fiber. The number of bound 
modes, M bm , is given by Eq. (36-40) provided the upper limit of integration on 0, is 
replaced by 0 C . Hence, in terms of the definitions of the fiber parameters inside the back 
cover, we obtain 2 2 


M<0< = 4A ’ 


M bm 2 ■ 


(36-41) 


The number of tunneling and refracting leaky modes, Af lm , is therefore 




= M io, ~ M bm = 


Kl 

2 



(36-42) 


The delineation between tunneling and refracting modes follows from the correspond- 
ing delineation between tunneling and refracting rays in Eq. (2-6), i.e. when a — a c 
= it / 2 — 0 C on the core-cladding interface. Thus Eq. (2-3) leads to 

sin 0 C = sin 8 Z sin 0^. (36-43) 


If M tm denotes the number of tunneling leaky modes, then we deduce from Eqs. (36-40) 
and (2—6) that 

y 2 r */ 2 


M ' m nA 


% 

J o 


d0 2 sin0.cos0 2 sin 2 0^d0 4>> 


(36-44) 


where 0^ = sin -1 {sin0 c /sin0. }, and the factor sin 2 0^ arises from the circular 
shape [13]. On performing the 0^, integration and making the transformation 
w = sin 0 2 /sin 0 C , we deduce with the aid of Eq. (37-1 13b) that 





(36-45) 


assuming A <1 1. The number of refracting leaky modes is M lm — M xm . 


Clad power-law profiles 

The number of bound modes which can propagate on a multimode, clad power-law 
profile fiber is obtained from Eq. (36—40) by substituting for n(r) from Table 2-1, page 
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40, and replacing the upper limit of the 0. integration with the complement of the local 
critical angle 0 c (r) of Eq. (2-29). Thus 


= 2k 2 


V f0 c < r > 

n 2 (r)rdr sin d 2 cos 9, 69 z 

Jo Jo 


V 2 q 
~T~q + 2' 


(36-46) 


Thus, for example, the clad parabolic-profile fiber has only half the number of bound 
modes as the step-profile fiber. 


FIELD SHIFT ON BENT FIBERS 

In Section 23-10, we discussed the shift of the modal fields due to bending of a fiber. If 
the bending radius is large compared to the core radius, we can use perturbation 
methods to describe this shift. We show that the effect of the bend can be described by a 
straight fiber with an effective refractive-index profile [14]. The fields of the bent fiber 
can then be found by solving the scalar wave equation for the straight fiber with 
the effective profile. 

36-14 Derivation of the effective profile 

The situation is illustrated in Fig. 36-4. A straight section of a weakly guiding fiber 
leads into a bend of uniform radius R c . The fundamental mode has propagation 
constant /i and has an x-polarized electric field, where the x-axis is parallel to the plane 
of the bend. Thus, on the straight fiber 

E = F 0 (r)exp (//)z)x, (36-47) 

where x is the unit vector parallel to the x-axis, z is the distance along the fiber, r is the 
cylindrical radius and F 0 ( r ) is the fundamental solution of the scalar wave equation of 
Eq. (14-4). On the bend, it is clear that the same field must have an angular dependence 
of the form exp (i7c0), where k is a constant and 9 is the angular displacement around the 
bend relative to the x-axis in Fig. 36-4. If z now denotes the distance along the bent 
fiber, i.e. along a curve of constant radius about the axis of the bend through C, then we 



Fig. 36-4 A fiber of refractive-index profile n (r) is bent into an arc of 
constant radi us R c . Polar coordinates (r, (j > ) describe the fiber cross-section 
relative to 0, where the COy-axis is parallel to the plane of the bend. 
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can define a local propagation constant /? through the relationship 

exp (i/c0) = exp (i$z), (36-48) 

assuming z = 0 at 6 = 0. If r and 4> are polar coordinates in the cross-section of the bent 
fiber, as shown in Fig. 36-4, then by geometry 


z = {R c + r cos 4>)9. (36-49) 

On the fiber axis at the beginning of the bend we must have /? = /?. Substituting 
Eq. (36-49) into Eq. (36-48), we deduce that k = j 3R C , and hence 




(36-50) 


since, by assumption, R c §> r. We are reminded that the fundamental-mode fields are 
significant only in the region close to the fiber axis. 

The local propagation constant can be regarded as a modified propagation constant 
which accounts for the bend. In other words, we can determine the field of the bent fiber 
approximately, by solving the scalar wave equation for the straight fiber, but with [i 
replaced by p. In cylindrical polar coordinates (r, <f>, z), this substitution from 
Eq. (36-50) into Eq. (14-4), together with a rearrangement of the equation, leads to 


jil 11 

(dr 2 + r dr 


1 8 2 

+ ^4ri+ k2n ! -P 1 

r 2 dtp 2 e 



(36-51) 


where we have used the weak -guidance approximation /? S kn CD . The effective 
refractive-index profile, n e , is related to the profile n(r) of the straight fiber by [14] 

n 2 = n 2 (r) + 2n 2 a (r/R c ) cos <j>, (36-52) 

assuming R c r. Thus the effective profile involves the superposition of a linear profile 
to account for the bend. The field shift due to the bend is found by comparing the 
solution G 0 of Eq. (36-51) with the corresponding solution F 0 for the straight fiber. 


36-15 Example: Gaussian approximation 

We can solve Eq. (36-51) for an arbitrary profile, n(r), if we approximate the 
fundamental-mode fields with the Gaussian approximation of Chapter 15. The 
solution of the scalar wave equation for the straight fiber is given in terms of the spot 
size r 0 for the particular profile by Eq. (15-2). To solve Eq. (36-51), we set 

G 0 = {l-t-4(r/R c }cos0}F o ; F 0 = exp(-r 2 /2rg), (36-53) 

where A is a constant, and ignore terms of order (r/R c ) 2 . Since F 0 is the approximate 
solution of Eq. (14—4) when / = 0, we deduce from a comparison of terms of order r/R c 
in Eq. (36-51), that A = (kr 0 n co ) 2 . In terms of the fiber parameter defined inside the 
back cover, this is equivalent to A = rg V 2 /2 Ap 2 . Hence the electric field on the bent 
fiber is in the radial direction and is given approximately by 

E=fi { 1+ ^i cos ^} exp ( _ i!) exp(,W) ’ 

where R is the unit radial vector parallel to the plane of the bend. 


(36-54) 
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Shift in the peak field 

The peak value of the electric field amplitude, | E | , is shifted outwards by the bend from 
its axial position on the straight fiber. We quantify this shift in the plane of the 
bend, <p = 0. The second term within the curly brackets of Eq. (36—54) is small 
compared with unity, and thus the two terms are well approximated by 
exp { (r-Q V 2 /2Ap 2 ) (r/R c )cos <t>}. Substituting into Eq. (36-47), we obtain, correct 
to order r/R c within the exponent 

E = Rexp{-~(r- ~ j ex P (O®K C 0), (36-55) 


where Fis the fiber parameter defined inside the back cover. If r d denotes the shift in the 
peak field, then 


V 2 4 

r * 2A R c p 2 


(36-56) 


This shift is the predominant effect of bending on the fields. In the direction orthogonal 
to the plane of the bend (<f> — n/2), there is no shift, so that the field pattern is distorted 
as well as shifted outwards. 
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In this final chapter, we bring together for handy reference the mathematical formulae 
which are used throughout the book. The following list is not meant to be 
comprehensive, but avoids the need to look for relationships elsewhere, particularly the 
less familiar ones. All of the results below are given by, or are readily deducible from, 
standard texts [1-4], 

37-1 Trigonometric, hyperbolic and related functions 


Trigonometric relationships 

sin 0 = {e' 9 — e'"' 9 }/2i; cos 0 = {e i9 + e- i9 }/2, (32-1) 

sin 2 0 + cos 2 0=1; 1 + tan 2 0 = 1/cos 2 9, (37-2) 

1 + cot 2 6 = 1/sin 2 0; tan 0 = 1/cot 0 = sin 0/cos 0, (37-3) 

cos 20 = 2 cos 2 0 — 1 = 1 — 2 sin 2 0; sin 20 = 2 sin 0 cos 0, (37-4) 

sin(0, ± 0 2 ) = sin0j cos0 2 ± sin 0 2 cos0 l5 (37-5) 

cos(0[ ± 0 2 ) = cos 0! cos 0 2 + sin 0] sin 0 2 , (37-6) 

sin -1 0 = tr/2 — cos -1 0; tan{sin _1 0} = 0/(1 — 0 2 ) 1/2 . (37-7) 


Sine rule 

If a triangle has sides of length a, b and c, and the angles opposite these sides are A, B 
and C, then 

a/sin A = b/ sin B = c/sin C. (37-8) 

Expansions for small argument 

sin0 =0 — 0 3 /6 + . . . ; cos0 S 1 -0 2 /2+ . . . , (37-9) 

tan0 = 0 + 0 3 /3 + . . . ; cot 0 ^ 1/0 - 0/3 + . . . . (37-10) 
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Hyperbolic functions 

sinhz = (e z —e“ z )/2; coshz = (e z + e _z )/2, (37-11) 

cosh 2 z —sinh 2 z = 1; 1 — tanh 2 z = 1/cosh 2 z, (37-12) 

coth 2 z — 1 = l/sinh 2 z; tanhz = 1/cothz = sinhz/coshz, (37-13) 

cosh 2z = 2 cosh 2 z — 1 = 1 + 2 sinh 2 z; sinh 2z = 2 sinh z cosh z, (37-14) 

sinh(z! + z 2 ) = sinhz; coshz 2 + sinhz 2 coshz l5 (37-15) 

cosh(Z[ + z 2 ) = cosh z,coshz 2 + sinhz! sinhz 2 , (37-16) 


sinh 1 z = ln{z + (z 2 + l) 1 ' 2 }; cosh 1 z = ln{z + (z 2 — 1) 1/2 }. (37-17) 

Expansions close to z = 1 

cosh -1 z = (z 2 — 1) 1/2 — (z 2 — l) 3/2 /6 + . . . ; z 2; 1, 
cosh~'(l/z) = (1 — z 2 ) 1/2 + (l — z 2 ) 3,2 /3 + z € 1. 

Logarithmic function 

lim (In z)/z° = 0, a > 0; lim a{z 1/0 - 1} = 0. (37-20) 

z —* <x: a-* oo 

Series expansions 

In (1 +z) cs z — z 2 /2 + z 3 /3 — . . . ; In (1 — z) = — z — z 2 /2 — z 3 /3 — . . . . 

(37-21) 


(37-18) 

(37-19) 


37-2 Vectors, vector operators and integral theorems 
Vector operations 


AA = A 2 


A-A* = I A I’ 


A-(BxC) = 


Ay 

fiv 


C v 


A-(BxC) = B-(CxA) = C-(AxB), 

= -A(CxB) 

A x(BxC) = — Ax(CxB) = (A-C)B — (A-B)C. 


(37-22) 

(37-23) 

(37-24) 


Vector operators 

Subscript t denotes the transverse operator, as defined in Table 30-1, page 592. 
V('F 1 'F 2 ) = 'F 1 V4' 2 +'1' 2 V'F 1 ; V.pr, ¥ 2 ) = V,^ + »P 2 V.V,, (37-25) 

V-(TA)= TV-A+ A-VT'; V, • (¥ A t ) = ¥ V t • A, + A t • V t »P, (37-26) 
Vx ( V PA) = ‘TVx A+ VVx A; V t x (TA,) = ¥ V t x A, + V,»F xA,, (37-27) 
V-(AxB)= B-(V xA)-A-(VxB); 

V,-(A xB)= B-(V t x A) — A -(V t x B), (37-28) 

V 2 T= V-(VT); Vf'F = V t -(V t »F), (37-29) 

V 2 A = V(V-A) — Vx (Vx A); V 2 A = V t (V,-A)— V t x (V t x A). (37-30) 
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The following relationships hold only if A has cartesian components 

V 2 A = V 2 A, V 2 A = VfA; A = (A x , A y , A,). (37-31) 


Cartesian coordinates 


The scalar function ¥ and the vector function A depend on cartesian coordinates 
(x, y , z). If x, y and z are unit vectors parallel to the x-, y- and z-axes, respectively, and A 
has cartesian components A x , A y and A z , then 

A = ( A x , A y , A z ) = A x x-f /4 y y + A z z, 


BY „ B'V „ dV „ 54* „ 

V'P = — x+— - y + — z = V t «P + — £ 

ox By Bz oz 

BA X BA V BA, 

V • A = — ^ ^ = V, • A, + 

Bx By Bz 11 


BA Z 

Bz 


(37-32) 

(37-33) 

(37-34) 


Vx A = 


x y z 

B B B 
Bx By Bz 


V,x A, = 


BAy 

Bx 


BA. 

By 


~ )l (37-35) 


v 2 y 


d 2 ^ B 2y ¥ B 2 V 


B 2x T 


H = V 2 *? + : 

Bx 2 By 2 Bz 2 ' Bz 2 


V 2 A = V 2 A = (V 2 A x )x + (V 2 A y )y + (V 2 A z )z, 


V 2 A = V, 2 A + - , 


B 2 A 
Bz 2 


(37-36) 

(37-37) 

(37-38) 


V?A = V 2 A; 

Cylindrical polar coordinates 

The scalar function *F and the vector function A depend on cylindrical polar 
coordinates (r, <p, z). If r, cf> and z are unit vectors parallel to the radial, azimuthal and 
longitudinal directions, respectively, and A has cylindrical polar components A,, A 4 , 
and A z , then 

A = ( A r , A 4 , A z ) = A,r+ A$ + A z % 


B'V ^ loff d' V „ B'V ^ 

VT^— ?+-—-<» + lr z= ^4* + — z, 
Br r 3<f> Bz Bz 

1 3 1 BAs BA Z BA. 


(37-39) 

(37-10) 

(37-41) 


Vx A = - 


1 


V 2v P = 


f r$ 

z 

B B 

d 

Br 3(f> 

dz 

A r rA 4 

i A z 

B 2 '? 

ldV 


r dr 


V,x A, 


ill 

r jar' 


BA, 


B<f> 


MJ— (37—12) 


1 e 2 '!' , B 2x V 

-I 1 = V 2v P H 

r 2 B<j> 2 Bz 2 1 & 2 ’ 


V 2 A = < V 2 A 


2 BA* 
r 2 Bcj) 


„2 


v, 2 a = v 2 a- 


2 BA# 
3(f> 
B 2 A 
Bz 2 ’ 


$ + (V 2 A z )% 


(37-43) 

(37-14) 


(37-15) 
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Relationships between cartesian and cylindrical polar coordinates 

The orientation of the coordinate systems is shown in Fig. 14-1. In terms of the 
notation defined above, we have 


x = rcos<p, y = rsin</>; r = 

{x 2 +y 2 ) 1/2 , 4> = tan 1 (y/x), 

(37-46) 

d'V dV sin ip d'V 

— = cosc) : 

8x dr r dip 

dT* dy cos tpdV 

dy~ Sm4> dr + r d<P’ 

(37-47) 

d'V . , d'V 

— = cos a) hsina) — ; 

dr 8x dy 

1 . , d'V d'f 

— rr = —sin ip— — l-cos0— — , 
r dip 8x dy 

(37-48) 

A, = A x cos 4> + A y sin <p\ 

Aj, = — A x sinip + A y cos ip, 

(37-49) 

A x = A r cos tp — Aj, sin tp\ 

A y = A r sin ip + A# cos tp , 

(37-50) 

Relationships between unit vectors 



i = xcos(/> + ysin(/>; 

4> = — xsin ip + ycos^. 

(37-51) 

x = i cosip — $sin ip; 

y = t sin <p + 4> cos ip, 

(37-52) 

rx <p - z; 

zx r = ip. 

(37-53) 

Si dr 

dr ~ ' dip ~ <t> ’ 

<U 

1 

11 

Hi 

o' 

II 

<-©-! 5*. 

(37-54) 


Intergral theorems 

The following theorems apply to a planar surface S with perimeter /, on which, n is the 
unit outward normal, and z is the unit vector orthogonal to S and parallel to the 
increasing z-direction. The exception is the second relationship in Eq. (37-55) which 
applies to volume "V bounded by the surface S, on which n is the unit outward normal. 


V t -A t dS = o A,-nd/; = <> A-ndS, 

J s J i Jr J s 

• d C * 

V-AdS = — A-zdS+o A-nd /, 

J s oz J s J , 

{A t -V 2 B t -B t -V 2 A t }dS = <f {A t (V,-B t ) — B t (V t -A,)} -nd/, 
• S J I 

{'PV.^-xVfT'Ids f ^V lZ - Z V t >F}-nd/. 

« s J i 


(37-55) 

(37-56) 

(37-57) 

(37-58) 


37-3 Bessel functions 
Differential equations 

The Bessel functions of the first and second kinds, J v (z) and T v (z), and the Hankel 
functions of the first and second kinds, H[ l) (z) and H[ 2) (z), all satisfy the same 
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differential equation. If F v (z) denotes one of these functions, then 


d 2 F dF 

z2 a_r, +z af i + (z 2_ v 2)F i = 0 . (37-59) 

dz 2 dz 

If G v (z) denotes a modified Bessel function of the first or second kind, / v (z) or K v (z), 
then 

z 2 ^% + z^-(z 2 + v 2 )G v = 0. (37-60) 

dz 2 dz 


Integral and series definitions 

In the following, v is taken to be real and nonnegative, and m is a nonnegative integer. 


1 

7v(z) = - 
n 


cos (z sind — v0)d0 — 


sin 


_M f 00 
71 Jo 


exp( — zsinht — v()dt, (37-61) 


JmU) 


Ini" 


exp (iz cos 9) cos ( mO ) dO — — 
o 


exp ( — iz cos 9) cos ( m8 ) d 0, (37-62) 


Vv (- z2 /4) j 
v(z) ( 2 J £ 0 j'.r(j+v+iy 

J, r2n 


LU) = 

t 0 (z) = 

K v (z) = 
F, v (z) = 


2n 

1 

2n 


cos (m0) exp (z cos 0) d0, 
exp {zcos(0 — 1 x ) } d 0, 
exp ( — z cosh t) cosh (vt) dt, 
exp ( — zcosh r)cos (vt)dt, 


(37-63) 

(37-64) 

(37-65) 

(37-66) 

(37-67) 


where K t (z) is a modified Bessel function of the second kind of pure imaginary order. 


Relationships between Bessel, Hankel and modified Bessel functions 

H < v 1, (z) = J v (z) + ,T v (z); tf< 2 >(z) = J v (z)-iy v (z), (37-68) 

J m (iz) = i m / m (z); J 0 (iz) = / 0 (z); Jj(iz) = iMz), (37-69) 

{ J m (z)}* = J m (z*); J_ m (z) = (-) m J m (z), (37-70) 

K m (-iz) = (7r/2)i m + 1 H' m 1 »(z); K_ m (z) = K m (z). (37-71) 
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Recurrence relations 

The recurrence relations for the J m are also satisfied by the Y m , H t ^ ) and 
z dJ (z) l 

Jm (z) = 2^ { Jm - 1 {z) + +■ 1 {z) y > = 2 {Jm - i(z) ~ Jm+i{z)} ' (37 ~ 72a > 


j , s _ m J , s dJ m (z) 

+ 1 (^) Jm (^) j » 
2 dz 


m d J m (z) 

z dz 


(37— 72b) 


*Uz) = ^{K m+ i(z)-K m -i(z)}; -J{K-- 1 (z)+«- + iW},(37-73a) 

2m dz 2 


z dz 


z dz 


/-« = 2m^ m_l(z) - 7 ” + > W}: = \{L-1 (r) + /«+! (2)}, 


+ 1 ( 2 ) : 


m d/ m (z) 

• — ^m(z)H 1 — ; 

z dz 


- 1 (2) = - /„ Z) + — , 

z dz 


dJ 0 (z) 

dz 


= -J 1 ( 2 ); 


d* 0 (z) 

dz 


= -Ki(z); 


d/ 0 (z) 

dz 


= /l(2). 


(37— 73b) 
(37-74a) 
(37— 74b) 
(37-75) 


Wronskians 

W{ J m (z), Y m (z)} = 7 m (z)^* -y m (z)i^ = - (37— 76a) 

dz dz 7TZ 

= T m (z)7 m+ ,(z)-J m (z)y m+ , (z) (37— 76b) 

= -Uz)T m -, (z)-YJz)J m . 1 (z), (37— 76c) 

tT{7 m (z), H»'(z)} = 7 m (z)^(z)-/,-(z)^ = - (37-77a) 

dz dz 7cz 

= HL 1, Wi« + t(2)-J.(z)H‘ili(z) (37— 77b) 

= J m (z)H"L l (z)-H"\z)J m _ l (z), (37— 77c) 

tT{iC m (z), /.(z)} = K m (z)^^ -/ ra (z)^l^ = (37-78) 

dz dz z 

tK{K 0 (z),/ 0 (z)} = K 0 (z)/ 1 (z)+/ 0 (z)K 1 (z)= 1/z. (37-79) 


Series of Bessel and modified Bessel functions 

00 

exp (iz cos 0) = J 0 (z) + 2 £ i m J m (z) cos (m0), 

m = 1 

00 

cos (z cos 0) ~ Jq (z) + 2 £ ( — ) ra J 2m ( z ) cos(2m0), 

m= 1 

00 

sin(zcos0) = 2 £ ( -) m J 2m + 1 (z) cos(2;?i+ 1)0. 


(37-80a) 

(37— 80b) 
(37-80c) 
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Relative to the coordinates in Fig. 18—4, the addition formula is 

{cos “ {cos (p<p 2 ), 

K - tar '> {*»(,*> - ± ■*' 1 1 '’(sinlpfc). (3Ml) 


Limiting forms for small argument (z -► 0) 

1 / z 
m\ \2 

(m — 1)! (2 


J 0 (z)=l-^; (37-82) 


YJz)'. 


i(m — 1)! / 2 


(mfO); tf<!’(z) = 

re \z J re 

Fo( z ) = (2/re) lnz; H ( 0 l) (z) S (2i/re)lnz, 


UZ) ^UJ : /o(Z ^ 1+ 4 : 7 ‘ (Z)S 2 + 16’ 

(m — 1)! /2\ m 

*„(z)S - 2 (z) (m = 0); K o(z)= -lnz + (ln2-y), 

where Euler’s constant y = 0.577. 


(m =/= 0), (37-83) 
(37-84) 
(37-85) 

(37-86) 


Asymptotic expansions for large argument (z -> oo) 


( 2 " 

\ 112 j 

i re 

re { 

\nz y 

1 cos/ 

i z v 2 

-i) 


f v (z) = 


(2nz) 


1 12 


4v 2 — 1 
8z 


2 \ 1/2 


1/2 


2 4 


K v (z) = 1^1 e 


1 + 


4v 2 — 


8z 


(37-87) 
-j. (37-88) 


Debye asymptotic expansions 

When the argument is larger than the order and satisfies z — v > v 1/3 , then 
"2 Y /2 cos x „ (1 u^~f 2 \ 112 ex P(ix) 


•fv(z) = 
dz 


Hl'Y) 


-(!)“ 


7t y (z 2 -V 2 ) 1/4 ’ (z 2 -V 2 ) 1 ^’ 

2 Y /2 (z 2 — v 2 ) 1/4 dH'Yfz) / 2 Y /2 (z 2 — v 2 ) 1/4 


(37-89a) 


sinx;- 


dz 


exp(ix), 
(37— 89b) 
(37-89c) 


X = (z 2 — v 2 ) 1/2 — v cos '(v/z) — re/4. 

If the argument is smaller than the order and satisfies v-z^> v 1/3 , v |> 1, then 

\‘ /2 e *P(*) mon , 
,rej (v 2 -z 2 ) 1/4 ’ (3? 9 ° a) 

\ 3/2 




1 


1 


(2*) 1 ' 2 (v 2 -z 2 ) 1/4 

x = vcosh (v/z)- (v 2 -z 2 ) 1/2 = ^^2 (v 2 z 2 ) 3/2 = ^ - 1 

where the approximations to x apply when z is close to v. 


(37— 90b) 
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37-4 Integrals of Bessel functions 
Indefinite integrals 

zJ 0 (az)Az = -J 1 (az); f fUf} dz = _ i { Jf( az ) + J\ {az)}, (37-91) 

J a J z 2 

zJl(az)Az =- {Ji(ta)~ ( az)J m + 1 (az)}, (37-92a) 


z Jl (az) Az = y { J% (az) + Jf (az ) } , 


zK^(az)dz = y{K^(az)-X m _ 1 (az)X m + 1 (az)}, 


zKo (az) dz = y { K g (az) - K \ (az)}. 


(37— 92b) 
(37-93a) 
(37— 93b) 

; (az) J m (fez) dz = {bJ m (az)J m _ 1 (bz) —aJ m (bz)J m _ 1 (az)}, (3 7-94) 

^ K m (az) K m (bz) Az = { feK m (az) K m+1 (bz)~ aK m (bz) K m + , (az) } , (37-95) 

(37-96) 
(37-97) 

| z 7 m (az) K m (fez) dz = { aK m (bz) J m + , (az) - bJ m (az)K m + , (fez)} , (37-98) 

z7 0 (az)/ 0 (fez) dz = {bJ 0 (az)I 1 (bz) + aJ i (az)I 0 (bz)} > (37-99) 


z 2 J 0 (az) 7! (az) dz = •— Jf (az), 

2a 

z 2 

z 2 K 0 (az) K j (az) dz = K\ (az), 
2a 


Definite integrals 


(fez) exp( — a 2 z 2 ) dz > 


z m+1 J m (fez) exp(-a 2 z 2 )dz = 


z/ 0 (fez)exp( — a 2 z 2 )dz 


1 — exp( -fe z /4a 2 ) 


b m exp( — fe 2 /4a 2 ) 
(2a 2 ) m+1 ’ 

exp(fe 2 /4a 2 ) 

2a 2 

1 


/ 0 (fez) exp( - az) dz = , 2ll/2 , 

o (a 2 — fe 2 ) 1/2 


z/ 0 (fez) exp( — az) dz 
z/j (fez) exp( — az) dz = 


(a 2 — fe 2 ) 3/2 ’ 
fe 


(a 2 — fe 2 ) 3/2 ’ 

where a > fe > 0 in Eq. (37— 101b) and in Eq. (37-102). 


(37-1 00a) 
(37— 100b) 
(37— 101a) 
(37-1 01b) 
(3 7- 102a) 
(37— 102b) 
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37-5 Miscellaneous functions and integrals 
Special functions 

The complete elliptic integrals of the first and second kinds are, respectively, 

C"> 2 de f" /2 

K (v) = E(v) = (1 - v sin 2 0) 1 ' 2 de, (37-103) 

J 0 (1 -vsin 2 0) 1/2 Jo 

and the gamma and beta functions have the respective definitions 

*oo r i 

T (z) = t z_1 e - ' dr ; B(z,w) = t z ~ 1 (1 dt. (37-104) 

Jo Jo 

Special relationships and particular values are 

f 30 r(z)T(w) 

T (m + 1 ) = m ! = t m t~'dt\ B(z,w) = ' , (37-105) 

Jo r<z+w) 

r(z+l) = zT(z); T(i)S 3.625; T(i) =£ 2.679, (37-1 06a) 

r(A) = n 1/2 s 1.772; T (|) = 1.354; T(|)s 1.225., (37-106b) 

where m = 0, 1, . . . Low-order Hermite polynomials are 

H 0 = 1; Hi = 2z; H 2 =4z 2 -2; tf 3 = 8z 3 -12z. (37-107) 


Equivalent definitions of the Dirac delta function are 


<5(z — z 


1 f a 

o) ~2 n J_ £ 


exp( ± i(z — z 0 )£) di 


1 CO 1 CO 

<5(z — z 0 ) = — X cosm(z — z 0 ) = — £ exp{im(z-z 0 )}. 


(37— 108a) 
(37— 108ft) 


If r and r 0 are position vectors, then relative to cartesian and cylindrical polar 
coordinates we have, respectively, 

<5(r — r 0 ) = <5 (x-x 0 )S(y-y 0 )5(z-z 0 ); <5(r-r 0 ) = ^ --- d(<j> - </> 0 )<5(z-z 0 ). 

r o 


Indefinite and definite integrals 


(37-109) 

j" cos(m0) sin(z cosS) dd = 0, 

(m even), 

(37-1 10a) 

f” 

cos (m6) cos(z cos 6) d0 = 0, 

(m odd) 

(37-1 10b) 


0 


sin (m6) exp( ± iz cos 6) d0 = 0; — — | — - dz = an, ( a > 0). 


(37-111) 
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it/2 


dd 


n 


dd 


, k/2 1 +a 2 sin 2 0 (a 2 + l) 1/2 ’ 

1 A( ±_\ n 


a + b cos 2 6 {a(a + b)} 112 


tan" 


a + b ) 


* dd 

sin 6 

1 , 

( n 



- 

+ -ln< 

tan I — 

+ -> 

J cos 3 d 

2 cos 2 9 

2 

V4 

2 / J 


z sin 


1 1 -) dz = — sin 
2 


'GH 


Section 37-5 

(37-1 12a) 

(37-1 12b) 
(37-1 13a) 
(z 2 -l) 1/2 , (37-1 13b) 


tan 0 


sin 2 ( bz ) exp( — az) dz = 


{a 2 sin 2 (bz) + ab sin ( 2 bz) + 2 b 2 }. 
a(a 2 + 4 b 2 ) 


exp( — az), 

(37-1 14a) 


{a 2 cos 2 (bz) — ab sin(2bz) + 2b 2 } 

cos (bz) exp( — az) dz = —5 — — exp( — az), 

a(a 2 + 4^) 

(37-1 14b) 

dz 1 f a + t z — (a 2 — l) 1 12 1 

a-i-coshz = (a 2 ^-~I)^ 2 ' ln 1 o + e z + (a 2 — 1) 1/2 j ’ ^ > 1} (3W15) 


dz 

1 +z : 




a (a 2 —b 2 ) 112 


1/2 

-2 — 1 ^ dz = a In -J - + 


b 


(37-116) 
> z > 0), (37-117) 

(a 2 —b 2 ) 1 ' 2 , (37-1 18a) 


= a cosh 1 — (a 2 — b 2 ) 112 si (a 2 — b 2 ) 312 , (37-1 18b) 

7 3a" 1 


where a> b > 0 and the approximation holds when b < a. 
dz 


(1-Wz) 2 } 1 ' 2 


ff a 2 ! 1 ' 2 

= (z 2 — a 2 ) 1 ' 2 ; <1 — G dz = (z 2 — a 


2 ) 1/2 — acos 1 ( - ), 

z ) 


dz 


1 ( 2z 2 — a 2 

- cosh 


Zo {z 2 -a 2 -(blz) 2 Y 12 2 |(4£> 2 + a 4 ) 1/2 


where z 0 is the smaller root of the denominator in the integrand. 


(37-119) 

(37-120) 


zdz 


(a 2 — z 2 ) 1/2 (z 2 —b 2 ) 112 


icos 


1 [ (a 2 — z 2 ) — (z 2 — b 2 ) 
a 2 — b 2 


, (37-121) 
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where a > b > 0 and a > z > b. 


f- z 3 dz 

. , (a 2 -z 2 ) 112 (z 2 -b 2 ) 1 ' 2 


~ ( a 2 + b 2 ), (a> b > 0), 

4 


(37-122) 


■{(z 2 -a 2 )(z 2 -b 2 )} 112 1 

d z=- 

z 2 


X = In 


(z 2 -a 2 ) 112 (z 2 - b 2 ) 1 ' 2 - ( a 2 + b 2 )X + abY 
(z 2 — a 2 ) 1 ' 2 + (z 2 — b 2 ) 112 


(a 2 —b 2 ) 112 


(37-1 23a) 
(37-1 23b) 


7= In 


J ( a - h ) 2 + [( 2 2 - a 2 ) 1/2 + ( z 2 - b 2 )'' 2 ] 2 , 

t(a + b) 2 + O 2 -a 2 ) 1 ' 2 + (z 2 -h 2 ) x ' 2 ] 2 j ’ Z > a,Z > b (37_123c) 


zexp( — a 2 z 2 )dz = ^-j{ 1 — exp( — a 2 z 2 )}, 


(37-1 24a) 


z 3 exp(-a 2 z 2 )dz = — ^ {1 —(1 + a 2 z 2 )exp (- a 2 z 2 )}, (37— 124b) 


L = 


2a' 


z m exp ( — a 2 z 2 ) dz = — rr r{(m + l)/2), (37-125a) 

o *- a 


I = 5 ^- / = J _- / = > A . / = J _ 

0 2a ’ 1 2a 2 ’ 2 4a 3 ’ 3 2 a 4 ’ 


(37-1 25b) 


z m exp( — a 2 z 2 )dz = ”W+T r{(m+ l)/2}, m = 0, 2, 4, ■ • • , (37-126a) 


z m exp ( — a 2 z 2 ) dz = 0, m=l,3, •••, 


(37-1 26b) 


exp ( — az 2 —bz) exp ( — pz 2 — qz) dz = 


1/2 


, (b + q) 2 } 

a + P j eXP j4(a + p)}’ 


(37-127) 


where a > 0, p > 0. If j (z) is a generalized Laguerre polynomial, then 


’ co f l 2 (l + m — IV 

z 1 e~ z < , (z) [ dz = i- — ^ l > 0, m £ 1. (37-1 28) 

Jo l J (m — 1 )! 

Jacobian transformation 

The Jacobian for the two-dimensional transformation ( u , v) -* (p, q ) is 

5 (u, v) 8u dv 5u 5v 
d(p,q) op dq dq dp' 


(37-129) 
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Laplace’s method 

If x is large and positive, and the function h{z) takes its maximum value at the lower 
limit of integration z = a in the integral 

G(x) = j" gf(z)exp{x(i(z)}dz, (37-130) 

then the value of G(x) is well approximated by [3] 

G(x) = g(a)exp{xh(a)} > (37-131) 

where h"(a) is the value of d 2 h(z)/dz 2 at z = a. 


Euler’s theorem 


If cartesian axes are oriented at position P on a surface of arbitrary curvature such 
that the x-axis is normal to the surface, and the x-y and x-z planes contain the 
principal radii of curvature p y and p 2 , respectively, then, for any other plane containing 
the x-axis and making angle ft with the z-axis, the radius of curvature p in the plane is 
given by [4] 


1 cos 2 ft sin 2 ft 

3 = 1 or 

P Pi Py 


P = 


PyPz 

p y cos 2 ft + p z sin 2 ft 


(37-132) 


For the situation in Fig. 35-7(a), it follows by geometry that the angle ft, which the 
plane of incidence makes with the z-axis, is related to a and 0. by cos ft = cos 0 z /sin a 
and sin ft = cos 0,,/sin a. Consequently 


p y p 2 sin 2 a 

p y cos 2 6 Z + p z cos 2 0/ 


(37-133) 


The plane of incidence at P in Fig. 35-7(b) makes angle 0 Z with the z-axis. Thus, ft = 0. 
and 


P = 


PyPz 

p y cos 2 6 Z + p z sin 2 0/ 


(37-134) 
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TE modes 223, 224, 235, 599, 629, 695 
TEM waves 283 
Three-layer fiber 378 
Tilts 427, 430 

Time dependence of the fields 211, 221 
TM modes 224, 235, 599, 695 
Total guided power 
bound modes 216 
bound rays 70 

Total internal reflection 194, 195, 282, 668 
curved interface 140 
planar interface 135 
Transit time 
rays 12, 419, 700 
modes 219, 247, 262 
Translational invariance 7, 211 
Transmission coefficient, see Power 
transmission coefficient 
Trapped modes, see Bound modes 
Trapped rays, see Bound rays 
Trigonometric functions 709 
Tubular source 447, 453, 458, 531, 533 
Tunneling leaky modes 492 
Tunneling rays 30, 140 
attenuation 145 

frustrated total internal reflection 680 
graded-profile fibers 36, 38, 141, 145 
power transmission coefficient 678 
step-profile fiber 30, 31, 38, 143, 147 
transition to bound rays 686 
transition to refracting rays 148 
Tunneling-refracting rays 45, 48 
Turning-point caustic 14, 35, 81 
Twisted elliptical fiber 412 
Two parallel fibers 413 

Uniaxial fibers 235, 278, 599 
Uniform beam 190 

Uniform dielectric media 232, 234, 281, 381 
Uniform fibers 123, 374 
Uniformly perturbed fibers 374 
absorption 380, 405 
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Uniformly perturbed fibers ( contd .) 
anisotropic 381 
core and cladding indices 378 
core radius 380, 404 
ellipticity 382, 405, 663 
isolated nonuniformity 380, 401 
modal fields 399, 61 1 
propagation constants 399, 610 
scalar modes 648 
step discontinuity 400 
three-region fiber 378 
Universal transmission coefficients 148 

Variational methods 336, 366 
Vector operations 710 
Vector potential 658 

Vector wave equations 221, 594 , 598, 623 
anisotropic media 598 
cartesian component equations 595 
coupling of the field components 221, 222, 
594 

cylindrical polar component equations 594 
equations for the longitudinal fields 222, 
597 

expansion of the exact fields 624 
homogeneous 594, 595 
limit of small V 228 
sources 637 

step-profile waveguides 239 
uniaxial waveguides 599 
weakly guiding waveguides 623 

Wave building block 120, 131 
Wave effects, see Diffraction 
Waveguide dispersion 219, 220, 229 
distortion parameter 229, 294 
zero of 346 

Waveguide parameter or frequency 7, 27, 

227 


Weakly guiding waveguides 280 , 623 
accuracy for leaky modes 506 
alternative representation for modes 635 
anisotropic waveguides 236, 278, 295 
circular fibers 284, 287, 301 , 632 
conditions for weak guidance 308, 311, 

359 

coupled local-mode equations 554 
coupled mode equations 544 
general properties 288, 292 
leaky modes 494 
modal methods 640 
noncircular waveguides 285, 289, 354 
paraxial approximation 20 
physical interpretation 627 
polarization corrections to the modal 
fields 623, 636 

polarization corrections to the 
propagation constant 628 
propagation constant 628 
radiation modes 526, 638 
sources 637 

symmetry properties of modes on fibers 
633 

vector direction of the modal fields 630 
WKB solutions 577, 676 
circular fibers 683 
connection formulae 679 
continuous and discontinuous profiles 682 
local plane-wave derivation 677, 684 
planar waveguides 678 
ray caustics 677, 689 
uniform approximations 690 

z-dependent nonuniformities, see 
Nonuniform fibers 
z-independent nonuniformities, see 
Uniformly perturbed fibers 
Zero of waveguide dispersion 346 



ELECTROMAGNETIC QUANTITIES 


£ = £ 0 H 2 

Dielectric constant 

£ 0 

Free-space dielectric constant 

Po 

Free-space permeability 

1 CO 

C (So/^o) 1 ' 2 fc 

Free-space speed of light 

co = kc 

Angular frequency 

exp( — icot) 

Implicit time dependence 


MODAL PARAMETERS 


Exact 

Weak guidance 

(Ha,, «d arbitrary) 

("to s ^ 1 ) 



Propagation constant 


Core parameter U = p(k 2 r£, —f} 2 ) 112 


Cladding parameter 2 _. 2 2 , 1/2 

(bound modes) ^ lJ 


1 1/2 

- 1 

[> 2 

i 

'V 

u 2 

l 2A 


i 



U = p(k 2 nl-p 2 ) 1 ' 2 


W= p(j} 2 -k 2 rti) 112 




Relations with fiber V 2 = U 2 +W 2 
or waveguide = U 2 -0 2 

parameter ^ 


= u 2 -e 2 

Cutoff condition U = V = V c ; IV =0 


Range of bound 
modes 

Range of radiation 
modes 


fcflfcl < P ^ fc"t o 


F 2 = l/ 2 +IT 2 

= t/ 2 -e 2 

U=V= V c ; W = 0 
krici < j} < fento 























